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Abstract

Theauthorsintroduceasimplemodelfor thetime-dependent evolution of tropical

"hot spots", or localizedregionswheretheseasurfacetemperature(SST)becomesun-

usually high for a limited period of time. Themodelconsistsof asingle-columnatmo-

spheric modelunder convective adjustmentwith a simpleparameterization of cloud-

radiative feedbacks, coupledto anocean mixedlayer. For plausibleparameter values,

steadysolutions of this model can become unstable to time-dependent oscillations,

which arestudied bothby linearstability analysisandexplicit time-dependent nonlin-

earsimulation. Theoscillations typically have periods ranging from intraseasonal to

subannual.For parameter valuesonly slightly beyond thethreshold for instability , the

oscillationsbecomestrongly nonlinear, andhave a recharge-dischargecharacter. The

basicinstability comesfrom the longwave radiative feedback of high clouds, which

tendsto enhancepreexisting deepconvection. This is counteracted by theshortwave

radiative feedbackof thesameclouds,which eventually (but not instantaneously, be-

causeof themixedlayer’s heatcapacity) reducestheSSTenough to render themodel

stableto deepconvection,shutting off the convection. At that point the SSTbegins

warming againunder the resulting clear skies, starting the cycle over. Surfaceflux

feedbackscan be consideredincluded in a crude empirical way, because underthe

assumption that cloud-radiative feedbackscancel at the top of the atmosphere,their

function is only to transfer energy from ocean to atmosphere. This is exactly what a

surface flux does, so the sameparameterization canbe considered to representboth

processes.

Theauthorsalsoexaminetheforcedlinear responseof themodel,in aweakly sta-

ble regime,to animposedatmosphericoscillation. This is meantto crudely represent

forcing by anatmospheric intraseasonal oscillation. Themodel’s responseasa func-

tion of mixedlayerdepthis not monotonic, but hasa maximumaround 10-20meters,

which happensto beclose to theobservedvaluein thewesternPacificwarmpool.
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1. Introduction

Observations clearly show intraseasonalvariability in seasurface temperature(SST) in

tropical regionsof high meanSST (Lin andJohnson,1996;Zhang,1996;Lau andSui,

1997;FasulloandWebster, 1999;Woolnoughet al., 2000;VecchiandHarrison,2002)It

is clearthat intraseasonalatmosphericvariability, muchbut not necessarilyall of which is

associatedwith theMadden-Julianoscillation(MJO), is largely responsiblefor generating

the SSTvariability (WaliserandGraham,1993;Zhang,1996;HendonandGlick, 1997;

Joneset al., 1998). On theotherhand,sinceSSTis generallyexpectedto modulatedeep

atmosphericconvectionover tropicaloceans,it is naturalto expectthatthisSSTvariability

mayinfluenceatmosphericvariability onthesameintraseasonaltimescale,leadingto cou-

pleddynamics.We presenta simple modelwhich aimsto captureonekey mechanismof

coupledtropicalocean-atmospherevariability on theintraseasonaltime scale.This mech-

anismresultsfrom local interactionsbetweendeepconvection,cloud-radiative processes,

surfaceenergy fluxes,andoceanmixedlayerthermodynamics.

Sincethe MJO is the dominantmodeof intraseasonalvariability in the tropics, the

presentstudyis relevant to the question:“to what degreeis the MJO a coupledmode?”.

Generalcirculationmodel(GCM) studiesfocusedonthisquestionsuggestthatthethermo-

dynamicresponseof theoceanmixedlayer to theMJO hasa non-negligible effect on the

atmosphere,amplifying the MJO andlowering its frequency (Flatauet al., 1997;Waliser

et al., 1999;Hendon,2000;Kemball-Cooket al., 2002;Maloney andKiehl, 2002;Inness

andSlingo,2003),thoughHendon(2000)foundessentiallynoeffect from coupling.While

we arein partmotivatedby thesestudies,themodelpresentedhereis not truly a modelof

theMJO,sinceit lackshorizontalstructureandpropagationcharacteristics,which arees-

sentialcomponentsof theobservedMJO(ZhangandHendon,1997).

A moredirect observational motivation for our modelis providedby Waliser(1996).

Waliser’sstudywasmotivatedby theapparentinability of SSTto exceedalimit somewhere

around30
�
C , exceptby a small margin on relatively short time scales.This had led to

muchdebateregardingthemechanismthatsetsthis limit (RamanathanandCollins, 1991;

Fuetal.,1992;WaliserandGraham,1993;HartmannandMichelsen,1993;Lindzenetal.,

2001;HartmannandMichelsen,2002a;Lindzenet al., 2002;HartmannandMichelsen,

2002b).As pointedoutby Waliser(1996),muchof thedisagreementis relevantonly to the

tropicalmeanSST. For a given tropicalmeanSST, thequestionof whatpreventsthelocal

SSTin thewarmestregionsfrom risingaboveamaximumvalue,presentlyaround30
�
C (a

numberwhichmayperhapsvaryon long time scalesasa functionof themeanclimate),is
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somewhateasierto address.Waliser(1996)reasonedthatwhateverthelimit ing mechanism

is, it probablyactsin a time-dependentfashionto dampout “hot spots”,or localizedre-

gionswheretheSSTexceedsthelimiting valueonspatialandtemporalscalesabovesome

thresholds(whichhechoseto beafew hundredkm andaboutamonth).Thismotivatedhis

detailedobservational studyof theevolution of composite hot spots,which suggestedthat

thereductionin surfaceshortwaveradiationby highcloudsis thedominantmechanismthat

limits SST, althoughthe increasein surfacelatentheatflux alsoplayeda significantrole.

Cubukcu andKrishnamurti(2002)analyzedthe mechanismscontrolling westerntropical

Pacific SSTon differenttime scalesin a fully coupledatmosphere-oceanGCM andfound

that,on theintraseasonaltimescale,theshortwave feedbackis dominantwhile thesurface

evaporation feedbackis secondary— in agreementwith Waliser’s observational result—

while theconversewastrueon thesemi-annualtimescale.

