Chapter 2

Some Real(?) Problems in Earth
Science

2.1 Introduction

Chapter 1 provided a basic recipe for concocting systemsrn#arvation equations
for just about any continuum problem you can imagine. Thiptdr will use this
technique to set up a suite of fundamental physical probkbaisare important to
many aspects of Earth science. The purpose of this chaptet nly derive the
basic problems but to start to develop some basic physitgtion into how they
behave. This intuition will be exceptionally important whee start to choose
numerical methods that are appropriate for each probleruefieeless, when we
are done, this chapter should demonstrated that despitethalifferent kinds of
behaviour, as far as we are concerned numerically thereallg only two kinds of
problems; initial value problems (IVP’s) that need to be chad carefully through
time and boundary value problems (BVP's) that need to befgadisimultaneously
everywhere in space. Much interesting physics comes frambawations of these
kinds of equations.

When you are done this course, should be able to solve alleopthblems
in this chapter as well as concoct your own custom problem.foAshe basic
problems in this chapter, these should be treated as thdestrgxamples of a
class of problems and not taken for gospel. In general youldhnake up your
own stories and build upon the framework of these problehst’ét what theory is
about). However, to be successful it is important to knowrtovk the basic stories
as well.

2.2 Thermal Convection

The first problem we will consider is that of thermal convestin fluids. Con-
vection is simply the statement that hot fluids rise and caidi$l sink (more cor-
rectly low density fluids rise and high density fluids sinkpr@ection is a crucial
process throughout the earth. Heating of the equator arlthgaat the poles pro-
vides the basic engine for weather and climate change. Timeafen of cold
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North-atlantic water contributes to the gloliaermo-halinecirculation (which is
technicallydouble-diffusive convectidmecause both heat and salt affect the densi-
ties.) Thermal convection in the mantle is the principalieador plate tectonics
and magneto-hydrodynamic convection in the core driveEtrth’s dynamo and
controls the Earth’s magnetic field. Not too bad for a proaghksre hot things
rise and cold things sink. To gain some insight into coneegtive will consider
the simplest problem of thermal convection in a layer hefima below. This is
the classidRayleigh-Benaratonvection problem and is a favorite of physicists and
earth-scientists everywhere.

2.2.1 Derivation

Starting with the general conservation equations for nmrassnentum and heat for

a viscous fluid, and assuming that the fluid is incompressihl has a constant
viscosity then thelimensionalgoverning equations for thermal convection can be
written

V-V=0 (2.2.1)
%—f +V . VT = sV?T (2.2.2)
V 1
v V-V =0V - —vpy Ly (2.2.3)
ot Po Po

Equation (2.2.1) is conservation of mass, (2.2.2) is caagien of heat and (2.2.3)
is conservation of momentum. These equations have beetemvassuming a
“Boussinesq Approximation” which says that the fluid deesitare effectively
constantpy except in the body force terms where they drive most of the. fleov
thermal convection the density of the fluid is temperatugeddent

p=po(l—a(T —Tp)) (2.2.4)

whereq is thecoefficient of thermal expansioim 2-D we can write out the and
z components of Eqg. (2.2.3) as

ou 1 0P

4V VU =0V - — 2.25
o TV VU=V (2.2.5)
oW I 1 0P
T HVIVW =V - (L alT = Ty)g (2.2.6)

where we have substituted in (2.2.4). To make our lives edared this section
much more confusing) it is useful to take the Curl of Eq. .20 remove the
gradient terms (rememb& x V f = 0). If we also usév-V = 0 it can be shown
that Eq. (2.2.3) becomes in 2-D

Ow R or
n +V -Vw=vVw— gag (2.2.7)
where oW o
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T=TO (cold)

T=T1 (hot)

Figure 2.1. The geometry and physics of Rayleigh-BenardnhE convection.
l.e. Hot goes up...cold goes down.

is thevorticity. Vorticity can be thought of as the local rate of rotation dfuad
particle. Comparison of Eqgs. (2.2.2) and (2.2.7) shows dhatis an advection-
diffusion equation for Temperature, and the other is fotigty, however the vor-
ticity equation also has a source tegmo1 /Ox i.e. lateral variations in temper-
ature will drive rotational flow (i.e. convection). To finishe derivation we note
that because the fluid is incompressible (Eg. 2.2.1) we cariteethe velocity as

V = Vx vk (2.2.9)

where) is the streamfunction This relationship is true because in genelal;
(V x F) = 0 for all vectorsF'.

