Chapter 1

Conservation Equations

Nearly all of the modeling of physical phenomena is basedhensimple state-
ment “You can't get something for nothing” i.e. there ardaierimportant physical
properties that must be conserved. This section presemisaig recipe for deriv-
ing conservations equation of all kinds and will demonstthae physical basis of
most of the frequently occurring terms in partial (and oadin differential equa-
tions. When we are finished, we should, with a bit of thoughtable to formulate
any quantitative problem in continuum mechanics.

1.1 Conservation of anything

Integral Form Consider an arbitrary inertial frame in space of voluiieen-
closed by a surfac# i.e.

7A)

S

Here, dS is the vector normal to a small patch on the surfaceThis vector
points outwards by convention.

If we now consider how any quantiy (in units of stuff per unit volume) can
change within this volume, the only way to change the amofidt with time is to
flux it through the boundary or create it within the volumew# letF be the flux of
® in the absence of fluid transport (e.g. heat conducti®iv) be the transport flux
(stuff per unit area per unit time) ard be a source or sink ab then the statement
of conservation ofb for the volumel” becomes

i/ @dV:-/F-ds—/<1>v-ds+/ HAV (1.1.1)
dt Jv s S v

The negative signs in from of the surface integrals are pidsecause a positive
outward flux corresponds to a negative rate of change of ttiegral on the left
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side of Eq. (1.1.1). This equation is always true, indepahdé the size of the
blob and even if the fields are not continuous; however, sxaf the integrals,
any information on the spatial structure of the fields on dessmaller than the
“blob” size is lost.

Equations for averaged properties: ODE’s and box models This loss of spa-

tial information is not always a bad thing and sometimes veeoaty interested in

the changes in thaverage properties in the blob with time. An example would be

the mean concentration of a tracer in an ocean basin or “gecichl reservoir”.

Equations for average properties, however, are readiiyetefrom Eq. (1.1.1).
First we define the volume average of a functjpoas

o
F= V/Vfdv (1.1.2)

Next we will simply lump all the flux terms into two terms i.éet stuff coming in
minus the stuff coming out

/ [F+ ®V]-dS= My — M, (1.1.3)
S

where M has units of stuff per unit time. Using these definitions aiwidihg
Eqg. (1.1.1) by the volum& yields

a@ _ Bip — Doy + H (1.1.4)
dt
whered = MV .

Equation (1.1.4) is a@rdinary differential equation for changes in the aver-
age volume density ab with time. All information about the spatial variation of
® within the volume, the fluxes or the sources has been remavigtiis approach
is often good enough for government workBox Models if only averaged prop-
erties are necessary. If the functional form of the sourcesfluxes are known,
Eqg. (1.1.4) can often be solved analytically, however,ejaften the fluxes depend
on the concentrations, can be strongly non-linear or thexereny substances to
solve for simultaneously. Chapter 4 will deal with numerisalutions of systems
of ODE'’s.

Equations for locally continuous fields: PDE’s If we're interested in spatial
variations as well as time, we need to subdivide into manyllsmblobs. How
small is small? In continuum mechanics, we have the condépe&epresentative
Volume Element or RVE (or useful blob size). Given some spatial fiéldthe scale
at which the RVE is defined is determined by several propertie

1. ® is relatively constant on a scale comparable to the RVEthaaverage
value of & defined for the RVE is a good approximationd®oanywhere in
the RVE.
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2. the average ob for each contiguous RVE varies smoothly i®.is differ-
entiable (e.gV® makes sense at the scale of the RVE).

Caveats: Once we presume that there is a scale where the RVE is welkdiefie
are also assuming that

1. when we discuss the variation &fin space we really are talking about the
average ofb i.e. ® defined for the RVE

2. We are not interested in anything smaller than this scale

3. Any variation smaller than this scale does not change tb&sghehaviour of
the problemt

Given the existence of a suitable continuum length scalecamenow rewrite
Eg. (1.1.1) as a local partial differential equation. Besgathe property of interest
is differentiable, we can replace the surface integralsgn(kE.1.1) using Gauss’
theorem

_/SF.dS_/SqN.dS:—/VV-(F—i—Q)V)dV (1.1.5)

