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Lecture 15:  Non-linear equations (ODE's and 
otherwise)

Outline

0) Review Stiff linear systems
1) Stiff non-linear systems: the van-der Pol oscillator
2) Implicit methods for stiff-systems and systems of non-
linear equations
3) General solution of non-linear systems and F(x)=0

A) A Simpler Example
B) Newton's method 
C) A demo (linear vs. non-linear systems)

4) Software for solution of non-linear systems

All Matlab odexx routines
see help ode45, or doc ode45
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Review: Stiff linear dynamical systems

Stiff systems of non-linear ODE's:
van Der Pol oscillator (stiffness increases with  µ)

y'' - µ(1-y2)y' + y = 0;         y(0)=y0, y'(0)=v0
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Stiff systems of non-linear ODE's:
implicit schemes for non-linear ODE's

y'' - µ(1-y2)y' + y = 0;         y(0)=y0, y'(0)=v0

Backwards Euler:

Solving systems of non-linear equations

Example:
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Solving systems of non-linear equations

Interpretation:  Solve intersection of level sets

Review: solving non-linear equations of 1 
variable f(x)=0

Example:

Available methods:

Review Newton for f(x)=0:
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Newton's method for F(x)=0

Same basic idea:

1) given initial guess x, find correction δ such that 

Newton's method for F(x)=0

2) Example: Linear system 
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Newton's method for F(x)=0

Taylor's theorem for vector valued functions.

1) consider f(x): Rn→R

Newton's method for F(x)=0

Taylor's theorem for vector valued functions.

2) now F(x):Rn→Rn
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Newton's method for F(x)=0

Newton's method: 

Newton's method for F(x)=0
Some code

function [x, xVec, resVec] = newton(func,x0)
% function [x, xVec, resVec] = newton(func,x0)
% NEWTON - does a standard newton iteration on function starting with an
% initial guess x0.  returns the final value x, such that func(x)=0 as well
% as a vector of residuals ||f(x_i)||
%
% x- solution (if converges) to func(x)=0
% xVec - vector of intermediate iterations
% resVec- vector of residuals at each iteration. 
%
% func-  function handle to f(x) which is assumed to return [F,J]=func(x)
%        where F is the residual (F(x) and J is the jacobian J(x)
% x0- initial guess

   MAX_ITERATIONS=100;
   RELATIVE_RES_TOL=1.e-14;
   
   x = x0;
   xVec = x;
   for k = 1:MAX_ITERATIONS
      [f,J] = func(x);
      resVec(k) = norm(f,1);
      relResidual = resVec(k)/resVec(1);
      if (relResidual < RELATIVE_RES_TOL)
        break
      end
      x = x-J\f;
      xVec = [ xVec x];
   end
   resVec=resVec(:);

   if (k==MAX_ITERATIONS)
      warning(sprintf('Maximum Iterations = 100, relative Residual=%
g',relResidual));
   end
   return
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Newton's method for F(x)=0

Example:  γ=[ 10 -2]'

Demo: and caution!  Newton is very touchy...you need either an 
extremely good guess or more robust methods (e.g. Line search 
and/or trust region)

Stiff systems of non-linear ODE's:
van Der Pol oscillator (stiffness increases with  µ)

y'' - µ(1-y2)y' + y = 0;         y(0)=y0, y'(0)=v0
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Software with advanced algorithms for solving F(x)=0

Matlab:  fsolve()    Part of the optimization toolkit (extra unfortunately):  
Implements Newton with trust-region methods.

Gnu Scientific Library: GSL (C code based on MINPAK)
Newton with trust-region methods

SciPy: open source Python project for scientific computing
http://www.scipy.org/

PETSc:  Portable Extensible Toolkit for Scientific Computation

1) Implements Newton + LineSearch + broad range of methods for 
solving large sparse linear systems in parallel.

2) Extremely useful for large sparse systems arising from numerical 
PDE's

3) Wicked steep learning curve.