Substituting into Egs. (2.2.1)—(2.2.3) yields the dimenal 2-D equations in
stream-function vorticity form

or

5T (Vx k) - VT = V2T (2.2.10)

Ow R or
5 + (VX 9k) - Vw =vVw — ga— (2.2.11)
V23 = —w (2.2.12)

where Eq. (2.2.12) arises from the definitiong/ochndw

2.2.2 Scaling

To determine the various magnitudes of each of the termshimptoblem of a
uniform layer of depthd with top temperaturdy and lower temperaturé; (see
Fig. 2.1), it is now useful to scale everything to the theruliflsive time scale.
which is given by the time it takes for heat to diffuse acrdeslayer. The typical
scaling for this problem is

(z,2) = d(z,z2)
2
t = d—t’
K
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v = oV (2.2.13)
KR
Vo= 2V
d
= %w/
v o= sy

T = To+(Th — To)T/

Substituting and dropping primes yields the dimensiontggsations

%—f + (VX ¢k) - VT = VT (2.2.14)

1 (0w e or
o (E + (V x ¢k) - Vw> = Viw — Ra% (2.2.15)
V23 = —w (2.2.16)

wherePr = v/k is thePrandtl Numbefvhich is the ratio of momentum diffusivity
to thermal diffusivity (i.e.Pe/Re) and

B pagATd?
= ”

Ra (2.2.17)

is theRaleigh Numbewhich measures the relative strength of buoyant time scale
to the diffusive time scale.

For the Earth’s mantleé?r > 10** so the inertial terms are completely negligi-
ble whileRa > 10° so buoyancy forces are enormous. Thus when we are solving
for mantle convection we usually assume the the Prandtl euansbinfinite and

Eq. (2.2.15) reduces to

V2w = Ra2L (2.2.18)
ox

Note that the Peclet number seems to have disappeared frof2.2dl4). It is
actually there, however it has been defined to equal 1.

By all this jiggery pokery, we've turned 4 equations with 8drparameters into
3 equations with one adjustable parameter. Note also thatiens (2.2.18) and
(2.2.16) have no time derivatives and must be satisfied etee instantaneously
in space. These “Poisson equations” crop up in mathematigadics all the time.
We will deal with their solution in gory detail later on.

2.2.3 Some solutions and a bit of physics

Figure 2.2 shows some numerical solutionsifdinite Prandtl number Rayleigh-
Benard convection in a 2 by 1 rectangular box. The beauty otc&®ection is
that, although there are three coupled equationgfav and, there is only one
adjustable parameter, the Rayleigh numRBer Thus if we can do a suite of nu-
merical runs (for the same boundary conditions) spaniingpace we can map
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Figure 2.2: Some solutions for infinite Prandtl number RigyleBenard convec-
tion for different Rayleigh numbers. All of these solutidmsve free-stress bound-
ary conditions with reflection sides for temperature. Famatical solution they
use a combination of semi-Lagrangian and multi-grid teghes. (a) Ra = 10%:
convection goes to steady state with a broad symmetric lipggednd matching
downwelling. (b) Ra = 10°: upwellings and downwellings are narrower, more

plentiful and become weakly time-dependef@) Ra = 10%: convection becomes
vigorous and time-dependent.

out the behaviour of these equatidnsHowever, even with only one parameter
the behaviour of these equations can be quite complex. radgly, there is an
immense literature on this problem which lays out all therapimnate and ana-
lytic (and numerical solutions) that can help you immenselynderstanding new
problems.

The most important feature of these equations is that tseaeiitical value of
the Rayleigh number, below which no convection occurs. Theehvalue depends
on the geometry of the box and the boundary conditions onéeatyre and flow.
Below the criticalRa there is no motion and temperature is a vertical gradient.
Right above the criticaRa, the problem usually forms a steady state set of convec-
tion rolls with equally spaced hot upwellings and cold dowetlimgs (Fig. 2.2a). In
3-D these rolls can assume many interesting patterns @gjuaexagons, zig-zag
rolls etc.). AsRa is increased, more energy is added to the system and the rolls
begin to go time dependent. At very hifjta the system can go chaotic (Fig. 2.2c).

lthis is a bit of a lie, actually. To solve these equations fepecific instance, you also have to
impose boundary and initial conditions for the problem. Agwnost PDE’s, changing the boundary
conditions can drastically alter the behaviour of the peohl
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2.2.4 Another approach to convection: the Lorenz Equationand chaos

Another version of the Rayleigh-Benard convection probdso features promi-
nently in the story of chaos (see Gleick [1] for a good read] &sthe foundation
for the most famous of chaotic problenidie Lorenz EquationsAs discussed,
rather elegantly, by Edward Lorenz [2], the Lorenz equatiare a simplified toy
model of Raleigh-Bernard convection that were developatktoonstrate the un-
predictability of chaotic systems. They also form a goodnegle of another im-
portant class of problems that need numerical solutiondtzatds systems of non-
linear ordinary differential equations (or non-linear dymcal systems).