Moreover, because the surface and volume are fixed in anah&ame then the
time derivative of the summed properties is equal to the stithe local time

derivatives or
d 0P
E/V@dv_/v—at av (1.1.6)

Substituting Egs. (1.1.5)—(1.1.6) into (1.1.1) yields

/V [%—TJrV-(FJr(I)V)—H] dv =0 (1.1.7)

Becausél/ is of arbitrary shape and size, Eq. (1.1.7) can only be sadisfithe
term in square brackets is zero everywhere (or at least EydRVE), therefore

%—f+V-(F+<I>V)—H:0 (1.1.8)

This is the general form which all conservation laws takeantmuum mechanics.

1.2 General conservation of mass, energy and momentum

Given Eq. (1.1.8) for the conservation of anything, it is reivaightforward to con-
sider conservation of the 3 most important quantities, pesrgy and momentum
(force balance).

1Quite often, problems in Earth Sciences violate caveatsiBaret we persevere by introducing
“sub-grid” parameterizations of small scale processesadyre combined “micro-macro” models
that try to patch together important small scale processeéshe large scale dynamics.



Conservation of Mass To derive conservation of mass we just substitbte- p
(density is the amount of mass per unit volunte}: 0 (mass flux can only change
due to transport) anff = 0 (mass cannot be created or destroyed) into Eq. (1.1.8)
to get

0

a_erV.(pv) -0 (1.2.1)
This equation is often referred to & continuity equation.

Conservation of Energy (heat) For a single phase material, the amount of heat
per unit volume isb = pcpT wherecp is the specific heat (energy per unit mass
per degree Kelvin) at constant pressure arid the temperature. The heat flux has
two components due to conduction and transport. In the absentransport the
heat flux isF = —kVT wherek is thethermal conductivity. Note that heat flows
opposite toV'T, i.e. heat flows from hot to cold. The transport fluxpissT'V.
Finally, unlike mass, heat can be created in a region duetostéke radioactive
decay or viscous dissipation and shear heating. We willlprap all the source
terms intod . Thus the simplest conservation of heat equation is

OpepT

5 + V- (pcpTV)=V-kVNT+ H (1.2.2)
For constantp andk, this equation can also be rewritten using Equation (1451)
oT 9
E—I—V-VTZI{V T + H/pcp (1.2.3)

Wherex = k/pcp is thethermal diffusivity with units n?s~!. Note: terms that
look like DuT o7
\Y
—— =—+4V.VT 1.2.4
ot o VY (1.2.4)
are known as thenaterial derivative and can be shown to be the change in time of
some property (here temperature) as observed in a framenguwth at velocity

V (we will show this explicitly in Section 5.2).

Conservation of Momentum Conservation of momentum or force balance can
be derived in exactly the same way, however momentum is awéetd (not a
scalar field like temperature). In general momentumnig, therefore the amount
of momentum per unit volume & = pV. Other than advecting momentum, the
only other way to change the momentum in our RVE is to exedg®on it. These
forces come in two flavors. First, there is the stress that @ttthe surface of the
volume with local forcd = o -dS. As stress is simply force per unit area, the stress
can also be thought of as a flux of forceFo= —o (the negative sign insures that if
the net force on the volume points in, the momentum incr@a3ée second force
acting on the volume are any body forces such as gravity. Bldg Bbrce acts a
source of momentum, thud = pg whereg is the net acceleration. Substituting
into EqQ. (1.1.8) yields conservation of momentum

opV

W‘FV'(pVV) =V-o0+pg (2.2.5)
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This equation can also be derived (perhaps more simply) bgidering the con-
tinuous form of Newton’'s Law = ma. The easiest way to understand Eq. (1.2.5)
is to think in terms of each of the three cartesian compor@fttse linear momen-
tum which must be conserved individually. Using index riotatEq. (1.2.5) can
be written for theith component of the momentum as

opV; 0 Jdo

ot " oy PV =

5 9+ pg; (1.2.6)
L
wherei = 1,2,3 and summation is assumed oyet 1,2, 3. Using conservation
of mass, Eqg. (1.2.5) can also be written

oV 1
E—I—(V-V)V—;V-a%—g (1.2.7)

Note that the advection of momentuiv - V)V is non-linear and this is the term
that leads to much of the interesting behaviour in fluid maatsa

1.3 Constitutive relations and approximations

Equations (1.2.1), (1.2.2) and (1.2.6) are applicable yocantinuum. To complete
the equations, however, requires some additional consdr#tat relate stress to
velocity (strainrate) or displacement, as well as any tloelynamic equations of
state for material properties such as heat capacity, gemstbnductivity (although
these are often assumed to be constant).

