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Normal Distribution (or Gaussian, or ΨōŜƭƭ ŎǳǊǾŜΩύ 
is a continuous probability distribution given by 
   

Ὂὼȟ‘ȟ„ Ὡ   

 
where the parameter  ˃is the mean of the distribution (and also its median 
and mode) and the parameter ̀  is the standard deviation.  
  

Source: introcs.cs.princeton.edu 
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Statistical extreme value theory is a field of statistics dealing with extreme 
values, i.e., large deviations from the median of probability distributions.  The 
theory assesses the type of probability distribution generated by processes.  
 
Extreme value distributions are the limiting distributions for the minimum 
or the maximum of large collections of independent random variables from 
the same arbitrary distribution. By definition extreme value theory focuses on 
limiting distributions (which are distinct from the normal distribution). 
 
Two approaches exist for practical extreme value applications. The first 
method relies on deriving block maxima (minima) series, the second method 
relies on extracting peak values above (below) a certain threshold from a 
continuous record.  
 
A third approach the so-called r-largest order statistics represents a 
compromise between the block maxima and peak over threshold approach.  
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[ŜǘΩǎ look on some examples with real world data: 
(1) maximum daily 8-hour surface ozone from CastNet Site PSU106 
(2) daily maximum temperature from NYC Central Park Belvedere Tower 
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For simplicity we focus on summer time (JJA) data only  
and we consider extreme values as: 
(1) mda8 O3 > 75 ppb (NAAQS) 
1988-2000 vs 2001-2013: shift in mean -7.8 ppb; change in variance -3.6 ppb 
 
(2)  Tmax җ 25 degree C (summer day) 
1876-1944 vs 1945-2013: shift in mean +0.86 C; change in variance -0.025 C 
 
 
We want to visualize how these changes in mean or variance or both affect 
the distributions and in particular the probabilistic frequency of extremes. 
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Comparison of observed distributions with least-square fitted normal distributions 
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Compare observed distributions with Normal distributions 
 
 
  

Quantile Observed Gaussian 

0.10 38 ppb 36 ppb 

0.75 70 ppb 71 ppb 

0.9 82 ppb 81 ppb 

0.95 92 ppb 88 ppb 

0.99 106 ppb 100 ppb 

Quantile Observed Gaussian 

0.10 22.2 C 22.3 C 

0.75 30.0 C 30.1 C 

0.9 32.2 C 32.5 C 

0.95 33.9 C 34.0 C 

0.99 36.1 C 36.7 C 
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Testing for normality 
 
The Shapiro-Wilk test is a standard test to check whether a sample X1,...,Xk 
stems from a normally distributed population.  
 

The test statistic (ὡ) is  ὡ
В

В Ӷ
 

 
where ὼ is the ith-smallest number in the sample, ὼӶ ὼ Ễ ὼ ȾὯ is 

the sample mean, and ὥ are constants ὥȟȣȟὥ Ⱦ, where 

ά άȟȣȟά  and άȟȣȟά  are the iid expected values of the order 
statistics from the normal distribution and V represents the covariance matrix 
of these order statistics. 
 
The null hypothesis, the population is normally distributed, is rejected when 
the p-value of the test is below a defined significance value (e.g., 0.05) 
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Extreme value theory (EVT) is concerned with the occurrence and sizes of 
rare events, be they larger or smaller than usual.  
 
Here we want to review briefly the most common EVT approaches and 
models and look into some applications.  
 
 
 
 
 
 
  

There has been rapid development over the last 
decades in both theory and applications. A 
comprehensive introduction to statistics of 
extremes is provided by Coles (2001).    
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Further Reading 
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Frequently discussion of extremes concerns high extremes, maxima. Also we 
will focus our initial discussion on maxima. Though it shall be noted that 
dealing with minima follows the same approaches and in applications all 
needed to be done is reverse the sings of the observations and apply 
procedures for maxima as  
 

ÍÉÎὼ ÍÁØ ὼ  
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Block Maxima 
 
The Extremal Types Theorem (ETT) (e.g. Leadbetter et al., 1983) addresses 
the following question: Given a set of independent identically distributed 
random variables X1, ...,Xk, what are the possible limiting distributions of  
 

ὓ ὥ ÍÁØὢȟȣȟὢ ὦ  ὥί ὯᴼЊ ȩ 
 

Ὂ
ὼ ὦ

ὥ ᴼ
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The answer is that if a nondegenerate limiting cumulative distribution (cdf) 
exists for some sequences of constants ak and bk, it must fall into one of the 
three classes  
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The three types of distributions represent the Gumbel, Frechet and Weibull 
distributions. The ETT guarantees that if a limit  exists for maxima, it  must 
have one of these specified forms.  
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In a more modern approach these distributions are combined into the 
generalized extreme value distribution (GEV) with cdf   
 
 
 
define for values of ώ for which 1+ ‚(ώ - ‘ )/„ > 0. 

 
where ‘ is the location parameter, ‚ is the shape parameter, and 
„ π is the scale parameter.  
  
The shape parameter ɝ governs the distribution type:  
type I with   ɝ = 0 (Gumbel,light tailed) 
type II with   ɝ  > 0 (Frechet, heavy tailed) 
type III with   ɝ  < 0 (Weibull, bounded) 
 

Ὄώ ÅØÐ ρ ‚
ώ ‘

„

Ⱦ

ȟЊ ‘ȟ‚ Њȟ„ πȟ 

 



Generalized Extreme Value Distribution 

18 

GEV type I with    ɝ = 0 (Gumbel, light tailed) 
Domain of attraction for many common distributions (e.g., normal, 
exponential, ƎŀƳƳŀύΣ ƴƻǘ ŦǊŜǉǳŜƴǘƭȅ ŦƻǳƴŘ ǘƻ Ŧƛǘ ΨǊŜŀƭ ǿƻǊƭŘ ŘŀǘŀΩ 
 
GEV type II with   ɝ  > 0  (Frechet, heavy tailed) 
Fits found for precipitation, stream flow, economic damage 
 
 
GEV type III with  ɝ  < 0  (Weibull, bounded) 
Fits found for temperature, wind speed, pollutants, sea level 
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It is important to note that the location parameter ‘ is not the mean but 
does represent the ΨŎŜƴǘŜǊΩ of the distribution, and the scale parameter „ is 
not the standard deviation but does govern the size of the deviations about 
‘. 
 
A typical application would be to fit  a GEV to the annual maximum of a 
variable. Note that the block size for maxima is freely variable though 
applications must be consistent with the maxima  of a given block.  
 
INSERT GRAPH of ANNUAL MAX Tmax Central Park 
 
  


