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[1] A novel computational framework is introduced for the efficient simulation of
chemical and biological tracers in ocean models. The framework is based on the
“transport matrix”’ formulation, a scheme for capturing the complex three-dimensional
transport of tracers in a general circulation model (GCM) as a sparse matrix, thus
reducing the task of simulating tracers to a sequence of simple matrix-vector products.
The principal advantages of this formulation are efficiency and convenience. It is
many orders of magnitude more efficient than GCMs, allowing us to address problems
that are currently either difficult or unaffordable with GCMs. The scheme also allows us
to quickly “prototype” new biogeochemical parameterizations or “plug in” existing
ones. This paper describes the key features and advantages of the transport matrix
method, and illustrates its application to a series of realistic problems in chemical and
biological oceanography. The examples range from simulation of a transient tracer (SFg)

to adjoint sensitivity of a complex coupled biogeochemical model. Finally, the paper
describes an efficient, portable, and freely available implementation of this
computational scheme that provides the necessary framework for simulating any

biogeochemical tracer.
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1. Introduction

[2] Coupled physical-biogeochemical models of the
ocean are important tools in the quest to understand the
cycling of chemical and biological tracers such as nutrients
and carbon. They also allow us to quantify the ocean uptake
of climatically important gases such as CO,, and clarify the
interpretation of various paleoceanographic tracers as prox-
ies of past ocean circulation. Finally, these models place
quantitative constraints on key physical processes such as
mixing, and provide a basis for more rigorously evaluating
the underlying physical circulation model.

[3] Global modeling of chemical and biological tracers
has traditionally been performed within the framework of
“box models” and three-dimensional ocean general circu-
lation models (GCMs). While box models are simple to use,
GCMs have the advantage of spatial resolution, ability to
represent important physical and biogeochemical processes,
and a circulation field that is dynamically consistent.
However, the increasing sophistication and complexity of
modern GCMs have likely also hindered their more wide-
spread use by the biogeochemical and paleoceanographic
community. GCMs remain technically challenging to use,
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both in terms of incorporating new biogeochemical processes
or simply running them. They are also computationally
demanding, as many biogeochemical tracers require several
thousand years to reach equilibrium. These factors likely
discourage potential users and thus limit our ability to fully
exploit the tools of numerical modeling to address funda-
mental problems in chemical and biological oceanography.

[4] Here I introduce a novel computational framework for
simulating biogeochemical tracers in the ocean. At its core
is the “transport matrix method”, or “TMM?”, of Khatiwala
et al. [2005] (KVC, hereafter) for efficient simulation of
passive tracers in ocean models. The essential idea is that
the discrete tracer transport operator of a GCM can be
written as a sparse matrix, which may be efficiently con-
structed by “probing” the GCM with a passive tracer. This
empirical approach ensures that the circulation embedded in
the “transport matrix” accurately represents the complex
three-dimensional advective-diffusive transport (including
all sub-grid-scale parameterizations) of the underlying
GCM. Once the matrix has been derived, the GCM can
be dispensed with, as simulating a tracer is reduced to a
sequence of simple matrix-vector products. Consequently,
this allows us to focus on the biogeochemical processes of
interest, rather than the details of transporting tracers
around.

[s] The matrix method has several advantages over
GCMs or conventional “offline” tracer models. First, it is
up to many orders of magnitude more efficient. Second, it
can directly compute steady state solutions of the tracer
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equations, thus circumventing expensive, transient integra-
tions. Third, it allows us to perform calculations such as
adjoint sensitivity analysis that are currently either difficult
or unaffordable with GCMs. Finally, it is very convenient to
use, allowing us to quickly “prototype” (implement and
test) novel biogeochemical parameterizations, or “plug in”
existing ones, and rapidly obtain results, all in the context of
a realistic underlying circulation field. Moreover, the result-
ing biogeochemical models are independent of any partic-
ular GCM, which should encourage their adoption by a
wider community of users. Given these advantages, an
increasing number of scientists have expressed interest in
using the transport matrix method in their own research.
Problems currently being addressed with the TMM include:
inverse modeling of anthropogenic carbon uptake by the
ocean; optimizing biogeochemical parameterizations
through model-data comparison; understanding the impact
of the oceanic iron cycle on atmospheric pCO,; and
prognostic modeling of paleoceanographic proxies. The
TMM has also been used in a graduate course in biogeo-
chemical modeling at Lamont-Doherty.