Viscous fluids The simplest rheology for a fluid is that of an isotropic incom
pressible fluid where the stress is

8:L'j + 8:L'Z

(1.3.1)

ov;, oV;
O’ij:—Péij-i-??( J)

whereP is the fluid pressure; is the shear viscosity, and the final bracket on the
right hand side is the strain-rate tenggr. Substituting into (1.2.7) for a constant
viscosity fluid gives the Navier-Stokes equation

V 1
%t +(V-V)V = —;VP +vV3 +g (1.3.2)

wherev = n/p is the dynamic viscosity.

Elastic bodies Conservation of momentum also applies to elastic rheadogie
Here however the stress is proportional to displacementeliotity. Hooke’s law
for a general linear elastic body relates stress to strain by

045 = C’ijklekl (133)



whereC;;, is a fourth order tensor. For many problems, however, wenagshe
medium is locallyisotropic and Hooke’s law reduces to

05 = 2N6ij + )\ekkéij (1.3.4)
where
1 8ui Z?uj
ii = = 1.35
i 2<axj+'&m> (1.3.9)

is the strain tensoy is the shear modulus andis the bulk modulus.u are the
elastic displacements from equilibrium. In an elastic medithe position of a
particle isx = Xo + u and the displacements are assumed small. The velocity of a

particle is therefore
V= ox  0ou
ot ot
Substituting into Eqg. (1.2.7) and assuming that the adwedttirms are small (they
are ordew - u which is very small) yields
0%u
5z = %Vzu +
which can be shown to be a wave equation for seismic waves dande de-
composed into shear waves and compressional waves!). Whée aody forces
balance the displacements so that there is no time dependbecequation is said
to be the equilibrium condition that

(1.3.6)

ATV u) +g (1.3.7)

aO'ij
al’j

+fi=0 (1.3.8)

Rotating frames and fictitious forces All of the above equations are derived
in aninertial frame that is undergoing no accelerations. Although our laboyato
frame is actually on a rotating planet (and therefore in aekecating frame), these
equations are usually adequate for most solid-earth prableThe principal ex-
ceptions are for flows of low viscosity fluids over large rewmf the surface (e.g.
ocean, atmosphere and core dynamics). For the most pareveovihese fluids
are moving only slowly relative to the rate of rotation of #erth and therefore it
is convenient to transform the inertial equations into ¢iqua relative to a frame
rotating with the earth. As it turns out, only the momenturnagpn is actually ef-
fected by this transformation (because spatial derivat@re instantaneous in time
and material derivatives are invariant to rotation, e.g.[4&for a derivation). It can
be shown that in a frame rotating at a constant angular \glér{e.g. 1 revolution
per day) the Navier-Stokes Equation becomes

ov 1 9 ,
aJr(V-V)VJrZQxV:—;VPJruVVJrg (2.3.9)
where2Q2 x V is theCoriolis Force andg’ is gravity minus theentripetal acceler-
ation (which is about 1/300th of gravity and is negligible) [1]. tB@f these forces
are “fictitious forces” that arise from the acceleratingriea Nevertheless at least
coriolis force has far from fictitious consequences.



Conservation Equations 7

1.4 Scaling and “dimensional analysis”

Every term in each of the above equations reflects a physioakps and each of
these processes have inherent length scales and time. d€aleshad to solve for
everything, for every problem we would quickly end up in ainantable mess with
no hope of salvation. Fortunately, not every process is itapbin every problem
and through judicious use of approximations acaling, we can usually tailor the
equations to our problem. The most important tool for deteimg the relative
magnitude of various terms is througion-dimensional scaling (often called by
the overly fancy namelimensional analysis). There are actually three principal
purposes to making the equations dimensionless.