The Lorenz Equations are simplifications of the full PDE'ssEq(2.2.14)—
(2.2.16) that assume that the spatial structure of the igland temperature field
are known and only solve for the time-dependent amplitublese specifically he
assumed he could writ¢ andT" as a truncated 2-D Fourier series as

Y = W (t) sin(max) sin(7z) (2.2.19)

T = (1—2)+ Ti(t) cos(max) sin(rz) + T5(t) sin(27z) (2.2.20)

which assumes that the velocity field can be described byrapedunter-rotating
rolls with a wavelength oR/a and that the temperature can be described as the
sum of three modes. The first is a steady state ramp that isnhibiecbottom and
cold on the top, the second mode controls horizontal tenpergradients and the
third mode controls vertical temperature gradients. Stheespatial variation is
assumed known, the only unknowns are the time-dependefficoasts 1, 17,

T5. Substituting Egs. (2.2.19) and (2.2.20) into Egs. (2.2:(22.16) and collect-

ing terms with common modes yields a system of non-lineainarg differential
equations for the time dependent coefficients.

dw
— = Py -W

dt w7 = W)

_dil = Wh+rW -7 (2.2.21)
dTy

—2 = WT, - T

dt 1 2

wherer is the value of the Raleigh number normalized by the critRalleigh
number(Ra/Ra.) andb = 4/(1 + a?). Equation (2.2.21) is a good example
of a spectral methodvhere the solution is expanded in terms of Fourier modes;
however, in this case the expansion is severely truncatedtthe first few modes.

Forr close to 1, the solution of the Lorenz equations is a goodaimiation to
that of the full equations. At high values ofhowever, it is not because it does not
have enough degrees of freedom to generate new convectlen Nevertheless,
this system of equations does show remarkable aperiodiavimir in that the
direction the convection roll turns flips in a chaotic fashid-igure 2.3 shows the
time-series for the classic solution of the equations witk 28, Pr = 10 and
b=28/3.
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Figure 2.3: Time series dfi’, T; andT5 for the Lorenz equations with = 28,
Pr = 10 andb = 8/3. PositivelW means clockwise rotation, NegatiVE& means
counter-clockwise rotation. Note the erratic flipping wittowing oscillations that
is characteristic of these chaotic equations.

2.3 Shallow water equations

Convection governs vertical motions of fluids in the earthwaver, for many prob-
lems such as large-scale ocean and atmosphere dynamicgalbeof horizontal
motions is much larger than the scale of vertical motionsusTihis often conve-
nient to consider an approximate version of the equatiomaaifons in a rotating
frame Eq. (1.3.9) where we assume that the fluid is confiney/&r lwhich is much
thinner than it is wide. We also assume that vertical motmmg change the layer
depth and that the pressure gradient is near hydrostatiaill Adrivation of the
shallow water equations and a discussion of where they dickoan be found in
any good ocean-atmosphere text such as Gill [3].

The shallow-water equations for flow of fluid on a rotating esgh(aka the
Earth) in spherical polar coordinates were derived by Lapta be

Dr (QQ+TCOS¢)USIH¢__TCOS¢5 (2.3.1)
Dt + (2Q + rcos¢) usin ¢ = —;a—¢ (2.3.2)

on 1 o 9 -
ot * 7 COS ¢ {ﬁ[(H +mu] + 8_¢[(H + 77)”]} =0 (2.3.3)

where\ is the longitude and is the latitude.« is the horizontal velocity in the
longitudinal direction or zonal flow{ > 0 is eastward flow)y is meridional flow
(v > 0 is northward flow). Note, the material derivativeé/ Dt only applies to
horizontal motion. Vertical motion is neglected in thesea@pns except for how
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it affectsn, the perturbed thickness of the water layer which has arilbdquin
depth of H in the absence of any motiof is the Coriolis rotational velocity and
r is the radius of the sphere. These equations look rather laatgal but most of
that is due to the interactions of the spherical geometrytla@oriolis terms (and
this is what makes ocean-atmosphere dynamics interestifigg basic physics
is straightforward however. Variations in layer thicknesdrive horizontal fluid
motions which are modified by the Coriolis forces which mdie telocities turn.
The divergence or convergence of the horizontal velogitesvever, change the
layer thickness and the three variables feed-back on e&en ahd propagate as
waves. While it is not obvious from the form of Equations (2)3(2.3.3), these
equations are effectively a complicated wave-equatiomdar a thin inviscid layer
tries to adjust to equilibrium.