[6] The goal of this paper is to bring the transport matrix
method to a wider audience. It is directed at both observa-
tionalists, who may be interested in a potentially powerful
tool for prototyping new biogeochemical models or testing
novel hypotheses, and modelers, who may find the TMM an
efficient alternative to GCMs and offline tracer models. In the
following, I provide a brief description of the matrix formu-
lation and summarize its primary features and advantages.
The bulk of the paper is devoted to a series of examples from
chemical and biological oceanography. These range from a
transient tracer simulation to adjoint sensitivity analysis of a
coupled biogeochemical model of carbon, phosphorus, and
iron. (A brief but self contained description of the “adjoint
method” is given in Appendix A.) The examples serve to
illustrate the flexibility and efficiency of the matrix formula-
tion. Indeed, many of the computations shown were
performed on a desktop computer in minutes to a few days
at most. Using traditional models would take far longer and
require substantially greater resources. Finally, while the
matrix formulation is independent of any particular imple-
mentation; that is, the only requirement is the facility to
perform matrix-vector products, I describe a portable and
efficient implementation of the TMM that greatly facilitates
the use of this technique. The software, which is based on the
freely available PETSc scientific library from Argonne
National Laboratories, makes it relatively easy to add new
biogeochemical models or plug in existing ones. Further-
more, the code can be run without modification on most
computers, sequential or parallel.

2. Transport Matrix Method

[7] In this section, I briefly describe the ideas underlying
the TMM. A more detailed description can be found in
KVC. The time evolution of passive tracers in the ocean is
governed by a linear advection-diffusion equation. A GCM
solves a discretized version of this equation. The transport
matrix approach is based on the recognition that for a
passive tracer, the discretized advection-diffusion equation

KHATIWALA: EFFICIENT OCEAN BIOGEOCHEMICAL MODELING

GB3001

can be written as a linear matrix equation. At the simplest
level, this may be written as

dc

= A)e+al), (1)

where ¢ is the vector of tracer concentrations at the grid
points of the GCM, i.e., a vector representation of a
discretized three-dimensional tracer field. q represents
sources and sinks, including surface and bottom (sediment)
fluxes. The matrix A(?) is the “transport matrix” (“TM”)
which results from discretization of the advection-diffusion
operator and includes the effects of advection, diffusion, and
various (parameterized) sub-grid-scale processes. The
significance of writing the tracer equation in matrix form
is that it simplifies the problem of solving the advection-
diffusion equation to a sequence of matrix-vector products.

[8] While the above formulation (also considered by
Primeau [2005]) has its advantages, it does not capture
the full range of numerical schemes implemented in modern
ocean GCMs. For instance, many OGCMs now implement
more sophisticated numerical schemes based on the “direct
space-time” approach wherein both the time and space
derivatives are simultaneously and self consistently discre-
tized resulting in a fully discrete equation [e.g., Hundsdorfer
and Verwer, 2003]. This is in contrast to ““method-of-lines”
schemes wherein the spatial operator is first discretized,
resulting in a system of ODEs (equation (1)). The latter is
then time stepped via a stable integration scheme. GCMs
also typically use some form of operator splitting wherein
horizontal advection and diffusion are treated explicitly in
time, while vertical mixing (and, increasingly, advection) is
treated implicitly in time. This is to ensure stability while
allowing for a reasonably large time step. Implicit treatment
of vertical mixing is also essential when dealing with deep
convection and in some subgrid mixing schemes such as the
K profile parameterization (KPP) of Large et al. [1994]. To
accommodate these complexities, we write the discrete
tracer equation as

¢ = A (AL + ), )

where 7 is the time step index, A, the TM for the explicit-in-
time component of advection-diffusion, and A; the matrix for
implicit transport. Note that, as written, equation (2) appears
to be fully explicit in time. This is because A; is in fact the
inverse of the operator arising in the implicit solution of the
advection-diffusion equation. It is important to recognize that
any linear transport equation, however complex, can be
written in matrix form, although it is often difficult to obtain
the explicit form of the matrix. Indeed, it would be
impractical to directly code the advection-diffusion equation,
including various parameterizations, for an arbitrary ocean
geometry in the form of equation (2). Instead, KVC describe
an empirical procedure that allows us to efficiently construct
A. and A; by “probing” the GCM with a passive tracer. The
procedure involves performing a forward integration of the
GCM with a suite of passive tracers, each of which is reset
after every time step to a particular spatial pattern. These
patterns or “basis functions” are automatically constructed
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using graph coloring methods [e.g., Curtis et al., 1974;
Gebremedhin et al., 2005]. This empirical approach ensures
that the circulation embedded in the transport matrix, by
construction, satisfies the equations of motion and incorpo-
rates transport due to all parameterized sub-grid-scale
processes (eddy-induced mixing, convective adjustment,
etc.) represented in the GCM. It is also consistent with the
geometry and numerics (advection scheme, time-stepping
method, implicit mixing, etc) of the underlying GCM. The
KVC algorithm can be applied to most OGCMs, requiring
little or no modification to the underlying GCM code. Once
the TM has been derived, the GCM can be dispensed with.
Tracer simulations are performed entirely via equation (1) or
equation (2). This “decoupling” of the biogeochemical
process model (the “q” term) from the tracer transport
implies that we are not tied to any particular GCM. The same
biogeochemistry code can be used without modification with
TM’s derived from different GCMs or even with different
geometries or resolutions. This should be contrasted with
offline models, which are typically based on, and tied to, a
particular GCM code and hence not independent of that
GCM. Circulation fields obtained from one GCM cannot
therefore be readily used, if at all, with an offline model
derived from a different GCM.

