Chapter 9

Boundary Value problems

Selected Reading

Numerical Recipes, 2nd edition: Chapter 19

Briggs, William L. 1987, A Multigrid Tutorial, SIAM, Philadiphia.

In previous sections we have been been concerned with tipendentnitial
value problemsvhere we start with some assumed initial condition, cateutew
this solution will change in time and then simply march thglotime updating
as we go. We have considered both explicit and implicit saserbut the basic
point is that given a starting place it's relatively strafghward to get to the next
step. The principal difficulty with time dependent schensestability and accuracy
(they're not the same thing), i.e. how to march through tinitheut blowing up
and arriving at a future time with most of your intended phgsntact.

Boundary value problems, are a somewhat different animala boundary
value problem we are trying to satisfy a steady state saldierywhere in space
that agrees with our prescribed boundary conditions. Fanectbnservative prob-
lem, the problem becomes finding the set of fluxes at all thesi@ich that for
every node, what comes in goes out. In general, boundange yaoblems will
reduce, when discretized, to a large and sparse set of lfapdrsometimes non-
linear) equations. While stability is no longer a problerfficeency in solving
these equations becomes tantamount. The following seactiolh first develop
some physical intuition into the types and sources of bogngalue problems,
then show how to discretize them and finally present a potpotisolution tech-
niques.

9.1 Where BVP' scomefrom: basic physics

Many Boundary value problems arise from steady state soisitbf transient prob-
lems (or from implicit schemes in transient problems). Fcaareple if we were
considering the general transient heat flow problem fowdifin plus a source
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term we could solve the dimensionless equation

%—f = V2T — p(x) (9.1.1)

starting with some initial condition (plus appropriate hdary conditions) and
march through time to steady state whéfe/ot = 0. If your initial guess is far
from steady state, though, this may take some time. Alteelgtif you were only

interested in the final steady state temperature distabutien you would like to
solve immediately for the temperature by finding the temijoreeadistribution that
satisfies

V2T = p(x) (9.1.2)

This is simply the temperature distribution where the djeece of the heat flux
(V- kEVT) out of any volume exactly balances the source terms in thiaime.
Of course, for this solution to make any sense, both the kemyncbnditions and
source terms must be independent of time. An analogous arobhows up in
solving for fluid flow in a porous medium where the flux is gowrby Darcy’s
law. Here we want the net flux out of any region to balance amycgoor sink
terms so we have

V- kVP =S5(x) (9.1.3)

wherek is the hydraulic conductivity (or permeability) atlis the fluid pressure
gradient (not exactly but close enough for jazz).
Similarly if we were interested in the flow of a very viscousidluwe could
solve the full Navier Stokes equation
a—v+v-vvzyv2V—3VP+g (9.1.4)
ot P
by considering the accelerations (RHS terms) of each pawdfdluid and updating.
However, for problems where the dynamic viscositis very large, these accel-
erations are negligible and the stress propagates alngtahtaneously across the
medium. Thus rather than being constrained to solve on the siscous relax-
ation time we would like to assume that the system comes iakanbe instanta-
neously such that

1
0=vV3 — ;vp +g (9.1.5)

which is again an elliptic (2nd order) boundary value prabfer the vector veloc-
ity V.

Incompressible fluid flow also demonstrates another sourbewndary value
problems that arise simply from definitions or changes atldes. In the case of a
2-D incompressible fluidV -V = 0 and therefore we can write the velocity solely
in terms of a stream-function & = V x yk. If we also define theorticity as
w = V x V then the relationship between stream-function and voytisijust the
Poisson problem

V) = —w (9.1.6)

even for time dependent fluid-flow problems. Similar proldeanise in electro-
magnetics problems.
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A final example comes from the behaviour of elastic matexdigh is com-
pletely analogous to that of fluids, i.e. we can either trduk transient stress
changes which propagate at the speed of sound as seismis Waweeigh the
medium until they settle down, or we can just assume theyeaviintually settle
out and solve for the static case

V-m=f1 (9.1.7)

for the deviatoric stress tenset If we can get to the steady state case faster than
it would take to track the seismic waves then we have made a imgrovement

in efficiency. The big problem for boundary value problems$ésv to jump to

the finish line efficiently. By the way, it is important to ndteat some problems
may not have steady state solutions or if they do, theseigntuaire unstable to
perturbations. In general, it pays to think and be caretlf,the fun of any problem
may be in getting there. ...

...and how to solvethem In the following sections we will describe several ap-
proaches for discretizing and solving elliptic (2nd ordeslindary value problems.
For illustration we will consider the simplest elliptic grem which is aPoisson
problemof the form

V32U = f(x) (9.1.8)

and its first generalization to a medium with spatially vagyproperties
V- -kVU = f(x) (9.1.9)

wherek may be something like a conductivity or permeability andnea-constant
function of space (in worse casésinay be a function ot/ and then the problem
is non-linear. We won't deal with that complication here.)

In a perfect world, Eqg. (9.1.9) may have analytic solutionstegral solutions
by way of Green functions or Fourier integrals. Any book onB2) complex
analysis or mathematical physics will have details. It $thdoe noted, however,
that often, the “analytic” solution requires at least as magmputational power to
solve as its discrete numerical solution. Still if you camdfip an analytic solution
often is often more informative.

9.2 Discretization

But the world is never perfect and this is a course on modditerall, so if you
want to solve your problem numerically we need to begin by intak discrete.
This section will discuss discretization by finite-difface techniques. A later sec-
tion will discuss discretization into Fourier components.

Actually, we have already discussed finite difference agpmations to n-
dimensional spatial derivatives in the previous sectiom Initial value prob-
lems. For boundary value problems, nothing has changeghetta we don't have
any time derivatives to kick around any more. For example,sttandard 5-point
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discretization of Eq. (9.1.8) on a regular 2-D cartesianhmeish grid spacingAz
andAy is

1 1
A2 Uity = 205 + Uirrg] + A—yQ[Ui,j—l =2Uij +Uijn] = fi; (9.2.1)
or multiplying through byAy? and writing in stencil form
1
a? —2(1+ OZQ) a? Uj= Ayzfi,j (9.2.2)
1

wherea = Az /Ay is the aspect ratio of a grid cell. For a uniform grid spacing
Ax = Ay = A, this is the familiar 5-point stencil

1
1 —4 1 |Uy =A%, (9.2.3)
1

Which is readily generalized to Eq. (9.1.9) on a staggereshnebe

kiji1/2
ki =% APk |Uij = Ay S (9.2.4)
kij_1/2
where
S =a(ki—1y2,j + kiy1/2,5) + Kij—12 + kijr1/2 (9.2.5)

is simply the sum of the off-center components of the stemod &, , ; is the
conductivity mid-way between pointsandi + 1 (etc.). It is straightforward to
show that for constarit, Egs. (9.2.4) and (9.2.2) are identical up to the scale of

Equations (9.2.1) through (9.2.5) are all systems of lieemrations that can be
written in the general matrix form

Ax=b (9.2.6)

whereA is a penta-diagonal matrix that looks like Figure 9.1. Wheaieh stencil
forms one line of the matrix. The important feature of thesdrioes is that they
are incredibly sparse and the problem is to solvexfefficiently in terms of time
and storage. Here we will discuss three general approaotssving Eqg. (9.2.6):
Direct matrix methodshat attempt to solve fox by gaussian eliminatiorapid
methodghat make use of the specific properties of certain classpsoblems to
provide quick solutions; anierative methodshat try to approximate the inverse
matrix and apply this approximate matrix repetitively tduee the error. Each of
these methods has its strengths and weaknesses and (asusswél highlight the
basic do’s and dont’s.

Finally, a note about boundary conditions. In addition tecsfying the interior
stencil for determinindA it is necessary to specify the boundary conditions (after
all it's a boundary value problem). In general, boundarydittons add auxiliary
information that modifies the matrix or the right hand-sidéath. However, there
are many ways to implement the boundary conditions and tesend somewhat
on the method of solution and will be dealt with in each of teet®ns below.
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9.3 Direct Methods

Given that the basic problem is to somehow solve A~'b, one might think that
the best way to proceed is to use Matlab or some dafiirect-solverto calculate
A~! directly and do a matrix multiplication ob. In practice, this is usually al-
ways a bad idea for two reasons. First, matrix inversion gfdense matrix) is a
rather expensive operation (of ord®? operations wheréV is the number of un-
knowns. . .i.e. the number of grid points in your mesh). Sdcemen if the matrix
A is sparse, the corresponding inverse matrix is often net ffsgure 9.2) and the
additional storage required fé ' can be considerable.