We present,then, an idealizedmodel for the time-dependentbehavior of SST “hot

spots”,or localizedregionsof highSST. Ourmodelrepresents,in asimple way, feedbacks

betweenSST, deepconvection, high cloud-radiative feedbacks,and surfacefluxes. We

focuson this subsetof processesbecauseobservational andGCM studiessuggestthat the

modulationof shortwave radiationby cloudinessis eitherthedominantmechanism,or at

leasta significant one, by which tropical SST is limited on thesetime scales(Waliser,

1996;HendonandGlick, 1997;LauandSui,1997;Jonesetal.,1998;FasulloandWebster,

1999,2000). Our model can, undera certaininterpretation,be consideredto represent

the evaporation feedbackaswell asthe cloud-radiative feedbacks.However, for reasons

to becomeclearshortly, even whenseenin the mostfavorablelight the modelcanin no

waybeconstruedasprovidingany independentevidencefor therelative importanceof the

radiativeandevaporative feedbacksin controllingSST.

Particularly becauseof its severe truncationof atmospheric dynamics,our model is

considerablysimpler than the model of Wang and Xie (1998), while at the sametime

beingsomewhat moreexplicitly physical than thoseof WaliserandGraham(1993)and

HartmannandMichelsen(1993),all of whichhavebeenusedto addressrelatedquestions.

Both becauseour modelcontainsnohorizontaldimension andbecauseit is formally valid

only in the limit of small horizontalscale(seeappendix),it is not a modelof the MJO

per se, althoughit may nonethelessbe helpful in understandingthe role of the oceanin

modifying theMJO.

Thefollowingsectionintroducesthemodel.Wethenpresenta linearstability analysis,

show somenonlinearnumericalsolutions,discussthe mechanismof the oscillation,and
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thenconsiderthe forcedproblemof the samesystemdriven by an imposedatmospheric

oscillation. Weconcludein section4.

2. Model description

The atmosphericmodel is a zero-dimensionalreduction(i.e., to a single column with

fixedverticalstructure)of theNeelin-ZengQuasi-EquilibriumTropicalCirculationModel

[QTCM; Neelin andZeng(2000);Zenget al. (2000)],with the atmospherictemperature

heldfixed,ashasbeendonein anumberof tropicalSingleColumnModels(SCM) studies

(Raymond,2000;SobelandBretherton,2000;Zeng,1998;ZengandNeelin,1999;Chiang

andSobel,2002),andasis discussedin detailby SobelandBretherton(2000). Thefixed

temperatureallows the large-scaleverticalmotion to vary, asrequiredin orderto balance

diabaticheatingvariationsgeneratedby the modelphysics. This large-scaleverticalmo-

tion alsocontrolsthemoistureconvergenceandsofeedsbackonthephysics. Theresulting

dynamicsis ratherdifferentfrom thatwhichobtainsunderfixedlarge-scaleverticalveloc-

ity (e.g.,zero,asin radiative-convective equilibrium) but variabletemperature.TheSCM

studiesof intraseasonalradiative-convective oscillationsby Hu andRandall(1994,1995)

usedthelatterassumption, limit ing their precipitationanomaliesto very smallamplitudes

(usuallylessthan0.5mm
�
day). Fixing thetemperatureallowsourprecipitation anomalies

to bemuchlarger(SobelandBretherton,2000).This is importantbecausecloud-radiative

feedbacks,whichareparameterizedhereasa functionof precipitation,areessentialfor the

mechanismof theoscillationsonwhichwe focus.

Theequationsfor theatmosphereare:

MSδ � P � R � (1)

b̂
∂q
∂t
� Mqδ � E � P� (2)

(1) originatesas an equationfor the atmospherictemperatureT , but the rate of change

dT
�
dt hasbeendropped.T is actuallytheheatcapacityof air (Cp) timesthetemperature,

while q is the latentheatof vaporizationof watertimesthespecifichumidity (in practice,

we thendivide both T andq by Cp andexpressthemin degrees).δ is the divergenceof

the horizontalvelocity, v. T � q, andv arefunctionsof t andimplicitly multiply a fixed,

specifiedvertical structurefunctionsin the vertical coordinate(Neelin andZeng,2000).
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To obtainthephysicalfieldsfor T andq, specifiedreferenceprofilesmustbeaddedto the

variablecomponentsthatsolve theabove equations.Thebasisfunctionsfor T andq have

asinglesignin thetroposphere,while thatfor v changessignoncewith height,thesignin

theequationsabove representingits valuein theuppertroposphere. (We usethestructure

functions,reference profiles,andconstantsandcoefficientsderived from them,from the

version2.2 of theQTCM; seetable1 of NeelinandZeng(2000)or table1 of Bretherton

and Sobel(2002). The temperaturestructurefunction is closeto a moist adiabat. The

humidity structurefunction is not exactly equivalent to constantrelative humidity with

height,but is almostequivalent to that in practice,sinceonly bulk, integratedaspectsof

the profile areever usedin the model.) P is precipitation,R radiative cooling (assumed

positive),andE surfaceevaporation.We have neglectedsurfacesensibleheatflux sinceit

is small comparedto the evaporation over tropical oceans.MS andMq arethe dry static

stability and grossmoisture stratification(Neelin and Held, 1987), taken in Neelin and

Zeng(2000)to belinearfunctionsof T andq:

MS � Msr � MspT � (3)

Mq � Mqr � Mqpq � (4)

with Msr � Msp � Mqr � Mqp constantsderivedfrom thestructurefunctionsfor T andq. Here,

sinceT is constant,MS is also.b̂ is aconstantcoefficient requiredfor consistency.