1. reduce the number of true parameters.
2. Understand the relative magnitudes of the various psases

3. Make the equations more tractable for numerical solutginvariables are
of order 1).

The mechanics of scaling are straightforward but are besbdstrated with
specific examples. Here we will do two basic examples to geffldvor of the
exercise. More examples can be found in Chapter 2.

Example 1: Heat flow and the Peclet number The first problem will demon-
strate the basic techniques of scaling on a simple two-psopsoblem. In the ab-
sence of any heat sources, and assuming constant matepaipes, the simplest
1-D equation for heat flow is

or or  9°T

o + W@ =foa (1.4.1)
This equation includes two processes, advection of heatlatity W, and diffu-
sion of heat with thermal diffusivity. As an example problem, this equation could
be used to solve for the temperature distribution direatlydath an upwelling man-
tle plume or ridge (see Figure 1.1a). While it may appearttiere are at least two
free parameterd¥ andx as well as some temperatures), there is in fact only one
parameter and it is independent of temperature.

To show this we begin by replacing the dimensional variabligls dimension-
less ones. The choice of scaling values is a bit of an art. hatian of Figure 1.1a
shows that for the case of an upwelling through a thermal laf/depthd, which
has constant temperaturés at = = 0 and7} atz = d and has a characteristic
velocity Wy, the sensible scaling is

z = d?
t = it’ (1.4.2)
Wo
W = WoW'
T = Ty+ (Tl — To)T/



where the primes denote dimensionless variables. Fornsalying is just a trans-
formation between dimensional variables suchlgs,t) to dimensionless ones
such asl”(2’,¢') by use of the chain rule. For example

OT _ AT OT'di_ ATW, T
ot  dT' ot dt  d ot

(1.4.3)

wheredT /dT" anddt’/dt are calculated from the linear scaling relationships in
Eqg. (1.4.2) and produce the cluster of parametef§V;/d (and AT = T — Tp).
Similar substitions of Eq. (1.4.2) into (1.4.1) gives

ATW, [0T" 01" kAT 92T’
L (144
Multiplying both sides byd/(ATW,) and dropping the primes yields (in 1-D

whereV = Wyk)
or ~or 1 9°T

o + 9 " P (1.4.5)
where
Pe = @ (1.4.6)
K

is the Peclet number which controls the relative strength of advection to diffu-
sion. If Pe is large, advection dominates and the last term is negégiblf Pe

is small, diffusion dominates. However there is only oneapeater that controls
all solutions. Figure 1.1 shows the analytic steady staligien to (1.4.5) with
dimensionless boundary conditioi§0) = 1, 7'(1) = 0 and a range oPe.

Another, more physical way to derive the Peclet number isomsicler the
time it takes each process to affect the entire layer. The tintakes to advect
across the layer at speétl is t,q4, = d/W; while the time it takes for heat to
diffuse a distancel is t4;;; = d?/k. Thus the Peclet number is simply the ratio
of the diffusion time to the advection time, iBe = t4;¢/tqq, (COmpare also to
Eq. (1.4.4)). This is the characteristic property of all #ileons of dimensionless
numbers that crop up in continuum mechanics. They are alsiaygly ratios of
times or forces generated by any two terms. Thus any two psesewill generate a
dimensionless number (although if the processes are abthmeoverall number of
numbers may be less). Based on the sizes of these dimessianimbers, further
approximations are made to simplify the equations.

Example 2: Scaling the quick and dirty way. . . instant dimengnless numbers
This example will demonstrate the maxim “two processes =ribrar” by demon-
strating some quick and dirty scaling arguments for undaihg the momentum
equation. Consider the dimensional Navier stokes equétioa rotating frame

%—\t/ +(V-V)V+20 xV =vViV - lyp +d (1.4.7)
P

2except in narrow boundary layers
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Figure 1.1: (a) Cornerflow solution for solid flow beneath a ridge. Layepth isd,
Upwelling rate on axis i$V,. (b) Analytic solution to the simplest steady state-adeect
diffusion problem. The solution i%'(z) = (eP° —eP®) /(1 — €P°). This problem is
a good estimate for the thermal structure directly on axisteNhat the Peclet number
controls the width of the thermal boundary layers which drerder! = 1/Pe.
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which has at least 4 independent processes, advection ofertam, Coriolis
force, viscous diffusion and pressure terms. The first tick)&D scaling is to
simply replace all the derivatives with fractions that htheesame units and scales.
For example the non-linear advection tefwh- V)V is of the same units and scale
as the fractiorU¢ /L whereU, is a characteristic velocity anblis a characteristic
length scale. If we again scale time to the advection time = L /U, then we
can approximate (1.4.7) as
2 2

