Discussion of Units in 149: Effective Pressure Diffusivity of a Long, Thin Pipe

Bill Menke, October 1, 2023 after a discussion with Einat Lev
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. The pressure p has units of N/m?, so the equation (% + K%) p = f has units of
N /sm?. Consequently, f has units of N/sm? and x has units of m?/s. Note that xt has
units of m2.
. The Green Function equation integral is p(x, t) = [ g(x, xo, t, to) f (xo, to) dxdt. Asp
has units of N/m?, f has units of N/sm?, and dxdt has units of sm, g has units of
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. The Green function equation (% + K%) g(x,0,t,0) = 6§(x)5(t) has solution
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This solution requires x2 /xt to be dimensionless, which it is. It also agrees with the
previous result that g has units of 1/m.
For the force f(x,t) = Ey6(x)6(t), the solution isp = Eyg(x,0,t,0). The constant E,
has units
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This can be interpreted as a pressure, say of p, over an interval, say Ax; that is, E, =
polAx. Although this superficially looks like an energy per unit area, it is actually a
moment per unit area.

. The original derivation defines a quantity g = %Z—g. Thus, B has units of reciprocal
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pressure, that is mT

. The original derivation defines a quantity k such that velocity v = —kVp. The units of k
are
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. The original derivation defines x = k/f3, which has units 7\;—:1\/1; = mTZ which agrees
with the units in (1), above.

. Wikipedia give the Hagen—Poiseuille equation as Ap = 8uLQ /mR*, where L is pipe
length, R is pipe radius and Q is volumetric flow rate. Substituting Q = vR? yields
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As in the original derivation, we identify k = R?/8u.



9. According to Wikipedia, u has units of Ns/m?. Thus, k has units of
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Which agrees with (6), above.
10. According to (4), above, the pressure corresponding to f(x,t) = Eo6(x)8(t) isp =
Eyg(x,0,t,0). According to (6), above, velocity is related to pressure via v = —k Z—Z. The

Green function in (3) implies

N 1 S B 1 x2
v = Oaxg X, 0,1, - mmaxexp

_kE, 1 x 1 x?
= omvart 2kt P T 22kt

11. The units of the right-hand side of the previous equation are
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Which agrees with the units of velocity, m/s, on left-hand side.