In (2), thehorizontaladvectivetermhasbeendropped,equivalentin theprimitiveequa-

tions to the approximation ∇ 	�
 vq ��
 q∇ 	 v with ∇ 	 the horizontaldivergenceandv the

horizontalvectorvelocity. We make this approximationbecauseit is impossibleto model

thehorizontalgradientof any quantitysatisfactorilyin asinglecolumnmodel.Theprimary

undesirableeffectonoursimulationsis that,astheatmospheremoistenslocally, thesystem

aswrittenaboveassumesthattheatmospherein adjacentregionsmoistensat thesamerate,

sothat themoistureconvergenceassociatedwith massconvergencealsoincreases,dueto

the dependenceof Mq on q in (4). Undercertainconditions, this feedbackcancausean

instability, but we view this instability asspurious. A morenaturalphysicalassumption

would be that as the atmospheremoistenslocally in one spot, the humidity of adjacent

regionsis unchanged.This impliesa greatermoisturegradient,in thesensethatwill lead

to greaterdrying asair is advectedinto themoist region at low levels(asit will beduring

timesof significantprecipitation),yielding a negative feedback.We attemptto mimic this

crudely, andto suppressthepositive feedbackresultingfrom theq dependencein (4), by

takingMq constant.Thus(3) and(4) arenot usedin themodel,exceptto renderMs con-
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sistentwith thevalueof T usedin theradiationparameterization(below), andto renderMq

consistentwith a typical meanvalueof q taken from a nonlinearsimulation in which (4)

wasusedandtheotherparameterswerecloseto ourcontrolvalues.

Theprecipitationis parameterizedusingasimplified Betts-Millerscheme

P � q � T
τc

� q � T � (5)

P � 0 � q � T �

with τc theconvective time scale.Theradiativecoolingis parameterizedby

R � R0 � rP� rP � R0 � (6)

R � 0 � rP � R0 �

where

R0 � T � Te

τR
(7)

with τR a radiative time scale,Te a radiative equilibriumtemperatureandr a nonnegative

dimensionlesscloud-radiative feedbackparameter. Evidencejustifying this simpleparam-

eterizationof the greenhousewarmingeffectsof high cloudsis presentedby Bretherton

andSobel(2002). BecauseT is fixed, R0 is constantonceτR is chosen.The restriction

thatR benonnegative is anadmittedly crudeway of preventing theunrealisticoccurrence

of netradiativewarmingof thetroposphere.Theevaporation is parameterizedby thebulk

formula

E � q �s 
 TS ��� qs

τE
� (8)

whereq �s is the saturationspecifichumidity at the seasurfacetemperature,TS, andqs is

relatedlinearly to q by theverticalstructurefunctionandreferenceprofile. τE is thebasic

surfaceflux time scale. Fixing it is equivalent to taking the surfacewind speedfixed.

This a major limitation of the model, thoughone which can in part be remediedby a

reinterpretationof theparameterr discussedshortlybelow.

Thelowerboundaryconditionis adynamicallypassivebulk mixedlayer, satisfying

C
∂TS

∂t
� S � E � (9)

whereC is the heatcapacityof the mixed layer andS representsthe combinedeffectsof

shortwaveradiationandlongwaveradiation.Oceandynamicsis neglectedonthebasisthat

6



it hasbeenfoundto exertaweakinfluenceonSSTin thewarmpool regions(Seageretal.,

1988;Gent,1991)wherehot spotstendto develop (Waliser,1996)andthe MJO is most

active. S will bemodifiedby a cloud-radiative feedbackwhich is consideredto acton its

shortwavecomponent:

S � Ŝ � rP� (10)

with Ŝ � constant.Thelongwavecomponentof S is consideredfixed.(6) and(10) together

imply thattheneteffect of highclouds(theonly kind we attemptto representexplicitly in

this model)vanishesin the top-of-atmosphere(TOA) radiationbudget;high cloudswarm

theatmosphereandcool theoceanin equalmeasure,asseemsto beapproximatelytruein

observations(Ramanathanet al., 1989;Harrisonet al., 1990;Hartmannet al., 2001).

An interestingaspectof theTOA cancellationis thatit rendersthecloud-radiativefeed-

backequivalentto asurfaceflux, in thatits neteffect is to transferenergy from theoceanto

theatmospherewith no net lossor gainto thecoupledsystem.This meansthat,to theex-

tentthatvariationsin surfacelatentheatflux andsurfaceshortwaveradiativeflux variations

arein phasefor themodesof variability of interest,thecloud-radiativefeedbackparameter-

izationrepresentedby equations(6) and(10) canbereinterpretedasrepresentingthesum

of cloud-radiative andsurfaceflux feedbacks,with a suitableincreasein thechosenvalue

of r. Observational studiesof intraseasonal-to-subannual time scaleSSTandsurfaceflux

variability show variations in surfacelatentheatflux andshortwaveradiativeenergy flux to

benearlyin phase(HendonandGlick, 1997;LauandSui,1997;Jonesetal.,1998;Fasullo

andWebster, 2000),within a weekor so,which is fairly shortcomparedto the periodof

interesthere.

[Table1 abouthere.]

Key modelparametersareshown in table1 [seeZenget al. (2000)or Brethertonand

Sobel(2002)for thebasicQTCM parameters].Of thesethe leastwell-constrainedby ob-

servationsareprobablythe cloud-radiative feedbackparameterr andthe convective time

scaleτc. BrethertonandSobel(2002)suggestedr 
 0 � 2 basedon observations,but the

uncertaintyis considerable;a rangeof 0 � 1 � 0 � 3 at leastis plausible.We chooser � 0 � 25;

this is fairly conservative if it is viewedasincluding the surfaceevaporation feedbackas

discussedabove. The convective time scaleτc is often taken to be a few hours,based

largely on the performanceof generalcirculationmodelsusingthe Betts-Miller scheme,

with somedependenceon thegrid spacing(Betts,1997). A time scalewith anequivalent

dynamicalrolearisesin theoreticalor modeling studieswhichrelatethecolumn-integrated
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precipitablewateror saturationdeficit to precipitation (Raymond,2000;FuchsandRay-

mond,2002;SobelandBretherton,2003),andthesestudiesobtainvaluesof order1 d. We

take 1 d asour default valuefor the linearstability plotsbelow, but examinesensitivity to

thisparameteramongothers.In acloselyrelatedstudyGildor et al. (2002)weused0 � 3 d.