2.3.1 Linearized Shallow water equations for the equatoribgj plane

Unless you're interested in planetary scale flow, Eqgs. {2~82.3.3) are a bit of
overkill> and additional simplifications can be made for specific megjiof the
planet. An important region for the evolution of climatehg ttropics and a useful
approximation of the full spherical equations near the emuzan be made using
theEquatorial Beta plan@pproximation. Near the equatgris small sGin ¢ =~ ¢
andcos ¢ ~ 1. Moreover we can project our spatial positions onto a plangent
to the equator such that our new east-west coordinate=s rA and our north-
south coordinate ig = r¢. The Coriolis parametef is defined ag’ = 22 sin ¢.

If we also define the beta parameter as

1df 2Qcos¢
=—-—=—" 2.34
p=-—q s " (2.3.4)
the Coriolis parameter becomgs= 3y near the equator.
Substituting these relationships into Egs. (2.3.1)-8}.8nd assuming that the
overall velocities are sufficiently small that products efocities are much smaller
than the velocity themselves (i.@?, v?, uv < u,v) then the linearized shallow-

water equations on the equatorial beta plane can be written

ou on

= Byo = —g ] (2.3.5)
ov . On
En + Byu = g@y (2.3.6)
On  O0(Hu)  O(Hv) _
5t 5t gy =° (2.3.7)

These equations admit a large number of analytic wave sakitand are dis-
cussed in detail in Gill [3]. The most important feature afgh equations is that the
Coriolis force vanishes on the equatot= 0 yet increases in both directions away
from it. These features of the beta plane cause wave enelgy ttapped near the

2an interesting application of them however is for the dgwelent of atmospheric patterns in the
atmosphere of Jupiter by Lorenzo Polvani [4]
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equator, i.e. the equator acts as a wave guide. In partitubse are two impor-

tant kinds of waves that arise in the tropics that are of @#em climate studies.
The fastest moving waves are the eastward propagkghgn Wavesthat have no

north-south component of velocity and move at a constawicitg] independent of
the east-west wavenumber. Typical Kelvin waves for theffgagiight move about

3 ms™! and take about 2 months to cross the Pacific. The other impgavtves are

the equatoriaRosshy wavesr planetary waves These are more slowly moving
(the fastest Rossby wave is about a third the speed of tharkelve) and have

phase velocities that propagate westward. It is generatidfelvin and Rossby

waves by the atmosphere that gives rise to the Pacific cliogtilation known as

El Nifo.

2.3.2 EI Nino prediction the Cane/Zebiak way

Equations (2.3.5)—(2.3.7) play a fundamental role in theez&ebiak model of El
Nifo forecasting (e.g. [5—7]). This model is a simplifiedupled ocean-atmosphere
model where the ocean is described by the forced equattwadibss water equa-
tions (plus a little bit). Qualitatively, the tropical dymécs in this model is that
variations in sea-surface temperature drive winds in theaphere. These winds
then drive the ocean which generates Kelvin and Rossby welvieh transport the
sea-surface temperature field and so on. The principaliadslito Eqgs. (2.3.5)—
(2.3.7) are the forcing by the wind stress vectoe (7., 7,) and an appropriate
damping term to dissipate the forced energy. The model asonaes a constant
undisturbed layer deptH,. With these assumptions, the dimensional ocean model
for Cane-Zebiak can be written.

ou B on
T Byv = _gHOZ?_x +Tu/p — rU (2.3.8)
ov B on
e + Byu = —gHoa—y + Ty/p —rv (2.3.9)
on Ou Ov B
g‘i‘%‘Fa—yJﬂ“U—O (2.3.10)