As any introductory book on linear algebra (such as Strarith)tedl you, if
you're solvingAx = b you're really not interested i~ at all but rather the
solutionx and the best direct approach is by gaussian eliminatiom is ialter-
native form, LU decomposition which factors a matrix inte firoduct of a lower
and upper triangular matrix i.6A = LU which are easily solved by forward and
back-substitution. The basic algorithms of Gaussian elatidn are trivial, how-
ever, numerically robust versions that can maintain pi@tifor large and possi-
bly ill-conditioned matrices require some care, partidylan the choice of pivot
elements for elimination. Nevertheless, this is a well tgwed field and many op-
tions exist. For dense matrices, high-performance for@em-source routines can
be found inLapack (and many of these algorithms probably underlie matlab).
Numerical Recipes provides source code at a small cost btialvies probably
the easiest interface to use, i.e. gaussian eliminatios Eraple ax=A\ b and
LU decomposition is jusfL, U] =l u(A). Note: for matrices more complicated
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Figure 9.1:(a) Structure of a 5-point Laplacian operator oh7ax 17 grid with dirichlet
boundary conditions. Each dot marks the position of a single-zero entry. The actual
size of matrixA is (15 x 15)? = 2252 = 50625 entries for the 225 unknown interior
points. Note the incredible sparseness of this matrix. ©@B0625 entries, only 1065 are
non-zero. ) Same array but for 8 x 9 grid (49 unknowns) to show the structure of the
array better. Note: both of these arrays are incredibly kimateal 2-D problems.
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than tri-diagonal matrices, matlab’s gaussian elimimatmutines are significantly
faster than LU decomposition (see Fig. 9.3). Matlab alsoesakeasy to move
between dense matrices and sparse matrices as many of lthg oakrfaces are
transparent to matrix type. For modeling problems, howealvays use sparse
matrices. Finallyy12Mis a freely available sparse LU solver in fortran available
from www. netli b. org. Y12Mis an example of amnalyze, factorize, solve
package that attempts to reorder the matrix to make the nsesbithe sparsity
structure. All of these routines can be quite useful, paldidty for poorly condi-
tioned small matrices. However, for many problems they emly too expensive
given the alternatives. Nevertheless, they should alwaysant of any numerical
toolkit.
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Figure 9.2:a Contour map of the inverse @ (for a17 x 17 poisson problem) showing
just the largest non-zero entries (the matrix is actuallysg®. Note that the sparsity &f
is not necessarily retained By '. b Sparsity structure of the LU decompositionAfis
an improvement but shows significant fill-in between the Isafighore the thin blue line
which is some weird plotting artifact). As the matrices gegkr, this fill-in becomes more
significant.

9.3.1 Boundary conditions

As promised, we need to talk about implementing boundanditions in these
direct schemes. Because there is no “grid” in these prob{esmkeast as far as the
matrix solver is concerned), any modifications due to bogndanditions must
be included either in the matriX or in the right hand side vectdr. Fordirichlet
boundary conditions either approach can be used dependinghether you want
to include the boundary points in the matrix inversion or.riatgeneral, because
matrix methods can be so expensive, the fewer points thertsitone approach
is just to solve for the unknown interior poihtswith this method, discretize the

1This is why the matrix shown in Fig. 9.1b h&sx 7 = 49 unknowns for & x 9 grid with
dirichlet conditions.



BVP’s 145

10

T
: —e— Gauss Elim
—=— LU decomp

10" |

t (sec)
[
o

107

107
10

10°

Figure 9.3: Comparison of solution times for a discrete B¥pBoisson problem
with dirichlet boundary conditions using matlab’s gauss@imination routines
and LU decomposition. Unlike the tridiagonal matrices,fbatadiagonal matrices
are solved much faster with gaussian elimination. Note fibrathe larger sparse
matrices, the solution time for sparse gaussian eliminaiales roughly ad’!-
whereN is the total number of unknowns. The largest problem hereesponds
to a129 x 129 problem. Solution times shown here are for a 850Mhz Pentluml
running linux (aka my laptop).

unknown points next to the boundary and take all the knownegbver to the
right hand side. For example, if the left edge 1 is dirichlet, the stencil equation
for any non-corner point dt= 2

d
a b c |x2;=">y; (9.3.1)
e
would be replaced by
d
0 b ¢ :L'g,j = bg,j — (L’El,j (932)
e

becauser; ; is known. Again in sparse-schemes, the zero element in émeibt
would not be stored (and actually doesn't lie within the rixgtfThe other approach
for dirichlet conditions is to solve for the boundaries ity by writing a stencil
equation for the boundary points like

0
01 0 1’17j:f17j (933)
0



146

where f1 ; is a known function. This technique allows all the pointshe grid
to be solved for once without having to deal with subarrayise @ctual cost of a
dirichlet point is small because Eq. (9.3.3) can be inveinedediately.

For Neumann or mixedonditions we modify the matrix as explained in pre-
vious sections. l.e. if the left edgé £ 1) of the problem is a reflection boundary
then we replace the centered stencil equation

C | X1, = b17j (934)

S
o o

with
d
0 b atc |z1,;=">01, (9.3.5)
e

For periodic wrap-aroundooundaries, additional matrix entries must be added to
make sure the stencil includes the points near the far boynda

A warning about boundary conditions Note, for elliptic problems and direct
solvers, not all boundary conditions will produce uniqueva@rs in which case
the problem idll posed For example, the solution of a Poisson problem like Eq.
9.1.8 with either doubly periodic or all Neumann boundaitesl posed because
given any solutiornug then any solution suchx = ug + ¢ wherec is a constant

is also a solution that matches the boundary conditionss fright seem to be a
trivial problem, however, it actually forces the mat#to besingularand therefore

to have no unique inverse. This will cause a direct solvemibdithough other
methods can still be used for this problem.

9.4 Rapid Methods

Direct methods can be useful for small problems with stramgdrix structure
(e.g. for some of the matrices produced by finite element agstlon unstructured
grids). However for simpler problems you can usually do mioetter. In fact for
certain classes of problems (of which the Poisson problemés, there areapid
methods that can take advantage of some of the special pegpef these the
underlying matrix. Here we will deal with two rapid methoEsurier Transform
spectral methods and combinEdurier-cyclic reduction techniques

9.4.1 Fourier Transform Solutions

Problems with regular boundaries and constant coefficiemmtcds can often be
solved using Fourier transform spectral techniques/Vhat makes them practical
is that the underlying FFT (fast-Fourier transform) is adest\V log, N transfor-
mation that takesV points in the space-domain exactly 2 points in the fre-
guency domain (and back again).



BVP’s 147

These methods start by noting that any continueeisodic function on a pe-
riodic domain of N; x N; points can be expressed exactly by its discrete inverse
Fourier transform

m=N; TL:N]‘

g = F! X e Y (94)
n=1

NN

where the's in the exponentials are actually the imaginary numyerl and

r=0—-1Az y=(—-1Ay (9.4.2)
_ 2m(m —1) _ 27(n—1)
DA T DAy 042

wherek,,, k,, are the horizontal and vertical discrete wave numbers. mipeitant
features of the discrete Fourier transform is that it isdmenvertible and by the
magic of theFast Fourier Transform(FFT) can be evaluated in ordéf log, N
operations in each directiér(not to mention there are lots of highly optimized
versions around).

To use the FFT to solve Eq. (9.1.8), notice that becatses a linear operator,
we can findv2u by taking the Laplacian of each term in the summatjose.

1 m=Nin=N . ,
V2u;; TN > — (K2, + k2 )tmpe FmTeibny (9.4.9)
) m=1 n=1

but we also know that we can write the right hand side as

N,; n=N;

fij=F1 H , N i Z_: e tkm@ g=ikny (9.4.5)

thus term by term it must be true that

—(k??n + k?@)ﬂmn = fmn (946)

NOW frnn = F[f] is simply the Fourier transform of the right hand side and is
readily evaluated. Thus to solve ®1.8) we first find the FFT of the right-hand
side, then divide each component @&, + k2) (being particularly careful around
the D-C component which should be z&and then finding.;; by inverse trans-
formation, i.e. X
_fmn

o -1 §
A

(9.4.7)

250 for simple power of 2 grids wherg; = 27 andN; = 27 then the 2-D FFT take®(N; N;pq)
operations e.g. 64 x 64 grid takesO (36 x 65%) operations

SAlthough this is only strictly true if the function sharestsame boundary conditions as the
underlying orthogonal functions. For other boundary cbads one cannot take the derivatives of a
fourier series term by term.

4it is the possibility of a non-zero mean of the right-handesitiat causes this problem to be
singular with doubly periodic boundary conditions. Thiglie same problem that causes the direct
methods to fail.
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This approach will automatically work for doubly periodioundaries be-
cause the discrete FFT’s implicitly assume the functioespariodic. For dirichlet
boundaries where = 0, you can expand the function in terms of discreiese-
ries, likewise for reflection boundaries you can useseries. Numerical Recipes
discusses these and more general boundary conditions ia detail as well as a
slightly different approach for solving the discrete edquaiAu = f directly.

As an aside, spectral methods also can be used in initiak yalablems al-
though they most often occur aseudo-spectralechniques where the equations
are not actually solved in the wave-number domain, howe¥ard-are used to
evaluate spatial derivatives. For example, so far we haga bealuating advection
terms likeV - VT using a local stencil for the gradient operator. Howevengis
the same trick we used to evaluatéU in Eq. (9.4.4) we could also evaluaXel’
as

VT = F ! [—ikF[T]] (9.4.8)

wherek is thewave-vectot,,i+ k,j. Thus we first forward transform our temper-
ature file, multiply byik and then transform back. The net effect is to calculate the
gradients of all the Fourier components simultaneouslyltieg in an extremely
high-order method. Once we ha%eT" we simply form the dot-product with the
velocity field and away we go. For problems with smoothly vagyfields and
regular boundaries, these techniques can be highly aecwitit much fewer grid
points.