3. Results

a. Linear stability

Writing overbarsfor steady-statesolution of equations(1), (2) and(9), usingtheexplicit

form of theparameterizationsof (5), (6), (8) and(10) (assumingin steadystateP � 0), the

linearizedperturbationequationsare

δ �MS ��
 1 � r � q �
τc
� (11)

b̂
∂q �
∂t
� δ �Mq � γT �s � q �s

τE
� q �

τc
� (12)

C
∂T �s
∂t
��� r

q �
τc
� γT �s � q �s

τE
� (13)

wheretheconstantγ comesfrom linearizingtheClausius-Clapeyronequation

q �s � q �s 
 T s � � γT �s �

Assuming solutionsproportional to eσt givesthedispersionrelation

b̂CτEσ2 � 
 γb̂ � Cbs � CτEMe f f

Msτc
� σ � γ 
 1 � r � M

Msτc
� 0 � (14)

where

M � Ms � Mq

is thegrossmoiststability (NeelinandHeld,1987;Neelin,1997;NeelinandZeng,2000)

and

Me f f � M � rMq

is the“effective grossmoiststability” (SuandNeelin,2002;BrethertonandSobel,2002)

[definedslightly differentlythanin BrethertonandSobel(2002)]. bs is theproportionality

coefficientbetweenthesurfacespecifichumidity andq.
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Thesolutionsare

σ � ��
 γb̂ � Cbs � CτE Me f f
Msτc

������
 γb̂ � Cbs � CτE Me f f
Msτc

� 2 � 4Cb̂τE γ � 1� r � M
Msτc � 1 2

2Cb̂τE
� (15)

or, writing outMe f f in termsof Ms, r, andMq,

σ � ��
 γb̂ � Cbs � CτE !Ms " � 1� r � Mq #
Msτc

������
 γb̂ � Cbs � CτE !Ms " � 1� r � Mq #
Msτc

� 2 � 4Cb̂τE γ � 1� r � M
Msτc � 1 2

2Cb̂τE
� (16)

All the parametersandcoefficientsare real, so the quantity underthe squareroot is

eitherpurerealor pureimaginary. If it is imaginary, it gives the frequency of oscillation,

andthetermoutsidethesquareroot givesthegrowth rate. In thatsituation, thefirst term

underthesquareroot is proportionalto thesquareof thegrowth rate,andthesecondterm

is strictly positiveaslongasM is (whichwe assumeis thecase,in general).Fromthis we

canseethatif theabsolutevalueof thegrowth rateis sufficiently large— whichin practice

means,of theorderof the frequency — σ becomespurereal,andthe linearproblemhas

only non-oscillatorysolutions,eithergrowing or decaying.

To illustratethebehavior of thegrowth rateandfrequency asa functionof parameters,

we contourthemasa functionof r on the y axis,andon the x axisconvective time scale

τc andmixed layer depth(mld) in fig. 1. The quadraticdispersionrelation(15) hastwo

solutions,andat every point in the figuresthe solution shown is the onewith the larger

growth rate,or realpartof σ, whichcanrequireswitchingbranches.

Over mostof thespaceshown, andparticularlynearthecontrolvaluesof theparame-

ters,thegrowth rateincreaseswith r andwith mixedlayerdepthanddecreaseswith τc. The

dependenceson r andτc aremuchstrongerthanthatonmld, or onotherparameterswhich

arenotshownsuchasτE . Only for sufficiently larger andsufficientlysmallτc is thesystem

actuallyunstable.As shown below, thetransitionfrom thestableto theunstableregimeoc-

cursvia subcriticalHopf bifurcation.Therefore,if thesystemis closeenoughin parameter

spaceto thebifurcationpoint,evena smallfinite perturbationin oneof thestatevariables

mayshift it from thefixedpointontothelimit cycle,with anapparentlydiscontinuousjump

in amplitudeof thecycle from zero(i.e.,at thefixedpoint) to afinite value.In Gildor etal.

(2002)suchtransitionsresultfrom theeffectof oceanbiotaonSST. At fixedτc, thestabil-

ity of the systemdependsmainly on thestrengthof the cloud-radiative feedbacks,or the

combination of cloud-radiative andsurfaceevaporationfeedbackswhich r mayrepresent.

At smallτc thereis aminimumgrowth rateasafunctionof r aroundr � 0 � 17,whichoccurs
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becauseof branch-switchingaswe plot the fastest-growing or slowest-decayingsolution,

asmentionedabove. Individualsolutionsaremonotonic in r atgivenτc.

[Figure1 abouthere.]

Over mostof the parameterspacein which the linear frequency is nonzero,it corre-

spondsto periodswhich are intraseasonal(0 � 1 � 0 � 2 correspondsto approximately30 �
60 d sincethe periodin daysT � 2π

�
ω whereω is the frequency) or somewhat longer.

In r-τc space,the frequency is nonzeroonly in a finite region roughly centeredon the

marginalstability curve (Re 
 σ �$� 0), somethingwhichwecanunderstandfrom inspection

of thedispersionrelationasmentionedabove. To geta litt le moreinsightinto how different

parameterscontrolthefrequency, wecanconsiderthespecialcaseof themarginalstability

curve,onwhich therealpartof σ vanishesandthefrequency simplifies to

σi �%
 γ 
 1 � r � M
τcτECb̂Ms

� 1 2 � (17)

Despitethatthis representsonly aparticularslicethroughparameterspace,theresultgives

aqualitative insightinto whatcontrolsthefrequency in nearbyregions.Apparentlyseveral

differentparameterscontribute comparablyto the frequency. Thegrossmoiststability M

andconvective time scaleτc arethemostpoorly constrainedby observations.While all of

thesehave a role in determiningthefrequency, thefrequency dependson eachonly asthe

square-root,sothatmodestchangesin any of themwill notmakeadramaticdifference.