% + % +2QUy = u% —0(9) (1.4.8)
where all the pressure and body force terms have been lumfmedrie term of or-
der the body forces. Since all of these terms have units eletion (length/time
the ratio of any two of the processes is a dimensionless nuwibiea fancy name.
It is clear that the first two terms the local acceleration #radadvected accelera-
tion are of the same magnitude and we will call the first twoetheinertial terms
and treat them together. To generate any of the importargmsanless numbers
we just consider the relative magnitude of any two terms. thisrproblem there
are three important numbers.

The Reynolds number is the ratio of inertial accelerations to viscous forces i.e

Uyl

14

Comparison to Egs. (1.4.5)—(1.4.6) shows that the Reymaldsber and the
Peclet number fill the same role. Thus the Reynolds numbéralsthe size
of viscous boundary layers. Lar@fe means turbulent flow with thin viscous
boundary layers. Smalite flow are strongly viscous.

Re (1.4.9)

The Rossby number is the ratio of inertial accelerations to coriolis accelierss

i.e.
Uy

T 20L
If Ro — 0, the system is effectively in solid body rotation. Héo > 1
rotation can be neglected relative itwertial forces (e.g. laboratory flume
experiments). Many interesting problems happen for Rosglgbers of
order 1.

Ro (1.4.10)

The Eckman number is the square root of the ratio of viscous forces to coriolis
forces
Lo 112
W}
The Eckman number controls the size of boundary layers atiovtal prob-
lems. For largelk viscous forces dominate and coriolis terms can be ne-
glected.

Ek = [ (1.4.11)

Table 1.1 gives some representative values of scales arghdiamless num-
bers for the earth’s mantle, the Gulf Stream, and your bhthBy inspecting the
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Table 1.1:Some scales and scaling for three fluid problems.

The mantle The Gulf Stream Your Bathtub
Uy 3cmfyr 10~ ms™ 1) 1ms! .01 ms!
L 3000 km 100 km 1m
v 10 m2s~! 107 m2s~! 107 m?s~! (102 m?s~! corn syrup)
Q | 2r/day (7.3 x107°sY) 73 x10°s! 73 x107°s7!
Re 3 x 1072 10t 10* (1 corn syrup)
Ro 2 x 10712 .07 70
Ek? 8 x 10° 7x 10713 7 x 1073 (70 for cs)

relative magnitudes of the different processes, this gagaiing suggests that for
mantle convection we can neglect inertial and rotationadde. For the oceans we
can neglect (with some care) viscous forces, and for ourtltative can neglect
coriolis forces (thus destroying the direction of bathtwhining myth).

Caveats: Small parameters This approach is good for a quick back of the enve-
lope estimate of the relative magnitude of different tertdsually when one termis
much smaller than another it can just be thrown out (at leaatfast guess). Some
caution should be exerted however when the small value pligkithe terms with
the highest derivatives (e.¢l/Pe)V2T in example 1). As demonstrated in figure
1.1b, a large Peclet number does not necessarily imply fffasidn can be ne-
glected, rather it means that it only becomes important rmomaboundary layers.
Without these boundary layers, however, some problemsaandyposed. A more
drastic example from magma migration will be shown in class.

1.5 Summary

Beginning with conservation of anything for a fixed volume ave come up with
a large number of equations that govern the physics of jumttadwery continuum
problem we can think of. Using scaling, we have also shown toogimplify (?)
these equations and how to get the first vague understantithg celative impor-
tance of different processes for different problems. Ndsiine to start solving
these equations. Fortunately there are really only threie Iygpes of equations that
come out of this analysis, Ordinary Differential Equatiavisich depend only on
time, Time dependent Partial differential equations (sps@ud time) and boundary
value problems (just space). The following sections wilhshow to deal with
each of these basic types in turn.
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