
Solid Earth Dynamics

Bill Menke, Instructor

Lecture 8



Today:

Gravity: 

Implications of rotation of the Earth

Shape of the Earth
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Satellite Radar 

Altimetry









"Eppur si muove"

English translation
"And yet it moves"



force = mass x acceleration
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different in
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𝑑𝑡correction termnormal velocity involving spin rate
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chain rule

= 𝑣 +
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𝑑𝑡correction termnormal velocity involving spin rate

MESSY!



rotation vector, 𝛚

+𝛚 𝐟𝐨𝐫 𝐫𝐢𝐠𝐡𝐭 𝐡𝐚𝐧𝐝 𝐫𝐮𝐥𝐞

magnitude, 𝛚 : rate of
rotation in radians per unit time

period  𝑇 =
2𝜋

𝛚

direction: direction of spin axis



𝐛

𝐚

cross product of
two vectors 𝐚 and 𝐛



𝐛cross product of
two vectors 𝐚 and 𝐛

𝐚

is a vector 𝐜

𝐜 is perpendicular to both  𝐚 and 𝐛

𝐜

direction given by right hand rule of rotating 𝐚 towards 𝐛

length of 𝐜 is length of 𝐚 times length of 𝐛
times sine of angle between them  𝐜 = 𝐚 𝐛 sin 𝜃

𝜃
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𝑑𝑡
× 𝐱′

+ 2m𝛚′ × 𝐯′

+m𝛚′ × 𝛚′ × 𝐱′



𝛚

𝐱′

𝐟 = m𝐚′

+
𝑑𝛚′

𝑑𝑡
× 𝐱′

+ 2m𝛚′ × 𝐯′

+m𝛚′ × 𝛚′ × 𝐱′



𝛚

𝐱′

m𝐚′ = 𝐟′ +

−
𝑑𝛚′

𝑑𝑡
× 𝐱′

−2m𝛚′ × 𝐯′

−m𝛚′ × 𝛚′ × 𝐱′



𝛚′

𝐱′

centrifugal force

coriollis force

wobble force

−
𝑑𝛚′

𝑑𝑡
× 𝐱′

−2m𝛚′ × 𝐯′

−m𝛚′ × 𝛚′ × 𝐱′

m𝐚′ = 𝐟′ +
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𝛚′ × 𝐱′
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𝛚′

𝐱′

centrifugal force

−𝑚𝛚′ × 𝛚′ × 𝐱′

𝛚′ × 𝐱′

perpendicular away
from to spin axis



𝛚′

𝐱′

centrifugal force

−𝑚𝛚′ × 𝛚′ × 𝐱′

𝛚′ × 𝐱′

𝜃

𝑚 𝛚′ 2𝑟 sin 𝜃

magnitude𝑟

biggest at equator
zero at poles



𝛚′

𝐯′

𝛚′ × 𝐯′

coriollis force

−2m𝛚′ × 𝐯′



𝛚′

𝐯′

𝛚′ × 𝐯′

coriollis force

−2m𝛚′ × 𝐯′

to the right of velocity

(in northern hemisphere)



𝛚′

𝐯′

𝛚′ × 𝐯′

coriollis force

−2m𝛚′ × 𝐯′

to the left of velocity

(in southern hemisphere)



low pressure



𝛚′

𝐱′

centrifugal force

perpendicular away
from to spin axis

𝑚 𝛚′ 2𝑟 sin 𝜃

magnitude

The centrifugal force
looks like anti-gravity.
So how does it affect the
shape of the Earth? 