Theconditionfor neutralstability is

Me f f

Ms
����
 γb̂

C � bs � τc

τE
� (18)

with instability for morenegative Me f f . Fromthis we canseetherole of thefinite mixed

layer depthand convective time scalein stabilizing the system, comparedto the fixed-

SST, “strict quasi-equilibrium” (SQE; τc � 0) model studiedby Brethertonand Sobel

(2002). Their modelalsohada horizontaldimension, allowing horizontalmoisture ad-

vectionu 	 ∇q, but undertheWeakTemperatureGradient(WTG) approximation andSQE

onehasq � T � constantin convective regions, sothehorizontaladvectiontermvanishes

in suchregionsand the dynamicsbecomeslocally describablethereasa single-column

systemsimilar to ourshere(thoughthe horizontalmoisture advectionterm is important

in determiningthe size of the convective region). Brethertonand Sobel (2002) found

that a steadysolution wasnot possible whenMe f f (definedby themslightly differently
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asMe f f �&
 M � rMq � � 
 1 � r � ), becamenegative, implying instability to time-dependent

disturbances.Sobel(2003)extendedessentiallythe samemodelto the coupledcaseand

found that this criterion wasno longerexactly correct. Our modelcorrespondswell lo-

cally to Sobel’s within theconvective region. (18) shows thatwe recover thecriterionof

BrethertonandSobel(2002)in theSQElimit, but thatfinite τc stabilizesthesystemeven

for fixed SST. Increasingmixed layer depthdestabilizesthe systemfor finite τc, but will

havenoeffecton linearstability in theSQElimit. Evenfor finite τc, themixed layerdepth

hasonly a weakeffect on stability sincefor typical parametersγ
�
C is lessthanunity; for

ourcontrolparametersγ
�
C � 0 � 27.

b. Nonlinear behavior

The linear dynamicsoffers only limited information aboutthe actualtime-dependentbe-

havior of thesystem.Comparisonwith nonlinearsimulationsshows that it predictsquite

accuratelythe onsetof instability, Re 
 σ �'� 0, andgivesa broadlyreasonableestimateof

the period. However, slightly pastthe onsetof instability (whatever control parameteris

used),the oscillationsbecomestronglynonlinear. The time dependencebecomeshighly

non-sinusoidal,andin somecasestheperiodbecomessomewhatdifferentthanthe linear

calculationpredictsalthoughnot by anything like an orderof magnitude.Fig. 2 shows a

nonlinearsimulationin which r � 0 � 3, otherparametersareasin table1. If all parameters

areasin thattable,thesystemis (veryweakly)stable.TheprecipitationP, evaporation E,

radiative coolingR, surfaceshortwave flux S, SST, andsurfacehumidity qs, areshown as

functionsof time. Notethattheevaporationis thatcomputeddirectly from (8); it doesnot

explicitly includethe “extra” evaporation variationswhich we might take to be included

with thecloud-radiative feedback.

We seevaguelysquare-wave type variationsin precipitation and (accordingly)in R

andS. Detailedfeatures,suchastheparticularshapeof theprecipitationpulsesandtheir

durationrelative to thedurationof nonprecipitatingperiods,aredependenton parameters.

TheSST, hereandoverawiderangeof parameters,hasmoresawtooth-likevariations. The

oscillation overall hascharacteristicsof a recharge-dischargeoscillation. Theevaporation

(with thecaveatabove) hasvariability that is of thewrongsigncomparedto observations

(Waliser,1996;Zhang,1996).Becauseof theconstantsurfacewind speed,theevaporation

isdeterminedonlyby thedifferencebetweenthesaturationspecifichumidity attheSSTand

thevalueof q at thesurface.Thisdifferencehasa localminimum at thetime of maximum

precipitation. This error in E is not of greatconcernto us, becausethe E variations are
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small comparedto thosein S so that the latter dominatesthe behavior, and becauseas

discussedabovewemight takethe“total” evaporationto bethesumof thatcomputedfrom

(8) andsomecomponentof thetime-variable partof S.

[Figure2 abouthere.]

c. Bifurcation behavior

Theanalysisabove suggests thatsomewherebetweenr � 0 � 2 andr � 0 � 3 thereis a Hopf

bifurcationwherethemodelbehavior changesfrom stablesteadystateto nonlinearoscil-

lations. As wasalsoshown above, similar transitionsfrom a steadystateto an unstable,

oscillatory regime can result from variationsof other model parameters.We now look

morecloselyat thesetransitionsusingbifurcationdiagrams.Theanalysiswasdonewith

thesoftwareAUTO (Doedelet al., 1997)usingXPPAUT (Ermentrout,2002)asinterface.

(In computingthe following results,the stepfunctionsin equations(5) and(6) wereap-

proximatedby sharptanh functions. The resultsfrom direct simulationsusing the tanh

functionswerecomparedto solutionsusingthestepfunctionsandnosignificantdifference

wasfound.)

[Figure3 abouthere.]

In figure 3 we seehow the steady-statevalueof SSTvariesas r is changes,with all

otherparameterskept fixed at their default values. As r increasesthe steadystategoes

from beingstable(solid line) to unstable througha Hopf bifurcationat r 
 0 � 255. The

dramaticjump from stablesolution to large amplitude oscillations suggesta subcritical

Hopf bifurcation(Strogatz,1994). After theHopf bifurcationwe geta stablelimit cycle,

with thesolidcirclesrepresentingthemaximumandminimumvalues.Theminimumvalue

decreasesasr increases,asexpectedfrom thediscussionabove. In contrast,themaximum

valueof SSTstaysconstantoncetheminimum precipitation over thecycle reacheszero,

aroundr � 0 � 275.In thelowerpanelweseethattheperiodof theoscillationfor theplotted

rangeof r increasesfrom 70 to 82days.

[Figure4 abouthere.]

Qualitatively similarbehavior is seenwhenτc is variedwhile therestof theparameters

kept at the default values,with the generalsenseof the behavior changeasτc decreases

beingthesameasthatasr increases,aswecanunderstandto somedegreefrom thelinear

analysis(Fig 4).
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d. Discussion

In this sectionwe discussthebasicinstability mechanismin orderto interpretsomeof the

resultsin figs.1 and2.

Consideran initial conditionin which the SSThassomevaluebelow that associated

with the(unstable)steadysolution,P � 0,andq is lessthanT , correspondingto stability of

thesounding todeepconvection.ThesurfaceevaporationE adjustsq towardsthesaturation

valuesetby theSST. If thisvalueisgreaterthanT , atsomepointconvectionwill commence

andP will becomepositive.