9.4.2 Cyclic Reduction Solvers

Spectral methods work for problems with constant coeffisi@md regular bound-
aries. A slightly more general set of rapid methods, howewests for problems
that areseparablein the sense of separation of variables. These methodsmclu
cyclic reductionand FACR (Fourier-analysis and cyclic reduction). Numerical
Recipes gives a brief explanation of how these work whichllinat repeat. What

I will do is tell you about a lovely collection of FACR codes Bydams, Swarz-
trauber and Sweet called FISHPAKThese are a collection of fortran routines for
solving more general Helmholtz problems such as

VU + \U = f(X) (9.4.9)

in cartesian, cylindrical and polar coordinates on regalad staggered meshes.
They also can solve for 3-D cartesian coordinates and therge8-D separable
elliptic problem

2 2
a(m)% + b(x)% + c(z)u + d(y)M + e(y)g—z + f(y)u = g(z,y) (9.4.10)

Oy?
for any combination of periodic or mixed boundary condiforThese codes are
available from netlib It t p: / www. net | i b. or g) and are extremely fast with so-
lution time scaling likelV; IV; logy N;. The principal (minor) draw back however

5For all you francophones Poisson is fish in french
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is that they were written (extremely well) back in the ear@jsBand the fortran
is inscrutable and therefore hard to modify for more genleoaindary conditions.
In addition they still will only work for separable problerasd could not, for ex-
ample solve the more general problévh- kVT = p, for a generally spatially
varying conductivity. However, the only solvers that campete in time with
these routines and handle spatially varying coefficieragtae iterative multi-grid
solvers (see below). So if you have a relatively straightod Poisson problem
(particularly in non-cartesian geometries) these codesighly recommended.

Because these codes are both highly useful and extremelytable, the main
thrust of this section is not to explain how they work but hawynight use it. As
an example, the documentation for the driverddBCRT (Helmholtz, regular grid,
cartesian) is in the program and looks like.

SUBROUTINE HWSCRT (A,B,M,MBDCND,BDA,BDB,C,D,N,NBDCND,BDC,BDD,
1 ELMBDA,F,IDIMF,PERTRB, IERROR,W)

¥ k Kk k Kk %k k Kk k %k %k k k k k% kx k %k k¥ k ¥k *k *k % *k Kk *k *kx ¥ *k *kx ¥

FISHPAK

A PACKAGE OF FORTRAN SUBPROGRAMS FOR THE SOLUTION OF

SEPARABLE ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

* K X X X X X ¥

(VERSION 3.1 , OCTOBER 1980) *
BY
JOHN ADAMS, PAUL SWARZTRAUBER AND ROLAND SWEET
OF
THE NATIONAL CENTER FOR ATMOSPHERIC RESEARCH
BOULDER, COLORADO (80307) U.S.A.
WHICH IS SPONSORED BY
THE NATIONAL SCIENCE FOUNDATION

¥R K K X X K K X X X K KX X K K X X X K X X X X ¥

¥ K X X K X X K X X X X X X ¥ X

k % 3k %k X% 3k % % 3k % % % % % 3% 3k % % 3%k % % 3k % X X% % % % % %X X

% % % % * % x *x x PURPOSE * k ok k k Kk k k k Kk k k *k % *k k *k X

SUBROUTINE HWSCRT SOLVES THE STANDARD FIVE-POINT FINITE
DIFFERENCE APPROXIMATION TO THE HELMHOLTZ EQUATION IN CARTESIAN
COORDINATES:

(D/DX) (DU/DX) + (D/DY) (DU/DY) + LAMBDAxU = F(X,Y).

* ok ok ok ok ok ok ok PARAMETER DESCRIPTION k ok ko ok ok ok ok ok ok ok

* ok %k ok k k ON INPUT * %k ok k %k k

A,B
THE RANGE OF X, I.E., A .LE. X .LE. B. A MUST BE LESS THAN B.

M
THE NUMBER OF PANELS INTO WHICH THE INTERVAL (A,B) IS
SUBDIVIDED. HENCE, THERE WILL BE M+1 GRID POINTS IN THE

ook Eo o No ko koo No No ko ko ko Ko ko ko ko ko ko Ko ko ko ko o Ko Ko ko ko o Ko ko ko ko ko Ko Ko Ko R ko Ko Ko Ko Ko Ko Ko Ko Ko X o]
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X-DIRECTION GIVEN BY X(I) = A+(I-1)DX FOR I = 1,2,...,M+1,
WHERE DX = (B-A)/M IS THE PANEL WIDTH. M MUST BE GREATER THAN 3.

MBDCND
INDICATES THE TYPE OF BOUNDARY CONDITIONS AT X = A AND X = B.

IF THE SOLUTION IS PERIODIC IN X, I.E., U(I,J) = U(M+I,J).
IF THE SOLUTION IS SPECIFIED AT X = A AND X = B.

IF THE SOLUTION IS SPECIFIED AT X = A AND THE DERIVATIVE OF
THE SOLUTION WITH RESPECT TO X IS SPECIFIED AT X = B.

IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X IS
SPECIFIED AT X = A AND X = B.

IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X IS
SPECIFIED AT X = A AND THE SOLUTION IS SPECIFIED AT X = B.

> w N~ O

BDA
A ONE-DIMENSIONAL ARRAY OF LENGTH N+1 THAT SPECIFIES THE VALUES
OF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X AT X = A.
WHEN MBDCND = 3 OR 4,

BDA(J) = (D/DX)U(A,Y(J)), J =1,2,...,N+1
WHEN MBDCND HAS ANY OTHER VALUE, BDA IS A DUMMY VARIABLE.

BDB
A ONE-DIMENSIONAL ARRAY OF LENGTH N+1 THAT SPECIFIES THE VALUES
OF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X AT X = B.
WHEN MBDCND = 2 OR 3,

BDB(J) = (D/DX)U(B,Y(J)), J =1,2,...,N+1
WHEN MBDCND HAS ANY OTHER VALUE BDB IS A DUMMY VARIABLE.

C,D
THE RANGE OF Y, I.E., C .LE. Y .LE. D. C MUST BE LESS THAN D.

N
THE NUMBER OF PANELS INTO WHICH THE INTERVAL (C,D) IS
SUBDIVIDED. HENCE, THERE WILL BE N+1 GRID POINTS IN THE
Y-DIRECTION GIVEN BY Y(J) = C+(J-1)DY FOR J = 1,2,...,N+1, WHERE
DY = (D-C)/N IS THE PANEL WIDTH. N MUST BE GREATER THAN 3.

NBDCND
INDICATES THE TYPE OF BOUNDARY CONDITIONS AT Y = C AND Y = D.

IF THE SOLUTION IS PERIODIC IN Y, I.E., U(I,J) = U(I,N+J).
IF THE SOLUTION IS SPECIFIED AT Y = C AND Y = D.

IF THE SOLUTION IS SPECIFIED AT Y = C AND THE DERIVATIVE OF
THE SOLUTION WITH RESPECT TO Y IS SPECIFIED AT Y = D.

IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO Y IS
SPECIFIED AT Y = C AND Y = D.

IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO Y IS
SPECIFIED AT Y = C AND THE SOLUTION IS SPECIFIED AT Y = D.

> w N~ O

BDC
A ONE-DIMENSIONAL ARRAY OF LENGTH M+1 THAT SPECIFIES THE VALUES
OF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO Y AT Y = C.
WHEN NBDCND = 3 OR 4,
BDC(I) = (D/DY)UX(I),C), I =1,2,...,M+1
WHEN NBDCND HAS ANY OTHER VALUE, BDC IS A DUMMY VARIABLE.
BDD
A ONE-DIMENSIONAL ARRAY OF LENGTH M+1 THAT SPECIFIES THE VALUES
OF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO Y AT Y = D.
WHEN NBDCND = 2 OR 3,
BDD(I) = (D/DY)U(X(I),D), I = 1,2,...,M+1
WHEN NBDCND HAS ANY OTHER VALUE, BDD IS A DUMMY VARIABLE.

ELMBDA
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THE CONSTANT LAMBDA IN THE HELMHOLTZ EQUATION. IF
LAMBDA .GT. O, A SOLUTION MAY NOT EXIST. HOWEVER, HWSCRT WILL
ATTEMPT TO FIND A SOLUTION.

A TWO-DIMENSIONAL ARRAY WHICH SPECIFIES THE VALUES OF THE RIGHT
SIDE OF THE HELMHOLTZ EQUATION AND BOUNDARY VALUES (IF ANY).
FOR I = 2,3,...,M AND J = 2,3,...,N

F(I,3) = F(X(D,Y().