The dissipation terms;-rv, —rn are simplisticRayleigh Frictionterms that act
exactly the same way radioactive decay works. Without &gt the energy in
the ocean model would just keep increasing with time whichrigealistic. In
addition to the bulk ocean transport, the model also indualsurfacdrictional
layer that mimics local ocean upwelling due to surface wind diearg. Variations
in the oceanic upwelling also affects the sea surface testyoer by bringing up (or
pushing down) colder water at depth. The remarkable thirguiathis model is
its simplicity. It is not a fully non-linear coupled oceatresphere model with
thermodynamics and the kitchen sink. It is actually a vergcgful simplified
notion of the interaction of the ocean and atmosphere inrthy@dal pacific that
captures the essential physics with the minimal effort anddtually useful for
predicting climate changes (sometimes). That's the hakrohan excellent model
and a style you should strive for.
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point mean: 0.30189 * 0.4099 range [-0.80102 to 1.4941] A=0.2

Figure 2.4:. Picture of the predicted Sea Surface Temperatnomaly (SSTA)
from the current LDEO2 model of El Nifio. Predictions are 8sptember 1998.
Model domain does not include the grey areas. The basic ghysithis model is
that variations in the sea-surface temperature drive winttee atmosphere (which
is also governed by a set of shallow “water” equations). €hveisds, induce wave
motions in the oceans and the currents associated with thesvieansport the sea-
surface temperatures. These models formed the basis wasting used by the
IRI, although currently a larger range of models are used.nfare information
seehttp://iri.colunbia.edu/

2.4 Seismic Wave propagation

The ocean and atmosphere are an endless source of wave giiopggoblems.
The other classic source, of course, is in seismology whe¥e & what we know
about the structure and properties of the solid earth detyaer a few kilome-
ters comes from understanding the behaviour of seismic svavieich like a full
solution of the Navier stokes equation for the ocean and sphmere is currently
untractable, so is a full solution of the wave equation ferittierior of the earth (al-
though, newer models running on the worlds fastest supgratars are beginning
to challenge this statement). For most problems, there aterdoer of extremely
useful approximate schemes that actually allow us to doistgdied problems
without actually solving the full wave equation numerigalNevertheless, there
are times when the approximate theory is not enough or thengeyp of the seis-
mic velocity fields are too complicated that it is necessargdtually brute force
it. Times when numerical solutions are useful include ddinge migration in ex-
ploration seismics, analyzing the interaction betweesnsiei waves and geologic
structures or simply desiring to make pretty pictures. Huhniques themselves
are not particularly difficult, the challenge is to model @éntly. The following
discussion is heavily cribbed from a very useful set of ndmg$ustavo Correa,
LDEO.
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2.4.1 Basic derivation: linear elastic media

The general equations for conservation of momentum for ardetble continuum
is given by Eq. (1.2.7) as

DV
L v & f 24.1
P i o+ pg+ (2.4.1)
wheref are any other transient forces (explosions, earthquakeasguin addition
to gravity. For the case of wave propagation in an elastienatwe can assume

that the overall displacements will be small such that
DV oV
-~ 2.4.2
Dt ot ( )

and that the stress tensor for an isotropic, linearly elasilid can be written in
component form as
Oij = 2,ueij + /\Ekzkéij (2.4.3)

wherey, is theshear modulush is thebulk modulusand the strain tensor is

o 1 aul auj
€ =5 ( oz; a@) (2.4.4)

andu is the local displacement vector. Furthermore, we will assthat both the
stress tensor and the total displacement can be decompeedstatic component
that balances the loading by body forces (fe-stressed displacementznd a
transient component that is important during elastic wae@ggation. i.e.

U = Ug + U (2.4.5)

Ot =00 +0 (2.4.6)

whereu, are the solutions of the static problem
V-oo+pg=0 (2.4.7)

Taking the time derivatives of (2.4.5) and (2.4.6) and stistg in Egs. (2.4.1),
(2.4.3) and (2.4.4) yields the equations for wave propagati

ov

Par = V-o+f (2.4.8)

doi; (aw oV

ot +

AV -V, 249
al’j 8ZL'Z>+ v J ( )

which in 3-D is 9 coupled first order PDE's for the three displ@ments and six
independent components of the stress tensor (don't fergesymmetric such that
0;; = 0j;). These equations form the basis for the most common forraslofion
of the elastic wave equations.
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It is also possible to use this approach to solveafmrustic waves a material
that cannot support shear (i.e. fluids with= 0). In this case stress is just given
by a scalar pressure

04,5 = _Péij (2410)

If we also define thélilation rateD = V-V as the rate of expansion (or contraction)
then by substituting (2.4.10) into (2.4.8) and taking thedjence of this equation
we get.