Theinfraredcloud-radiative feedbacktakenaloneis positive,aswecanseeby consid-

eringthemoiststaticenergy equation,derivedby adding(1) and(2):

b̂
∂q
∂t � Mδ � E � R � (19)

M remainspositive in all our calculations,as requiredif the circulation is always to be

thermallydirect (NeelingandHeld 1987). The storageof moisture in the atmosphereis

small,soupwardmotion(δ � 0), whichmustoccurif P � R, canbesustainedby negative

∂q
�
∂t only for a short time. Beyond that, a positive net sourceof moist static energy,


 E � R �(� 0, is requiredto balancethe export, as in the steadycase(Neelin andHeld,

1987). Sinceunderour parameterizationR decreasesasP increases,the infraredcloud-

radiativefeedbackamplifiestheconvection. Thismechanism,in aspatiallyresolvedmodel

with a fixedSSTlowerboundarycondition,will tendto collapsetheconvectionto smaller

horizontalscalesin addition to increasingits amplitude(Raymond,2000;Grabowski etal.,

2000;Leeet al., 2001;BrethertonandSobel,2002).

The shortwave cloud feedback,on the otherhand,is negative. WhenP is positive, S

decreases.This tendsto reducetheSST. Thesurfaceevaporationactsto adjustq towards

saturationat the surface,so asSST is reduced,so is q, and thereforealsoP. For some

parametervalues,thiscanleadto astablesteadystateunderconditionsfor whichthefixed-

SSTsystemwould beunstable.In steadystate,the larger r andP are,thesmallerE will

be,sincein steadystateE � S. Thustheshortwavefeedbackdampsthemoiststaticenergy

sourceE � R whichprovidesthedriving for P.

Theheatcapacityof themixed layerinducesalagbetweentheonsetof precipitationand

associatedreductionin S, andthereductionsin E andq whichcarrythenegativeshortwave

feedbackto the atmosphere.On the otherhand,the reductionin R dueto the longwave

feedbackhappensonatimescaleof orderτc, whichisnearlyinstantaneouscomparedto the
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rateof SSTchange.Therefore,for finite mixedlayerdepth,theoscillationoccursbecause

thepositive longwave feedbackhastime to run away, increasingP, beforethe shortwave

negative feedbackfinally becomessignificant,andeventually reducesP by reducingthe

SST. Again, if we wish to do so,we canlump togetherthesurfaceevaporation feedback

togetherwith theradiativefeedbacks,withoutchangingthesubstanceof theargument.The

surfaceevaporation, like the longwave cloud-radiative feedback,affects the precipitation

on a time scaleτc, while the SSTrespondsequallyslowly to changesin both shortwave

radiativeflux andevaporation.

Fromthisexplanation,wecanseewhy largermixedlayerdepthis generallyassociated

with largergrowth rate. If themixed layerdepthis small, theshortwave feedbackis able

to act more quickly to reducethe SST and thus suppressconvection. The tendency of

frequency todecreaseasmixedlayerdepthincreasesisamorestraightforwardconsequence

of thefactthatC appearsdirectlyasa timeconstantin (9).

e. Dependence on mixed layer depth and forced problem

Thesimplicity of our modelmeansthatits applicability to observations is mainly indirect.

Its value is primarily in building intuition that canbe appliedto interpretationsof more

complex models.In particular, someof theparametersin ourmodelhaveanalogsin GCMs.

We caneasilyvary theseparametersandseehow the oscillatorybehavior of our model

changes.If SSTvariability in aGCM coupledto a mixedlayeroceanchangessimilarly in

responseto varyinganalogousparameters,thesimple model’sbehavior mayprovidesome

insight into themechanisms.

Oneparameterwhich is straightforwardto vary, in a GCM or our model,is themixed

layer depth,and(Watterson,2002)hasrecentlyperformeda GCM studyexamining the

sensitivity to this parameter. He found that the intensity of sub-annualandintraseasonal

SSTvariability increasedasthe mixed layer depthwasdecreasedfrom 50 to 10m. This

is in direct contrastto our modelin which the growth rateincreases(albeit weakly) with

mixedlayerdepth.In agreementwith our results,aswell asnaive intuition, Wattersondid

find thatthespectralpeak(in low-level zonalwind) movedto lowerfrequency asthemixed

layerdepthincreased.However, thecontradictionbetweenoursimplemodelandtheGCM

regardingthetotalpower, inasmuchasour lineargrowth ratemight perhapsbetakenasan

indicatorof that,requiresexplanation.

Webelievethatthediscrepancy is dueto thestationarynatureof thedisturbancesin our

model,asopposedto the propagatingMJO signalin the GCM. Clearly theseaffect SST
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variability differently, asthephaserelationsbetweentheatmosphericandSSTvariability

mustbe differentin the two cases.A roughway to examinethis issueis to considerthe

responseof our modelto forcing by animposedtime-dependentatmosphericdisturbance.

Clearlythisis anoversimplificationof thecoupledinteractionof anoceanmixedlayerwith

a trueatmospheric MJO,but it allowsusto gainsomebeginning insight into theproblem.

It seemsmostappropriateto put the forcing in theatmospherictemperatureequation,

so(1) becomes

MSδ � P � R � MSF0eiσ0t � (20)

with σ0 andF0 real; the factorMs on theRHS is insertedfor conveniencelater. This is a

slightly differentformulation thanusedby ChiangandSobel(2002)to studytheresponse

of a(different)single-column atmosphere/mixedlayeroceanmodelto imposedinterannual

temperaturevariations;they imposedthe variations directly in T itself. Their modelalso

did not includecloud-radiative feedbacks,andhadmoresophisticatedparameterizations

of convectionandgaseousradiative transfer. In overall formulation,however, thepresent

problemis similar to theirs.

We linearizethesystem,andassumethatthesolutionvariablesq � Ts � δ all oscillatewith

thefrequency σ0,


 q � Ts � δ �)�%
 q0 � Ts0 � δ0 � eiσ0t � (21)

whereq0 � Ts0 � δ0 areamplitudeswhich maybecomplex. Theproblemthenis to find these

amplitudesasa function of σ0 andmixed layer depth,andexaminetheir dependenceon

mixed layer depthfor valuesof σ0 in the intraseasonal-subannualrange. As far as the

overall magnitude of the response,measuredby theabsolutevalueof theamplitude,it is

sufficient to find oneof the amplitudes,asthey will all be proportionalto F0 andthusto

eachother.

With theexceptionof thenew forcing term,thelinearsystemis unchangedfrom (11)-

(13),soit is sufficient to write down thesolution, which is, expressedin termsof δ0,

δ0 � F0 
 1 � 
 1 � r � Mq

MShτc
� " 1 (22)

where

h � ib̂σ0 � τ " 1
E � τ " 1

c � γdτ " 1
E �

and

d � τ " 1
E � rτ " 1

c

iCσ0 � γτ " 1
E

�
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[Figure5 abouthere.]