ON THE BOUNDARIES F IS DEFINED BY

MBDCND F(1, F(M+1,J)
0 F(A,Y(J)) F(A,Y(J))
1 U(A,Y(J)) U(B,Y(J))
2 U(A,Y(J)) F(B,Y(J)) J=1,2,...,N+1
3 F(A,Y(J)) F(B,Y(J))
4 F(A,Y(J)) U(B,Y(J))
NBDCND F(I,1 F(I,N+1)
0 F(X(I),C) F(X(I),C)
1 U(X(1),C) U(X(1),D)
2 U(X(1),C) F(X(I),D) I=1,2,...,M+1
3 F(X(1),C) F(X(I),D)
4 F(X(I),C U(X(1),D)

F MUST BE DIMENSIONED AT LEAST (M+1)x*(N+1).
NOTE

IF THE TABLE CALLS FOR BOTH THE SOLUTION U AND THE RIGHT SIDE F
AT A CORNER THEN THE SOLUTION MUST BE SPECIFIED.

IDIMF
THE ROW (OR FIRST) DIMENSION OF THE ARRAY F AS IT APPEARS IN THE
PROGRAM CALLING HWSCRT. THIS PARAMETER IS USED TO SPECIFY THE
VARIABLE DIMENSION OF F. IDIMF MUST BE AT LEAST M+1

W
A ONE-DIMENSIONAL ARRAY THAT MUST BE PROVIDED BY THE USER FOR
WORK SPACE. W MAY REQUIRE UP TO 4*(N+1) +
(13 + INT(LOG2(N+1)))*(M+1) LOCATIONS. THE ACTUAL NUMBER OF
LOCATIONS USED IS COMPUTED BY HWSCRT AND IS RETURNED IN LOCATION
W .

* ok Kk ok ok k ON QUTPUT * ok %k ok ok k
F
CONTAINS THE SOLUTION U(I,J) OF THE FINITE DIFFERENCE
APPROXIMATION FOR THE GRID POINT (X(I),Y(J)), I = 1,2,...,M+1,
J=1,2,...,N+1
PERTRB

IF A COMBINATION OF PERIODIC OR DERIVATIVE BOUNDARY CONDITIONS
IS SPECIFIED FOR A POISSON EQUATION (LAMBDA = 0), A SOLUTION MAY
NOT EXIST. PERTRB IS A CONSTANT, CALCULATED AND SUBTRACTED FROM
F, WHICH ENSURES THAT A SOLUTION EXISTS. HWSCRT THEN COMPUTES
THIS SOLUTION, WHICH IS A LEAST SQUARES SOLUTION TO THE ORIGINAL
APPROXIMATION. THIS SOLUTION PLUS ANY CONSTANT IS ALSO A
SOLUTION. HENCE, THE SOLUTION IS NOT UNIQUE. THE VALUE OF
PERTRB SHOULD BE SMALL COMPARED TO THE RIGHT SIDE F. OTHERWISE,
A SOLUTION IS OBTAINED TO AN ESSENTIALLY DIFFERENT PROBLEM.

THIS COMPARISON SHOULD ALWAYS BE MADE TO INSURE THAT A
MEANINGFUL SOLUTION HAS BEEN OBTAINED.

IERROR
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AN ERROR FLAG THAT INDICATES INVALID INPUT PARAMETERS. EXCEPT
FOR NUMBERS O AND 6, A SOLUTION IS NOT ATTEMPTED.

0 NO ERROR.

1 A .GE. B.

2 MBDCND .LT. O OR MBDCND .GT. 4
3 C .GE. D.

4 N .LE. 3

5 NBDCND .LT. O OR NBDCND .GT. 4
6 LAMBDA .GT. O

7 IDIMF .LT. M+1

8 M .LE. 3

SINCE THIS IS THE ONLY MEANS OF INDICATING A POSSIBLY INCORRECT
CALL TO HWSCRT, THE USER SHOULD TEST IERROR AFTER THE CALL.

W(1) CONTAINS THE REQUIRED LENGTH OF W.

Qoo

k % % %k x %k >k % 3% 3k % X 3k %k % % % X % % % % 3k % X% 3k % %X 3%k % X X Xk

Well if you understood all that, an example call for a rectdag domain
Tmin < T < Tmazy Ymin < Y < Ymae With NI xNJ points with dirichlet boundary
conditions would look like

call hwscrt(xmn, xmax, (ni-1),1,tnp,tnp,
& ym n,ymax, (nj-1),1,tnp, tnp,
& 0.,rhs,ni,pertrb,ierror, wk)

wherewk andt np are temporary work arrays. In general, these routines (like
many useful pieces of freeware) are very hard to understardiae-by-line level.
However they are easy to test because we can always work ioople sest solution

by forward substitution. As an example, if we assume our $alation is

u(x,y) = sin < nry > sin <m7ry> (9.4.11)

Tmazx Ymazx

(which is am x n set of shear cells on a rectangular domain that stretches fro
0 <z < Zmaz, 0 <y < Ymae Se€ Fig. 9.4) then is a solution of Eq. (9.1.8) if

n )%+ ( = )?] sin ( o ) sin (mﬂy) (9.4.12)
Tmazx Ymaz Tmazx Ymazx
and we use dirichlet boundaries= 0 on all boundaries. Similar tests for Neumann

boundaries can be made by swapping for sin. The problem set will provide a
host of methods that apply this test .

fla,y) = —m*(

9.5 I|terative Methods

In both direct and rapid solutions, we supply a right hana gi@hd possibly a
matrix) and the technique returns the solution. Iterataehhiques take a slightly
different tack and are actually more related to solving iime tdependent problem

o= Lu- f() (9.5.1)



BVP’s 153

a 00 05 1.0 b

Figure 9.4:example of & x 2 sin-cell test problem on the unit squar2s? grid (using a
multi-grid method). &) typical solution.b) typical errors

to steady stated is an arbitrary elliptic or higher order differential optrg. l.e.
we start out with some initial guess for our solutierand then iterate in “time”
until the solutions stops changing. Because the iteratimesffectively like time
steps, all the standard techniques for implementing baynctanditions in time
dependent problems can be use directly in iterative schefmesonly real trick to
iterative methods is to do the problem in much less time thamould take to solve
the time-dependent problem.

Another way to look at iterative methods is from the point @w of solving
the matrix problem

Au = f (9.5.2)

Suppose we could split the matdxinto two pieces one that was easy to invert and
one that was hard to invert, i.&. = E + H. Then we could rewrite Eqg. (9.5.2) as

Eu+Hu=f (9.5.3)
and form the iterative scheme
untt = 7L [f — HU" (9.5.4)

whereu” is our solution at iteration andu™*! is our improved guess. The matrix
E~!'H is known as théteration matrixand it must have the property that all of its
eigenvalues must be less than one. The point is that théidieraatrix is trying to
reduce the errors in our gues’ and those errors can always be decomposed into
orthogonal eigenvectors with the property that

E~'Hx = Ax (9.5.5)

wherex is the eigenvector and is the eigenvalue. If is not less than one, re-
peated iteration of Eq. (9.5.4) will cause the error to grawd Blow up. Even for
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non-exploding iteration schemes, however, the rate of egmnce will be con-
trolled by the largest eigenvalue. Unfortunately for maetadtion matrices, the
largest eigenvalue approaches 1 as the number of pointasernd thus simple
schemes tend to converge quite slowly. The amount of deassedaby this largest
eigenvalue is called thepectral radiusp, which goes asymptotically to one as the
grid-size is increased (we will see why shortly).

Before we go on to illustrating some of these issues with ittglest (and not
very good) classical iteration schemes, it is worth rewgitEq. (9.5.4) in a slightly
different form. If we simply add and subtralet™ within the brackets of the right
hand side. i.e.

untt = E7L[f — (E + H)u™ + Eu"] (9.5.6)
then we can show that Eq. (9.5.4) is equivalent to
untl =u” + ENr (9.5.7)
where
r=Ff—Au" (9.5.8)

is theresidual i.e. the difference between the right-hand side and the-hignd
side that would produce our initial gueg8. When (and if) we have converged

r — 0 andu™t! — u™. Thus another way to look at iterative methods is that we
start with a guess, calculate the residual and try to feeddk linto our guess in a
way that makes the residual smaller.

95.1 Classical Methods: Jacobi, Gauss-Seidel and SOR

Clear as mud? Well let’s illustrate these concepts with itm@kest iterative scheme
called aJacobischeme. This is a very old and very bad scheme but it illletrat
all the points and in conjunction with multi-grid methodscactually be a very
powerful technique.