𝜃



Radius 11.209 of 
Earth’s

Length of day
9 h 55 m

Jupiter

bigger and 
spinning faster



Radius 11.209 of 
Earth’s

Length of day
9 h 55 m

Jupiter

bigger and 
spinning faster



Energy expenditure:   moving against a force

M

M



Energy expenditure:   moving against a force

M

M

ℎ

E = force × distance = 𝑔𝑚 × ℎ



force is the derivative of Enervy

E

x

f

x

x

h

𝑔𝑚



Earth

sea

surface

surface 

perpendicular 

to field



Earth

sea

surface

surface of 

equal 

energy



Earth

sea

surface

because surface is perpendicular to field,

moving an object along the surface takes no energy 



∆𝑟𝑃

R + ∆𝑟𝑃

R + ∆𝑟𝐸

𝑉 =
4𝜋

3
R + ∆𝑟𝑃 R + ∆𝑟𝐸 R + ∆𝑟𝐸

≈
4𝜋

3
𝑅3 1 +

∆𝑟𝑃
𝑅2

+
2∆𝑟𝐸
𝑅2

∆𝑟𝑃
𝑅2

+
2∆𝑟𝐸
𝑅2

= 0

conservation of
volume

∆𝑟𝑃 = −2∆𝑟𝐸

assuming Earth is an ellipse



∆𝑟𝑃

8
7
6
5

9

4

no rotation

water energy even

7

water levels even

8765 94

7

energy  levels even



∆𝑟𝑃

8
7
6
5

9

4

turn on rotation

reduces energy levels
at equator

energy levels
mismatched

7
water levels unchanged

5432 61

4



∆𝑟𝑃

8
7
6
5

9

4

rotation is on

energy levels
now matched

water levels adjust

5432 61

equator up1
pole down 2

5

5



∆𝑟𝑃

8
7
6
5

9

4

rotation is on

energy levels
now matched

water levels adjust

5432 61

5

equator up1
pole down 25



∆𝑟𝑃

g∆𝑟𝑃 𝑓𝑔 = −𝛾𝑀𝑚𝑟−2

R + ∆𝑟𝑃

R + ∆𝑟𝐸

𝐸𝑔 = 𝛾𝑀𝑚 R + ∆𝑟𝐸
−1

=
𝛾𝑀𝑚

R
1 +

∆𝑟𝐸
𝑅

−1

=
𝛾𝑀𝑚

R
1 −

∆𝑟𝐸
𝑅

for equator

energy
from gravity

𝐸𝑔 = 𝛾𝑀𝑚𝑟−1

for pole 𝐸𝑔 =
𝛾𝑀𝑚

R
1 −

∆𝑟𝑃
𝑅



∆𝑟𝑃

g∆𝑟𝑃

R + ∆𝑟𝑃

R + ∆𝑟𝐸

𝐸𝑐 = ½𝑚𝜔2𝑟2
𝑓𝑐 = 𝑚𝜔2𝑟energy

from rotation

= ½𝑚𝜔2 R + ∆𝑟𝐸
2

= ½𝑚𝜔2𝑅2 1 +
∆𝑟𝐸
𝑅

2

= ½𝑚𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅

for equator

R



𝛾𝑀

R
1 +

∆𝑟𝑃
𝑅

=
𝛾𝑀

R
1 +

∆𝑟𝐸
𝑅

−½𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅

𝛾𝑀

R
1 − 2

∆𝑟𝐸
𝑅

−
𝛾𝑀

R
1 +

∆𝑟𝐸
𝑅

= −½𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅

∆𝑟𝑃 = −2∆𝑟𝐸

Energy Balance pole equator



smallcancel cancel

𝛾𝑀𝑚

R
−2

∆𝑟𝐸
𝑅

−
𝛾𝑀𝑚

R

∆𝑟𝐸
𝑅

= −½𝑚𝜔2𝑅2

𝛾𝑀

R
1 +

∆𝑟𝑃
𝑅

−
𝛾𝑀

R
1 +

∆𝑟𝐸
𝑅

= −½𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅

𝛾𝑀𝑚

R
1 − 2

∆𝑟𝐸
𝑅

−
𝛾𝑀𝑚

R
1 +

∆𝑟𝐸
𝑅

= −½𝑚𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅



smallcancel cancel

𝛾𝑀𝑚

R
−2

∆𝑟𝐸
𝑅

−
𝛾𝑀𝑚

R

∆𝑟𝐸
𝑅

= −½𝑚𝜔2𝑅2

∆𝑟𝐸 =
𝜔2𝑅4

6𝛾𝑀

𝛾𝑀

R
1 +

∆𝑟𝑃
𝑅

+
𝛾𝑀

R
1 +

∆𝑟𝐸
𝑅

+½𝜔2𝑅2 1 + 2
∆𝑟𝐸
𝑅

= 0

𝛾𝑀𝑚

R
1 − 2

∆𝑟𝐸
𝑅

+
𝛾𝑀𝑚

R
1 +

∆𝑟𝐸
𝑅

= −½𝑚𝜔2𝑅2 1 − 2
∆𝑟𝐸
𝑅

move to rhs



∆𝑟𝐸 =
𝜔2𝑅4

6𝛾𝑀
=

2𝜋
𝑇

2

𝑅4

6𝛾𝑀
≈ 4 km

𝑀 = 6 × 1024 kg

𝑇 = 86400 𝑠

𝑅 = 6.37 × 106 𝑚

𝛾 = 6.67 × 10−11 𝑚3𝑘𝑔−1 𝑠−2

𝑢𝑛𝑖𝑡𝑠: 𝑠−2𝑚4
𝑘𝑔𝑠2

𝑚3

1

𝑘𝑔
= 𝑚



∆𝑟𝐸 ≈ 4 km

∆𝑟𝑃 ≈ −8 km total bulge ≈ 12 km

total bulge observed ≈

8 km + 14 km =  24 km

predicted

(Pretty accurate for a simple calculation)
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