In fig. 5, we show the absolutevalueof the normalizedamplitude * δ0
�
F0 * asa function

of mixed layer depth,for otherparameterssetto thedefault value. Two forcing frequen-

cies,correspondingto periodsof 31and63daysareshown. Theresponseamplitudeis not

monotonic asa function of mixed layer depthfor fixed σ0. Thereis a maximumaround

10-30m, which happensto betheclimatological mixed-layerdepthin thewesternPacific

warmpool (LukasandLindstrom, 1991). We canunderstandthis quitesimply by noting

that,at neutralstability, our systemis just a typical linearoscillator, andmusthave a res-

onanceif forcedat its naturalfrequency. For parameterchoiceswhich renderthesystem

weaklystable,we thereforeexpectapeakin theresponsenearthatfrequency. Becausethe

parametervaluesusedin fig. 5 put thesystemin averyweaklystableregime,thepeaknear

thenaturalfrequency at σ0 � 0 � 1 d " 1 is quitestrong. Furtherfrom resonance(asfor the

σ0 � 0 � 2 d " 1 curveshown), or for amorestablesystem,thepeaksarelesspronounced.

Theresultof interestis that theamplitudeof theforcedresponseis non-monotonic in

mixedlayerdepth.Thereis a rangeoverwhich theresponsedoesbecomelargerasmixed

layerdepthis decreased,asfoundby Watterson(2002).However, if themixedlayerdepth

is madesmallerthanthe valueat peakresponse,around10-30m, the responsedecreases

again. This is contradictoryto the expectationwe might have that becausethe surface

temperaturecanvarymoreeasilyfor smaller mixedlayerdepth,variability mustbelarger.

Physically, at zeromixedlayerdepth,theshortwave radiative feedback,which is negative,

becomesasinstantaneousasthe longwave one,which is positive. This is asopposedto

thesituationatfinite mixedlayerdepth,wherethethermalintertiaof themixedlayerdepth

createsaneffectivephaselagbetweenthetwo feedbacks,allowing growth of perturbations.

Giventhepotential importanceof nonlinearity, interactionswith otheratmosphericphe-

nomena,thebroadrangeof frequenciesinvolved,etc.,it is impossibleto go directly from

ourvery simple calculationsto a quantitativepredictionof thevariancechangesasa func-

tion of mixed layer depthwhich shouldbe found in GCM experimentslike Watterson’s.

However, the smallestvalue usedby Wattersonwas 10m, nearthe valuesat which our

maximaoccur. We cautiously predict that if similar studies to his are taken to smaller

mixed layer depths,non-monotonic behavior may be found in the amplitudeof tropical

variability at intraseasonalto sub-annualfrequencies.Variancemaydecreasewith mixed

layerdepthfor larger mixedlayerdepths,asWattersonfound,but at smallermixed layer

depthsvariancemay increasewith mixedlayer depth. This is a testablepredictionof the

presentstudy. Theresultsof sucha test,naturally, maybemodel-dependent,particularly
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ascloud-radiative feedbacksareamongtheaspectsof GCMswhichwegenerallyexpectto

vary themost.

4. Conclusions

We have presenteda simple model for localizedSST hot spots. Our modelconsistsof

a single-columnatmosphere,obeying the QTCM physics(singlebaroclinicmode,Betts-

Mill er type convective adjustment), over a dynamicallypassive bulk mixed layer ocean.

Atmospheric temperatureperturbationsareneglected,which is consistentfor small hori-

zontalscales.Themodelcanbe thoughtof asrepresentinga region largeenoughthat its

SSTanomaliescanmodulateatmosphericdeepconvectionlocally, but notsolargethatthe

resultingconvectionanomaliesdrive significant local atmospherictemperatureanomalies

onthetimescalesof interest(i.e.,longerthantheperiodsof gravity waveswhosehorizontal

wavelengthsarecomparableto thesizeof theregion).

A key ingredientin the model is the radiative effect of high clouds,which is taken

to be zeroat the top of theatmosphere,with equallongwave warmingof theatmosphere

andshortwave coolingof theocean,bothproportional to theprecipitationrate. Although

we cannotphysically model the surfaceflux variationsinducedby surfacewind speed

variations, they can be consideredto be includedin a roughempirical way. This is so

becausethesurfaceflux variationsareobservedto benearlyin phasewith cloud-radiative

flux variationson thetimescalesof interest,andenterthemoiststaticenergy budgetin the

sameway, asa transferof energy from oceanto atmosphere.

Thesteadysolutionsof themodelareunstableto smallperturbationsfor plausible pa-

rametervalues,particularlyif we imaginetheradiative feedbackparameterr to represent

the wind-inducedsurfaceflux feedbackaswell, implying a larger value. However there

is sufficient uncertaintyin this parameter, acrossa rangeof valuesthat straddlesthe sta-

bility boundary, that we cannotsaythat the actualocean-atmospheresystemis unstable.

A similarly large uncertaintyis associatedwith the otherparameterwhich moststrongly

controlsstability, theconvective timescaleτc. Thelinearproblemhasoscillatorysolutions

only over a finite region of parameterspacenearthemarginal stability boundary. Outside

thatregion, linearsolutionsarepurelygrowing or decaying.Thenonlinearproblemoscil-

latesin theunstableregionwherethelinearfrequency is zero;in thatregion theoscillation

mechanismis purelynonlinear. This is consistentwith thenotion thatoscillations of this

typeplayarole in limit ing themaximumvalueof theSST, assuggestedby Waliser(1996).
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Sincethemaximum is presentin long-termmeans,andthusrequiresarectifiedeffect from

any time-dependentmechanism,thatmechanismcannotbea linearoscillation.

The transition from stableto unstableregime occursvia subcriticalHopf bifurcation,

meaningthatjustafterthebifurcationpoint theamplitudeof theoscillationsis quitelarge.