In the Jacobi scheme we split our matfas

A=[D+L+U] (9.5.9)

whereD is the diagonal of the matrix anldandU are the lower and upper triangular
sections of the matrix respectively (see Fig. 9.1). Now tiaga@hal has the trivial
inverseD™! = 1/D;j, thus the Jacobi scheme can be written generally as

utt =D — (L + U)u (9.5.10)
or for the simple regular Poisson stencil

1
1 -4 1 (9.5.11)
1

1

we can write the Jacobi scheme in stencil notation as
1 1

u;;fl:_z A%f—| 1 (1) 1| (9.5.12)
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If that looks vaguely familiar it should because we have @bfiseen it before
in our time dependent problems. A more physical way to gearad (inderstand)
the Jacobi scheme is to start from the time dependent forhedafiffusion equation

au - 2
=Vt (9.5.13)

and simply perform a FTCS differencing on it to produce

1

uptt = =B |A%fi; — | 1 (1/8—4) 1 |ufj (9.5.14)
1

where3 = At/Az? is the diffusion parameter (see Section 8, Eq. (8.5.6)).sThu
the Jacobi scheme is identical to taking the maximum FTCS altewable with
B = 1/4, and that's the big problem. If you remember from the disicumssn
explicit diffusion schemes, then you will recall thats effectively the time scale
for the highest frequency components to decay. Howevereire@l the amount
of decay an arbitrary wavelengthwill experience in one time step (for a scaled
diffusivity x = 1) is approximately
2
Ps = exp [—4Wd—2At] (9.5.15)

soif our grid hagV x N points, our longest wavelength is approximatél: N Az
and taking the maximum time stefot = Ax?/4 shows that within one time step
the amount of decay we can expect for our longest wavelemgth is about

2
Ps = eXp —m (9516)
which for largeN is
2
T

(the actual spectral radius for the Jacobi step is really= 1 — 72/(2N?)) thus
the physical meaning of the spectral radius is the amouneécédiylthat our longest
wavelength error component will decay in one iteration. @hwunt of decay we
can expect in/ iterations is therefore

pj =~ exp l——] (9.5.18)

and thus to reduce the error by a factoreof with this scheme will require on
order N2 iterations. This is not good.

Can we do better? Well there are some additional simple seevhich are
worth knowing although they are not particularly good «ithEhe first variation
on this theme are calle@auss-Seidetchemes which are easier to see in Fortran
than in matrix notation. The Jacobi scheme in Fortran loies |
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| oop over i and j
unew(i,j)=-.25%(f(i,j)-(u(i-1,j)+u(i+1,j)+u(i,j-1)+u(i,j+1)))
end | oop

where we do all the smoothing into a new array. The simpless&&eidel scheme
could be written

| oop over i and j
u(i,j)y=-.25*(f(i,j)-(u(i-21,j)+u(i+1,j)+u(i,j-1)+u(i,j+1)))
end | oop

i.e. we just do the smoothing in place using the new valuas ag they come up.
What do we gain from this? Not a whole lot but the spectralusdif a Gauss-
Seidel scheme is the square of that for the Jacobi schemeavierges in about
a factor of 2 less time (still no good). The other advantagbhasthe Gauss-Seidel
scheme can remove certain frequencies (like a checkeripadtein of errors) that
are invisible to the Jacobi scheme. Speaking of checkedbpdinere is another
variant of Gauss-Seidel callegd-black Gauss-SeideVhere instead of looping
over all the points, we notice from the above algorithm thate colored our grid
points red and black like a checkerboard, the red points depend on the black
ones and vice-versa. So we could update all the red ones andaththe black
ones which gains us about another factor of 2 and producebiased errors. We
will use the red-black schemes quite a bit.

Okay, even with the Gauss-Seidel schemes, these simpestivie schemes
are still impractical because they requivé iterations which makes these schemes
order N2, schemes wheréV;,; = N? is the total number of points on the grid.
Clearly for even moderately sized grids this is a disastee dnly way you can do
better than this on a simple iterative scheme is toSusecessive Over Relaxation
or SOR. SOR is based on the notion that we can write either édeBtack Gauss-
Seidel or the Jacobi scheme in residual form as

urtl =u" + D7 r (9.5.19)
or in component notation as
uij = uij + 155/ Dij (9.5.20)
now we could generalize this by including a relaxation patm. such that
uij = Uy + wrij/Dij (9.5.21)

where0 < w < 2; i.e. we add in a variable amount of the residual (and hope
that it improves the rate of convergence).wlf< 1 its calledunderelaxation for

1 < w < 2it's overrelaxation Forw > 2 it blows up. It can be shown that only
overrelaxation can produce better convergence than Gaeigdgl and then only for
an optimal value ofu such that

2

1+ \/ 1— p?acobi

(9.5.22)

w =
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with this value, the spectral radius of SOR is

2

psor ~ 1 — N (9.5.23)
for large N. This is a big improvement, but not really big enough becahse
solution time now scales as..;7. A perfect scheme would have the solution time
increase linearly withV,,; but for this we need multi-grid. Figure 9.5 shows that
SOR does converge in aboit iterations, however, it does so in a rather peculiar
way where the residual increases dramatically before dsitrg. By the way, SOR
only works this well for a narrow region around the optimaueaof w. However,
for more general problems than Poisson equations, findimgptimal value ofu
can be problematic, particularly if the operator changeh tiine.

L2 Norm of residual

0 50 100 150 200
iterations

Figure 9.5: Convergence behaviour of optimal SOR (with chebyshev acagbn and
red-black ordering) for 428 x 128 square grid. Note that the residual increases wildly
before decaying and still requires of ord€riterations to converge.

9.5.2 Multigrid Methods

Multigrid techniques start from the realization that thmgie iterative schemes of
the previous section are not actually very good relaxersielver, they are very
good smoothers, i.e. while they cannot reduce errors arediuencies equally,
they are very efficient at smoothing out the highest frequesrcors. Moreover
we note that the “highest frequencies” in our problem arenéefionly by the grid
spacing. Thus it ought to be possible to use these simplethingoschemes on
a hierarchy of grids with different spacings to remove eyrar all frequencies.
This is the essence of multi-grid and the rest of this chapitshow how we can
actually implement this idea to produce iterative scherhas are as efficient as
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the best FACR scheme for both constant and variable coeffigiatrices and even
non-linear problems.

[ o [ o
o o [ o
[ ] [ ] [ ] [ ]

@] [ ] ] [ ] @] [ ] ] [ ] @]

Figure 9.6:An example of a 3 level nested multi-level grid (or just a agtid). Thefine
grid or level 1is shown by the dots and has< 9 grid points. Level 2 is shown by the grey
squares and has been coarsened by a factor of 2 to havé onlypoints. The coarsest
grid is level 3 (diamonds) with onl$ x 3 points. Note that in 2-D each coarser grid has
only 1/4 of the points of the next finer grid. The grey boxeswslaorestriction operation
from level 1 to level 2 where we set the value of the coarsegpidt equal to the average
value of the control volume defined on the fine grid. Interpotatakes information from
coarse grids to fine grids

Before we discuss algorithms, we first need to define what wanrbg amulti-
level grid. Figure 9.6 shows a 3-level grid where each coarser lygil a grid
spacing that is twice that of the next finer grid (and themeford times less points
on each level). Note that all the grids share the same boiesdand the number of
grid points in both directions must be repeatedly divisityetwo. While we can’t
have completely arbitrary numbers of grid points in eackation, the restrictions
are less severe than simple spectral methods which usegliyre power of 2 grids.
In general, to guarantee the properties of the multi-griccateulate the number of
grid points in each direction by first specifying taspect ratioof the coarsest grid
in grid cells (i.e. ny; x n.;) then the number of total levels in the gnig. Given
these three numbers, the number of grid points in the fineigdiven by

Ni = ne2M Y41 (9.5.24)
N; = ng 2 41 (9.5.25)
For the example shown in Fig. 9:6; = n.; = 2, ny, = 3 and thereforeV; = 9

andN; = 9. Once the number of grid points on any level is known, the remolb
grid-points in the next coarser level is simpﬂ&frl = N!/24 1 etc. where integer
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math is assumed (we will also need to know how to relate coatds between
grids but we will get to that shortly).

Given the basic definition of the multi-level grid we’ll stdny just understand-
ing the algorithm for a two-level problem and then show that gan create all
other schemes by recursive calls to the two level schemesi@emthat we want to
solve some linear elliptic problem

Lu=f (9.5.26)
which is approximated by the discrete matrix problem
Ayl = £h (9.5.27)

on a grid with grid spacing (this is the fine grid, the next coarser grid on level 2
has grid spacin@h). Now let’s apply a simple relaxation scheme like red-black
gauss Seidel to our initial guess for just a few (e.g. 2—3xaion sweeps to give
us an improved solutiof”. 0" will still have a large amount of long wavelength
error, but the high-frequency components will have beenasheal out. We can
now write our true discrete solution solution as

ub =t + et (9.5.28)

wheree” is thecorrectionthat we would need to add to our current guess to get the
correct solutioh. Substituting Eq. (9.5.28) into (9.5.27) and using the faatA”
is a linear operator, we can rewrite (9.5.27) as

Ahel =P (9.5.29)

wherer” = f* — A" is the residual. Equation (9.5.29) shows that for linear
problems, one can solve for either the solution or the ctmednterchangeably
(in linear multi-grid we will usually be solving for the carttion). The point is
that if we could solve (9.5.29) for the correction, then waldaadd it back to our
improved guess and we would be done. Of course it is not anigreassolve for
the correction than for the solution on the fine grid. Howeves have already
pre-smoothed our guess on the fine grid so the residual (@nelftie the correc-
tion) should not contain any fine-grid scale errors. Thuseafasuld solve for the
correction on a coarser grid we would not be losing any infdiom but we would
be gaining an enormous amount of time given the factor of da#ah in points at
the next grid level. More specifically, we want to solve

Ahg2h — 2k (9.5.30)
whereA?" is our operator defined on the next coarser grid and

r2h = R2heh (9.5.31)

5While you have a lot of latitude in the relaxation scheme yse im multi-grid, don’t use SOR
because the over-relaxation destroys the smoothing bmiravi the relaxation and will cause things
to blow up.