3. Key Features of the Transport Matrix
Formulation

[9] The transport matrix method has a number of impor-
tant features that I summarize below.

3.1. Sparsity of the Transport Matrix

[10] The TM’s A, and A; are both extremely sparse.
Physically, this is due to the finite speed of advection and
diffusion, i.e., in a single time step tracer can only spread a
finite distance since grid cells typically communicate only
with their nearest neighbors. In the vertical, convective
adjustment can spread the tracer further, but this is restricted
to small regions at high latitudes and is (typically) captured
entirely by A;. The sparsity of the TM’s can be exploited in
many ways. First, storage and computational requirements
are drastically reduced. Second, programming languages
such as MATLAB now provide extensive support for sparse
matrices. And third, it allows us to take advantage of
efficient and scalable computational kernels for sparse
matrices provided by widely available numerical libraries
such as PETSc and Sparse BLAS.

3.2. Seasonal Cycle

[11] Variability in the circulation can be accounted for
by appropriate time averaging. For example, if the trans-
port has a seasonal cycle, the GCM can be integrated for
a full year and an average TM computed for each month,
resulting in 12 different A.’s and A;’s. Linear interpola-
tion in time can then be used to obtain the TM at any
time instant. In numerous experiments, I have found this
practice to be quite effective in capturing the seasonal
cycle.
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3.3. Longer Time Steps

[12] In ocean GCMs, the time step is generally limited by
the dynamics to a few hours. Models that are “synchro-
nously” integrated use this same (small) time step for both
the dynamical and tracer (both active and passive) equa-
tions. (Offline tracer models can generally take longer time
steps.) This can be prohibitively expensive for many
problems, especially those involving biogeochemical tracers
that take several thousand years to approach a steady state.
A particular advantage of the TM method is that it allows us
to take much longer time steps (O(days)) than that of the
underlying GCM with minimal loss of accuracy. Specifi-
cally, to increase the effective time step in equation (2) by a
factor m, we modify A, and A; as follows:

A — T+ m(A.—T)
A — A

Here I is the identity matrix and d is the tracer time step in
the underlying GCM. The first of these relations follow
from rewriting the explicit-in-time term as a forward Euler
time step, but with a time step of mdf. The second
relationship follows from applying the implicit transport
term m times. The modified TMs have the exact same
sparsity as the original TMs.

3.4. Coarse Graining of the Transport Matrix

[13] The transport matrix can be “coarse grained” to any
desired resolution via a simple linear transformation of the
form A — MAM, where M and M are sparse matrices that
depend on the geometry of the problem. As it is the tracer
fluxes that are averaged onto a coarser grid, this is more
accurate than integrating the GCM at the (lower) resolution
at which the matrix is required. (Of course, it is also
possible to directly compute the TM at a lower resolution
than that of the underlying GCM.) Thus, for instance, a TM
computed from a high-resolution GCM can be averaged
down to a lower resolution TM. Simulations carried out
with the coarser TM can potentially be orders of magnitude
faster than at the full resolution while retaining, to a good
degree, many of the features of the higher-resolution model.
To illustrate this idea, I have derived a zonally-averaged TM
from the TM of a 2.8° resolution GCM, and subsequently
used the coarse grained matrix to compute the steady state
(natural) radiocarbon distribution in the model. The number
of grid boxes in the full model is ~53000, but is only
~2000 in the zonally-averaged one. (The zonal averaging is
performed in each ocean basin.) As can be seen in Figure 1,
the results compare favorably with those obtained with
the full three-dimensional TM, and subsequently zonally
averaged.

[14] One intriguing application of this feature is to
spinning up biogeochemical tracers in eddy resolving
OGCMs. The idea is to use a coarsened TM of the eddy
resolving GCM to compute an equilibrium solution, that in
turn can be used as an initial condition for the GCM. If the
matrix solution is sufficiently close to the true equilibrium
solution (defined in some average sense) of the eddy
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