In arelatedstudy(Gildoretal.,2002),wearguedthatsuchatransitionmightresultfromthe

effectof oceanbiotaonlight penetrationandhenceonSST. Althoughthedirecteffectof the

biotais small,if theatmosphereis closeenoughto thetransitionpoint, thisfinite amplitude

perturbationmightbestrongenoughto causetheatmosphereto crossthebifurcationpoint

andthusstimulatethenonlinearoscillations. Of course,besidesbiologicalprocesses,many

othersourcesof “noise” from internalatmosphericor oceanicdynamicscouldalsoforce

thesystem.

Whetherlinearor nonlinear, theoscillation frequency tendsto beintraseasonalto sub-

annual.Thefrequency dependsonseveralparameters,particularlythecloud-radiativefeed-

backparameter, theconvective time scale,andthegrossmoiststability, but is not strongly

sensitive to any of them,sothatthefrequency is robustat leastto orderof magnitude.

The mechanismof the oscillation is easyto understand.Underclearskies,the SST

warmsdueto high surfaceshortwave radiative energy flux. As it warms,surfaceevapora-

tion increasestheatmospheric humidity. Eventually, thesystembecomesunstableto deep

convection. The longwave greenhouseeffect of the resultingcloudsamplifiesthe con-

vectionby increasingthenetsourceof moiststaticenergy to thecolumn,requiringmore

convectionto export thatenergy. At thesametime,however, thesurfaceshortwave flux is

dramaticallyreduced,whichreducestheSST, andthushumidity, until theatmosphericcol-

umnagainbecomesstableto convection,precipitation ceases,andtheskiesclear, starting

thecycleover.

We have explored the effect of varying several differentparameterson the behavior

of the system. Someof theseparametershave analogsin GCMs, eitheras input param-

etersor as “effective” parametersthat can be diagnosedfrom their output. Our results

couldin principlebeusedto aid in interpretingsimulationsof intraseasonalto sub-annual

SSTvariability with GCMs coupledto oceanmixed layer models. The effect of varying

mixed layer depthin particularhasalreadybeenstudiedby Watterson(2002),who finds

increasedvariability asthe mixed layer depthdecreases.In our model,the linear growth

rateincreaseswith mixedlayerdepth.However, in thestableregime,if themodelis forced

by animposedatmospheric disturbancewith intraseasonalfrequency, theamplitudeof the

responseincreasesasmixed layerdepthdecreasesuntil a maximum around10-20m (near
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the minimum valueusedby Watterson),thendecreasesagainif the mixed layer depthis

decreasedfurther. It would be interesting to seewhetherthis behavior canbe reproduced

in aGCM, by varyingmixed layerdepthdown to verysmallvalues.At leastinasmuchasa

GCM is felt to beseveralstepscloserto reality thanthepresentmodel,thisnon-monotonic

dependenceonmixedlayerdepthis a testablepredictionwhichemergesfrom our results.

Appendix: Validity of WTG approximation for small spa-

tial scales

Weconsiderthelinearsystemfrom sectiona.,but adda temperaturetendency termto (11)

sothatit becomes

â
∂T �
∂t � δ �MS �+
 1 � r � q �

τc
� (23)

whereâ 
 0 � 4 (NeelinandZeng,2000). We alsoadda linear, zonal,inviscid momentum

equation,which in theQTCM is
∂u �
∂t
��� κ

∂T �
∂x
� (24)

whereκ is thegasconstantfor air dividedby its heatcapacityat constantpressure.With

thesechanges,thesystemnow supportsa convectively-coupledgravity wave. We assume

slabsymmetry sothatδ � ∂u
∂x , andassumeall variablesvary asexp 
 σt � ikx � . Thesystem

canthenbewrittenas

σu �,� ikκT � (25)

âσT ��� iku �MS �%
 1 � r � q �
τc
� (26)

b̂
∂q �
∂t � iku �Mq � δM �q � γT �s � q �s

τE
� q �

τc
� (27)

C
∂T �s
∂t
��� r

q �
τc
� γT �s � q �s

τE
� (28)

Using(25) to substitutefor T � , (26)and(27)become

âσ2

ikκ
u � � iku �MS �+
 1 � r � q �

τc
� (29)

b̂
∂q �
∂t � iku �Mq � δM �q � γT �s � q �s

τE
� q �

τc
� (30)
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Notethat (28) containsno x-derivatives, andsodoesnot needto beconsideredhere. It is

clearthatfor sufficiently largek, whichmeans

k2 - * âσ2

κMS
* (31)

the first term in (29) will becomenegligible relative to the second.If we do neglect that

term, the remainingsystembecomesidentical to the oneconsideredin this study, if we

againwrite iku asδ. Thatsystemcontainednospatialderivativesandhencenodependence

of σ on k whatsoever, soour neglectof atmospherictemperaturevariationsis a consistent

approximation in thelimit of largek.

The expression(31) meansphysicallythat the spatialscaleof the WTG disturbances

mustbe small comparedto that of dry gravity waveswith equalperiods,sincethe phase

speedof dry gravity waves in this systemis easilyshown to be c �/. κMS
�
â. For the

parametersusedherec 
 50 m s " 1, sofor σ � 0 � 2 d " 1, thewavelengthof thedisturbance

mustbe shortcomparedto a numberon the orderof 100,000km, easilysatisfiedby any

disturbanceon earth. In reality, rotationsetsa morestringentlimit (Sobelet al., 2001;

Majda andKlein, 2003),but disturbancesbelow the equatorialdeformationscaleshould

still bewell describedby WTG.
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Parameters
Parameter Symbol Value
Clear-sky rad.equil. temperature Te -60C
AtmosphericTemperature T -10C
Netclear-sky sfc energy forcing Ŝ 200W m " 2

Clear-sky radiative timescale τR 30d
Convective timescale τc 1 d
Surfaceevaporation timescale τE 12d
Mixed layerdepth mld 25m
Nondimensionalmld C 12.84
Cloud-radiative feedback r 0.25
Dry staticstability MS 3.065K
Grossmoisturestratification Mq 2.6542K
Grossmoiststability (normalized) M

�
MS .137

EffectiveGMS (normalized) Me f f
�
MS -.122

Clausius-Clapeyroncoefficient γ 3.5
Surfacevalueof moisturestructurefunction bs 1

Table1: Modelparametervalues.
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