"the correctiore is also often called therror in the solution.
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is the restriction of the fine grid residual onto the coarse gr'rﬂ.%ﬁ is called the

restriction operator and is some mechanism for transtgrmformation from a
fine grid to one coarser grid. There are many ways to do réetribut a standard
approach is to simply use the average value of the controinveldefined on the
coarse grid (see Fig. 9.6). Thus for every point on the cogwig(ic, jc) we can

define the corresponding fine grid coordinates

if = 2ic+1 (9.5.32)
Jf = 2je+1 (9.5.33)

and thefull weighting restrictionfor an interior point can be written in stencil form
as
1/16 1/8 1/16
r2ho=1 1/8 1/4 1/8 |rl (9.5.34)
1/16 1/8 1/16

where the stencil operates on the fine grid but is only evatudr the number of
points on the coarse grid. As for defining the coarse gridaiperthis is probably
the most difficult problem in multi-grid methods, howevére tstandard heuristic
is to just define the operator as if you were simply differagcthe problem on
the coarse grid. Only start getting clever when that doegaik. In the case of a
Poisson problem the operator is just

1

1
1

Given the operator and the right hand side, we could now gblrenatrix problem
Eq. (9.5.30) using any of the solvers we have already discubat for much less
computational cost on the coarse grid.

Just for argument sake, let's pretend that we can solve Ef.3(9 exactly
for the correctione?” on the coarse grid. Again, sin@”" shouldn’'t have any
high frequency components it can be related to the correctothe fine grid by
interpolation i.e.

e =10 (9.5.36)

whereIQh is theinterpolationor projection operatoithat moves information from
the coarse grid to the fine grid. The simplest interpolatiparator is just bilinear

interpolation where fine-grid points that are coincidentwaoarse grid points are
set to the coarse value, fine-grid points that lie on coarisdige are just half their

nearest coarse neighbors and fine points that are in theradntearse cells are
just1/4 of the corner points.

Finally, given our new solution for the correction on the fgrel we update our
initial guess using Eq. (9.5.28). If the restriction, anbipolation processes added
no high frequency error to our solution then we would be dbogiever, in general
some error is always introduced moving between grids anfirthkstep is to relax
a few times starting with our improved guess to remove ank-frigquency errors
that have been introduced. To recap, the two-level comeatheme is
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e Given an initial guesg,elax on the fine grid\PRE times for”
e Form the fine gridesidual r* = f* — Ahg"

e restrict the residual to the coarse grid and form the new right hand sid
r2h — R2hrh

o solve A%he2h — r2h for 2h

e interpolate the correction to the fine grid vied = 77, e*"
e correct (" to formu” = " + "

e relax the new solutiomNPOST times

This two-level scheme can be repeated until convergenceVawt can also
be applied recursively. Right now we have assumed that we $@me technique
(e.g. adirect solver) to solve exactly for the coarse gridesziion. However, if the
coarse grid is still fairly large it will also contain longawelength errors that will
be costly to remove in a single pass. An alternative is togastinue to repeat the
process iteratively. i.e. rather than solve Eqg. (9.5.3@c#y for €2” we can apply
our simple relaxation scheme a few times on the coarse gridnmve ordeRh
wavelength errors. Our new guess will still have longer ievgth errors so we
need to do a coarse grid correction for the coarse grid diwrefcrystal clear eh?
wait a bit and all will be revealed). We repeat the processoreasingly coarser
grids, each time just removing the errors that are compartabthe grid spacing
until we reach a sufficiently coarse level so that it reallghgap to solve exactly
for the correction (to the correction to the correction te th.). We then move
back down again correcting each level. This particulaatiee scheme is called a
V-cycleand is illustrated schematically in Fig. 9.7. In pseudoecaa can define a
V-cycle algorithm like

do levels from1l to Ngrids-1 ! go up the V
rel ax(npre tines)
find_residual (I evel)
restrict(residual (I evel) to rhs(level +1))
enddo

sol ve correction on coarsest |eve

do levels fromMNgrids-1,1,-1 ! go down the V
i nterpol ate(correction(level +1) to correction(level))
add(correction(l evel)+sol ution(level))
rel ax(npost tines)

enddo

Because you can implement different number of relaxationise V-Cycle we will
often specify them in the name of the V-cycle. For exampleseful scheme for
Poisson problems is to use a (2,1) V-cycle wheP&E=2 andNPOST=1. The V-
cycle can then be called successively monitoring the northeofine-grid residual
after every V-cycle. When the residual has been reducedne swedetermined
tolerance, we can stop. Properly implemented, a standangtM-can reduce the
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coarsest grid

finest grid

coarsest grid

FMG-Vcycle
(R) finest grid

Figure 9.7:schematic illustrations of V-cycle and Full Multi-grid FMG/cle schemes for
a four level grid. Level 1 is the fine grid, level 4 is the coagsid. Circles with R’s denote
relaxation (smoothing) steps, Circles with S’s denotesEegalution on the coarse grid.
Ascending lines denote restriction (fine-to-coarse) ajmma. Descending lines denote
interpolation (coarse-to-fine) operations. In general eydle is used when you have a
good initial guess for your solution. Each V-cycle shoulduee the fine-grid residual by
about an order of magnitude. FMG-cycles (which are actuadisted V-Cycles) are used
when an initial guess is unknown. Properly coded, a FMGeygah behave like an order
N direct solver.

norm of the residual by an order of magnitude per V-cyclehwitly about as much

work as it takes to smooth the finest gridPRE+NPOST+3) times. Moreover, this

convergence rate is independent of the size of the problega(lse all frequencies
are reduced efficiently) and the solution time scales onth@sumber of fine-grid

points. Truly amazing.

In the next section we will show how to specifically impleménis algorithm.
Before we do that, however it is also useful to mention anotlyeling scheme
calledFull Multigrid or nested iterationln the V-cycle, we begin on the finest grid
with what we hope is a reasonable first guess for our solutibwe are doing a
time dependent problem, we could use the solution at thdifaststep which is
often very close. However, if we really don’'t have a good guies the fine grid
solution, we can use FMG. The FMG scheme is actually a setsiEdée/-cycles
of increasingly more levels. First we need to restrict tlytrhand sidef to all
the levels and then, instead of starting on the fine grid we stathe coarse grid
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andsolvefor u = A~1"f#  Given this coarse grid solution, we interpolate it to
one finer grid and use it as the first guess of a 2 level V-cycieer@zthis improved
guess we interpolate it down again to use as the initial gaeas3-level V-cycle
etc. until we reach the finest grid. The FMG-cycle is showrestdttically in Fig.
9.7 and can be represented in pseudo-code as

do levels from1l to Ngrids-1 ! first restrict f
restrict(rhs(level) to rhs(level +1))
enddo

solve for u(ngrid)

do levels=Ngrids-1to 1 ! nested vcycles
i nterpolate(u(level+1) to u(level))
veycl e(u(l evel),fromlevel to Ngrids)
enddo

9.5.3 Practical computation issues. how to actually do it

The previous discussion is lovely and abstract however ésd really tell you
how to write your own multi-grid solver. Actually, | will beiging you a working
2-D multi-grid solver with a fair numbers of bells and whéstlbut this section tells
you how it works. Given a few initial pointers (particularbn storage), multi-
grid schemes are not particularly hard to write becausenttieidual pieces (relax,
resid, restrict, solve, interpolate), are quite modulkapresented by simple stencil
operations and at most only have to deal with two-grids ahea.tiThe most difficult
part of these schemes is getting the storage right. NunidRieaipes (which is
usually phenomenal) really screws this one up. The schdmesé is discussed in
Briggs [1] and makes rather elegant use of all the featurésdfan array handling
that | have been emphasizing.

The first issue is how to store all of these grids of differenés in an efficient
and orderly manner. As usual we will store the entire metel grid in one com-
posite 1-D array; however, because the different grid tekialze different numbers
of grid points, the best way to pack them into memory is toindex pointers Re-
member that in Fortran, all arrays are passed by addresg esngassible to pass
1-D arrays to subroutines that treat them like- D arrays. Thus in Fortran it is
legal to have a call like

real array(100)

i nteger ni,nj

ni =5

nj =5

call do_sonething(array(11), ni,nj)

subrouti ne do_sonething(arr,ni,nj)
i nteger ni,nj
real arr(ni,nj)

which will operate on the 25 consecutive poistarting atar ray(11) (i.e. it will
work on the memory in the subarray r ay(11: 35) and treat it like a 2-D array
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within the subroutine). How convenient. Thus to store alredt-level grid in a
single 1-D array, we need to calculate the offset indicesn@ex pointers) so that

i p(1) is the index of the start of the fine gridp(2) points to the beginning of
the level 2 grid etc up top( ngri ds) . Here’s a little subroutine that does just that

Gtk ksl s ok sk s sk sk ke ksl sk sk s e ok sk s sk sk ke ke sk s e ksl sk ke ok sk s sk sk sk sk sk s sk sk s sk s s sk sk s ok sk s ke sk sk sk ke ok sk s ok
subroutine to calculate index pointers for composite arrays

c ip: is array of pointers

c ng: total number of grid levels

c ni,nj: number of grid points in i and j direction on finest grid

c len: total length of composite array

C ksksrokokokokokokskokkkskokokskosk stk ke stk ok sk ksl ksl sk ok sk sk ok sk sk sk ok sk sk s ksl sk ksl sk ksl sk ok stk sk ok stk ok ok ok

subroutine initpointer(ip,ng,ni,nj,len)
implicit none

integer ng,ni,nj,len

integer ip(ng)

integer n,nni,nnj

ip(1)=1
nni=ni
nnj=nj
do n=2,ng ! increasing coarseness
ip(n)=ip(n-1)+nni*nnj
nnj=nnj/2+1
nni=nni/2+1
enddo
len=ip(ng)-1+nni*nnj
return
end
Giveni p(1: ng) andl en, the storage scheme of Briggs needs 3 composite
arrays of length en: u(1 en) to hold the solution (and correctionshs(| en) to
hold the the right-hand sides, ands(| en) and the residual and interpolations.
In addition we may also need to pass in a variable coefficipetaior which in
the most general case could be a full 5-point stencil opeeatp( 5, | en) . These
four arrays and their storage layout are shown in Figure®.a #-level grid
With this storage scheme it is straightforward to efficigintiplement a vcycle
in Fortran. Here is an example for a simple version with haigtd boundary

conditions
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grid 1 2 34

Figure 9.8: Multi-grid storage scheme ala Briggs [1] illustrated for dedel grid. All
the composite grids for the operator, solutions, rightehside, and residual are stored as
1-D arrays with index pointerisp( 1: ng) . u(i p(1)) is the beginning of the fine grid,
u(i p(2)) isthe beginning of the next coarser grid (which has/4 the points in 2-D),
up tou(i p(ng)) which is the coarsest grid. In general the total length ofctraposite
grid will always be less thap” /(2P — 1) times the size of the fine grid (For series fans,
Sooe o 1/2nP = 2P /(2P — 1)) Thus in 2-D the total length is less thapi3N ;.. and in
3-Dit’s less thar8 /7N fine.

Crskokstok stk ok sk stk okl sk ok sk kst ok sk ok sk sk ksl okl ok stk ok stk sk ok stk ksl sk e sk sk stk o skok

¢ subroutine mg2d_vcyc

c one V cycle, of height ng

c NB: vcyc has no knowledge of the total number of grids, thus

c ip must be passed such that cmp(ip(1)) is the beginning

c of the solution array at height’th grid!!!!

c Also, dz must be dz for the height’th grid!!!!

c important variables

c aa: composite array for 5 point stencil operator

c uu: composite array for solution and corrections

¢ rhs: rhs

c res: composite array for residual and interpolants

¢ 1ip: 1-D,array of pointers to sub grids in uu,rhs,res

c len: length of composite grids,uu,rhs etc.

¢ ng: maximum number of grids in vcycle

¢ mni: number of horizontal points in finest grid

¢ nj: number of vertical points in finest grid

¢ ncycle: number of vcycles before convergence check

c npre: number of coarsening relaxations

c npos: number of fining relaxations

c mnsolve: number of relaxations at coarsets grid

c dz: true grid spacing on finest grid

Ckskokstosk ke sk ke ok sk s sk ok ke sk sk s ksl s sk sk e ok sk o ek sk s ke ksl s sk sk e ok sk s ok sk sk e sk sk sk sk sk sk ke sk sk s sk ok ok sk ok
subroutine mg2d_vcyc(aa,uu,rhs,res,ip,len,ng,ni,nj,ncycle,npre,npos,nsolve)

implicit none

integer len,ng

real aa(5,ng)

real uu(len)

real rhs(len)

real res(len)

integer ip(ng),step,ncycle,npre,npos,pre,pos
integer nni,nnj,cycle,nsolve,solve

integer ni,nj

do cycle=1,ncycle ! the number of times to trace the ’V’
nni=ni
nnj=nj
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call arrfillO(uu(ip(2)),len-nni*nnj) ! zero out the correction
c ! on the coarse grids
c————- Fine to coarse leg of the V

do step=1,ng-1
call mg2d_relax(npre,aa(l,step),uu(ip(step)),rhs(ip(step)) ,nni,nnj)
call
mg2d_resid(aa(l,step) ,res(ip(step)) ,uu(ip(step)) ,rhs(ip(step)),nni,nnj)
nni=nni/2+1
nnj=nnj/2+1
call mg2d_rstrct(rhs(ip(step+1)),res(ip(step)),nni,nnj))
call arrmult(rhs(ip(step+1)),nni*nnj,4.) ! why is this here?

enddo
c
c———-= Solve on coarsest grid by just relaxing nsolve times
c
call mg2d_relax(nsolve,aa(1l,ng) ,uu(ip(ng)),rhs(ip(ng)) ,nni,nnj)
c
c———-- Coarse to fine leg the V
c

do step=ng-1,1,-1
nni=2*nni-1
nnj=2*nnj-1
call mg2d_addint(uu(ip(step)) ,uu(ip(step+1)),res(ip(step)),nni,nnj)
call mg2d_relax(npos,aa(l,step),uu(ip(step)),rhs(ip(step)),nni,nnj)

enddo !step (reached ng)
enddo lcycle (number of Vs)
return
end

Note that while all the storage is done in 1-D arrays, theadtencil opera-
tions are implemented in subroutines that use 2-D arraysanfexample, here is
the code for a red-black gauss-Seidel relaxation schemeyoleeel using dirichlet
boundary conditions.

€ k3K 3k 3k 5k >k 5k 3k 3k 5k >k 3k 3k 3k 3k %k >k 3k 3k 5k >k 3k 3k 3k 3k %k >k >k 3k 3k 5k 5k >k 3k 3k 3k 3k 3k %k >k >k 5K 3k 5k 5k %k >k 3k 3k 3k 3k %k %k >k >k 3k %k %k >k %k 3 3k 3k %k %k %k *k

c SUBROUTINE mg2d_relax(nits,a,u,rhs,ni,nj)

c non-vectorised red black Gauss-Seidel relaxation

c for a general constant 5 point stencil. Dirichlet

c Boundary conditions

c Variables:

c nits: number of red-black iterations

c a: 5 point operator stencil

¢ u, rhs: solution and right hand side (assumes premult by h~2)

¢ ni,nj: horizontal and vertical dimension of u, rhs

koK oKk ko ok ok ok ok ok o ok ok ok ok ok o ok ok ok ok Kk ok ok sk ok o ok ok ok o ok ok sk K ok ok ok K 3 ok ok ok ok ok ok ok sk ok s ok ok ok ok ok ok ok ok ok

subroutine mg2d_relax(nits,a,u,rhs,ni,nj)
implicit none

integer ni,nj,nits

real a(5),rhs(ni,nj),u(ni,nj)

integer i,ipass,j

integer im,ip,jm,jp,rb,m,n

rb(m)=m-2*((m/2)) ! red-black toggle
c do red-black gauss-seidel relaxation for nits
c
do n=1,nits
do ipass=0,1 !do red then black
do j=2,nj-1
jm=j-1
jp=j+1
do i=2+rb(ipass+1+j),ni-12
im=i-1
ip=i+1

u(i,j)=a(1)*(rhs(i, j)-(a(2)*u(im, j)+a(3)*u(ip, j)+a(4)*u(i, jm)+a(5)*u(i, jp)))
enddo
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enddo
enddo
enddo
return
end

Figures 9.9 and 9.10 illustrate schematically how the gstheme and local
grid operators work in implementing a single vcycle on avklgrid. This scheme
is efficient (and rather elegant) in use of storage etc. Aattid composite arrays
can be added easily.

9.5.4 A noteon Boundary conditionsin multi-grid

Boundary conditions are the curse of numerics but they amaften the most im-
portant part. For multi-level schemes implementation afrimtary conditions may
seem particularly confusing (and is often neglected inudisions of techniques)
because boundary conditions must be enforced on all of ffexatit levels as well
as for the restriction operat®Personally, I've been through about 4 different ways
of implementing boundary conditions but | think | have alfastable, easy to im-
plement approach that will handle at least the most stanofauddary conditions.
Because iterative schemes are identical in operations-diependent problems,
these boundary schemes can also be used in time-dependiaté sghemes. The
basic idea is that when we are on an edge we have to specifytovbatwith the
point that lies outside the grid. For example, if we want aexgibn boundary on
the left edgd =1 then if our stencil operation would wanhti - 1=0 we would
replace it withi m=2. Likewise, for periodic boundaries we would seteni - 1
and for dirichlet boundaries we would skip over ihel edge altogether and start
with i =2. More generally, a standard 5-point star operation lodies i

u(i,j)=a(1)*(rhs(i,j)-(a(2)*u(imj)+a(3)*u(ip,j)+a(4)*u(i,jm+a(5)*u(i,jp)))

where for an interior pointm=i - 1, i p=i +1,j m=j - 1, j p=j +1. So all we re-
ally need to do is redefinem i p, j m j p appropriately when we are on an edge or
corner. To do this in a general way, | pass in a small arrayt (2, 2, ngri ds)
which gives the value of the outside index for each of thessatel directions. The
storage is
i out (pl us_nminus, direction,grid) wheredi recti on=1isthei direction
of the griddi r ect i on=2 is thej direction (and so on fdt in 3-D). andpl us_mi nus=1
is the edge in thei r ect i on- 1 direction (oy!) andpl us_mni nus=2 is the edge
in the di recti on+1 direction. To make this simpler the left edge on grid g is
iout(1,1,q),therightedgeisout (2,1, g); bottomisi out (1, 2, g) and top
isiout(2,2,9).Ifiout is negative we assume the edge is dirichlet and we skip
the edge. Here is a general relaxation scheme that implertieéstype of boundary
condition information. Study it and compare it to the harded dirichlet relaxer.

€3 3K ok oK K K o oK ok oK K K o ok ok oK K o ok ok ok Kk 3 ok ok ok K 3 oK ok K K 3 oK oK oK 3 K K oK oK K K K ok ok K ok ok ok ok ok ok 3k ok ok kK
c SUBROUTINE mg2d_relaxc(nits,a,u,rhs,ni,nj,iout)

c non-vectorised red black Gauss-Sidel

c Variables:

c nits: number of red-black iterations

8Boundary conditions are not required for interpolationzhese interpolation on the boundary
only requires information on the boundary.
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Figure 9.9: Schematic of how vcycle works in the Briggs storage schentds figure
just shows the coarsening leg of the Vcycle and the coaligesglve. At the initial time,
u(i p(1)) holds our initial guess and all the rest of the array is seeto.zAt this time
onlyrhs(i p(1)) contains the right-hand side for the finest grid. After a fedaxation
steps, the fine grid residual is calculated as (i p( 1) ) andrestrictedtohs(i p(2)).
The coarse grid correctiad” is approximated by relaxation and storedifi p(2) ) and
the process is repeated up to the coarsest grid where trectiorrto the grid 3 correction
is solved exactly (or by just lots of relaxations).
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Figure 9.10:Coming back down. This figure shows the fine to coarse leg of/ibgcle.
Given the solved coarsest correctionuifi p( 4) ), it is interpolated onto the storage of
res(ip(3)) then added tau(i p(3)) which is then relaxed againshs(i p(3))
which has not been changed from the up-stroke. The processsgseated until we return
to the finest grid where we can repeat the procedure by jusirgpout the corrections on
u(i p(2)) tou(i p(ng)). Note thatr hs is not changed on the down-stroke and that
the interpolated correction just overwrites the residuadya

a: b point operator stencil
u, rhs: solution and right hand side (assumes premult by h~2)
ni,nj: horizontal and vertical dimension of u, rhs
iout: flags denoting boundary offsets
stk kb sk ok sk kskok sk ok sk stk ok sk sk stk ok stk ok stk sk sk ke sk sk stk sk kst sk stk stk sk ok ko
subroutine mg2d_relax(nits,a,u,rhs,ni,nj,iout)
implicit none
integer ni,nj,nits
real a(5),rhs(ni,nj),u(ni,nj)
integer iout(2,2),io0ff(2,2)
integer i,ipass,j
integer is,ie, js, je
integer im,ip,jm,jp,rb,m,n

aO00o0o0

rb(m)=m-2*((m/2)) ! red-black toggle
do j=1,2 !set up dirichlet boundaries if iout<O
do i=1,2
if (iout(i,j).1t.0) then
ioff(i,j)=1
else
ioff(i,j)=0
endif
enddo
enddo

is=1+ioff(1,1)
ie=ni-ioff(2,1)
js=1+ioff(1,2)
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je=nj-ioff (2,2)
c

c----is,ie,js,je are the starting and ending bounds for the grid, is=1
c-—--if non-dirichlet, otherwise is=2 etc.
c
c
c do red-black gauss-seidel relaxation for nits
c
do n=1,nits
do ipass=0,1 !do red then black
do j=js,je
jm=j-1
jp=j+1

if (j.eq.1) then
jm=iout(1,2)
elseif (j.eq.nj) then
jp=iout(2,2)
endif
do i=is+rb(ipass+1+j),ie,2
im=i-1
ip=i+1
if (i.eq.1) then
im=iout(1,1)
elseif (i.eq.ni) then
ip=iout(2,1)
endif
u(i,j)=a(1)*(rhs(i,j)-(a(2)*u(im, j)+a(3)*u(ip, j)+a(4)*u(i, jm)+a(6)*u(i, jp)))
enddo
enddo
enddo
enddo
return
end

Note, with a good compiler, thief statements in thedo loops should be peeled
although this may cause minor problems whenie, j s, j e are not specified
before hand. Another approach is to use the same schemeehptassompilers to
conditionally compile in specific boundary conditions fpesific jobs. Remember
the time you save in run time may not be worth the hassle.

9.6 Krylov Subspace Schemes

Multi-grid schemes are currently some of the fastest, l=girg) iterative schemes
for solving elliptic Boundary Value problems. when implemted correctly they
can show remarkable convergence properties. Their lavgeskness however is
that they require some care in defining coarse grid operé&orsven course grid
representations) that are faithful to the solution on asmgrid and doesn’t pollute
the fine grid solutions. In the case of our model Poisson prabthis isn’t an issue
because the operators on all levels are effectively the sardehe simple relax-
ation schemes act as filters on what are effectively orthalgmodes. |.e. there is
very little interaction between levels, the different grigre just used to efficiently
remove the highest frequency modes defined by each gridrgpadihen the op-
erator contains coefficients that vary in space (e.g. thmeability in a porous
flow problem), it can become problematic to easily define soarid operators.
One approach i8lgebraic Multi-Grid which attemps to develop coarse grid accel-
erators directly from the find grid discretizatidxx = b without any notion of an
underlying grid.
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Another approach, however, is to give up and go to more gkiterative
schemes for sparse matrices such asilyéov Subspace Schemd@hese schemes
are principally iterative schemes for solving large spéirsmar systems for general
(but sparse;A. They usually converge and scale more poorly than muld-git
parralelize more easily, are reasonably general and atm#ie solvers available in
the PETSc package. Here we will describe the basics of Kigldyspace schemes
and two commonly used schemes GMRES (generalized minimsmua) and
CG (Conjugate gradient).

To understand how these schemes work, however, it's usefalitew the ideas
of vector spaces and subspaces from linear algebra. bk, tdah.

9.7 Summary and timing results

Okay so we've now looked at most of the commonly used scheworebdund-
ary value problems (well not conjugate gradient techniqueghey're ordetv?®->
schemes anyway), so it's time to put our money where our CRBt¢'ssnd compare
them against each other in terms of solution time and acgufear this problem
we will compare a direct solver (Y12M), a FACR scheme fromHiPAK (hwscrt),
SOR and a constant stencil multigrid scheme (from yourly/xrm both V-cycle
mode and FMG mode for the 2 (k,z) sin(k,y) cell test shown in Fig. 9.4.
To compare behaviour for large problems, these tests hase thmm on a single
node of an IBM SP2. Problems were done for square grids witbhdtet bound-
ary conditions andV = 652, 1292, 2572, 5132, 10252 points. Results are shown in
Fig. 9.11 and show that for Poisson problems FACR and mtilliaye comparable
in timing, scaling and errors. The generally larger timespiain V-cycle Multi-
grid are also somewhat misleading because they are tryisglte the problem
from an initial guess1 = 0 and thus require about 5 V-cycles to converge. If this
solution were part of a time dependent problem and we had & foetter initial
guess, we could probably solve it in 1-2 V-cycles and thetgoitime would be
proportionally smaller by a factor of 2 to 5.

Recommendations If you have a Poisson or Helmholtz problem that can be ad-
dressed using the boundary conditions available in FISHR#®\Kall means use
these routines (also if you have funny coordinate systekesgolar coordinates).
They are exceptionally fast and stable and are often a quaskta get going on
a problem. For more general operators however Multi-Giildragintains its re-
markable convergence behaviour and it is not that diffiacuthbdify the routines
to handle more general problems and boundary conditioreddition, Multi-grid
is extremely modular so it is straightforward to replace ahyhe grid operators
(for example changing the relaxation scheme to line relapby just changing
subroutines. In this way, Multi-grid is less of an algoritlamd more of a strategy.
Done correctly it can work wonderfully, done poorly. .. wethat's new. Whatever
you do, unless you really need the power of a direct solveigdaihhem and for any
problem where you would use SOR you should use multi-grid.
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Figure 9.11:Comparison of solution time and true relative error for adsunf elliptic
solvers (direct, FACR, SOR, MG-Vcycle and FMG-Vcycle), Mugrid techniques use
a standard (2,1) V-cycle (i.e. 2 relaxations on the up-gtrakd one on the downaX
CPU times as measured on a RS6000 390H with 256Mb RAM (comitdlgs are -O3
-qarch=pwr2 -ghot -qautodbl=dbl4b) averagel, norm of the error from the true solu-
tion (this is actually the truncation error).
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