D 1 f
D _ g lypiv.t (2.4.11)
ot P P
and Eq. (2.4.9) becomes
oP
——_ —_)\D 2.4.12
T A ( )

Alternatively, we can combine Egs. (2.4.11) and (2.4.12) i a single second
order equation for the pressure (or dilation rate)
f

1 9%P 1
o o \& pVP \E p (2.4.13)
wherec = /A\/p is the acoustic wave speed.

Figure 2.5 shows the behaviour of the pressure field for ailzlon that uses
apseudo-spectraiechnique to model the behaviour of a seismic pulse in adalyer
sedimentary basin with salt in it (Correa, pers. comm). Wewsit the numerical
tricks and traps of this problem later but suffice it to sayt the real difficult part
of this problem is implementing useful boundary conditiohtowever, given the
model, synthetic seismograms and record sections can lstrgcted that can be
compared with data to understand what features are didgribgi. 2.6)

2.5 Flow in porous media

We've done fluids. .. We've done solids...now it's time tdtabout that murky
region where fluids and solids interact. In the Earth theeeaalarge number of
problems that can be described by the interaction of a losogisy fluid (water,
oil, gas, magma) in a permeable (and possibly deformabléjixmadcirst we will
discuss the classic equations for flow in rigid porous medihen section 2.5.2
will develop the equations for flow in deformable porous ragdin the context
of the the most drastic of these problems, magma migratiam the convecting
mantle. Finally we show that all the standard problems of flowigid or elastic
media (hydrology, fluid flow in sedimentary basins) can bévedrfrom this more
general framework.

2.5.1 Rigid porous media

Darcy’'s Lawis the classic, empirically derived equation for the fiyof a low
viscosity fluid in a permeable matrix and can be written

k
q= f’ [VP - psd (2.5.1)
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azz

Figure 2.5: Evolution of pressure from a single shot in alegiesedimentary basin
overlain by water. Time increases from top to bottom. Highsgure regions are
red, low pressure regions are blue and lines show P-waveityekiructure. The

high velocity blob to the left is a region of salt, the top lay® water. This cal-

culation was done by Gustavo Correa using a pseudo-spéstiaiique which is

highly accurate for wave problems.
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Figure 2.6: Synthetic shot gather from calculation showiguFe 2.5. Again this
calculation was done by Gustavo Correa at LDEO.

wherek,, is the macroscopic permeability of the medium (and can besotg, 1.
is fluid viscosity, P is the fluid pressure ang) is the fluid density. This equation
assumes that flow in the pores or cracks of the medium is éstheifminar and
provides theaverageflux through a representative area that is larger than the por
scale and smaller than the scale of significant permealditiation (if such a scale
exists). Various approaches have been used to justifydk@snom first principles
(e.g. see Dagan [8]) but it generally seems to work. At ang thé principal
unkown in all of these problems is the proper functional féomthe permeability
which can vary by orders of magnitude over relatively smatathces. Much of
hydrology and reservoir modeling is concerned with comipgwith reasonable
permeability structures.

One way to solve these equations however is to note that,igidamedium, if
the fluid is incompressible and there is no significant mamsster between solid
and liquid, then

vV-q=0 (2.5.2)

because whatever fluid enters a volume must come out. Sulvgjitn Eq. (2.5.1)
and rearranging yields a modified Poisson problem for thd fitéssure

k K
v. f’vp _v. ‘1’7‘)9’ (2.5.3)
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which says that the fluid pressure gradient must adjust tanbal the buoyancy
forces driven by gravity. This equation is another boundatye problem, much
like the standard Poisson problems we saw in Section 2.2.eMexvbecause the
permeabilities are not, in general, constant, many of thielnaethods that can be
used for solvingv2® = f cannot be used. However, iteratimultigrid methods
(Chapter 9) can often be used with equal efficiency on eitlired kf problem.
Figure 2.7 shows the 2-D flow field through a rigid and sligtglastic porous
media with heterogeneous permeability.

rigid

;=_~_/t=_;________.

b

-3 -2 -1 0 1 (rigid)

-2 -1 0 1 2 (elastic)
log Permeability

Figure 2.7: Flow field through a heterogeneous porous medium

2.5.2 Deformable porous media: magma migration

Flow in rigid and elastic media is useful for problems in holdgy and crustal fluid
flow. However, the melting and motion of partially molten keds a fundamental
feature of plate tectonics and controls the geochemicdutwa of the planet. To
understand the behaviour of partially molten rock in the tieafe.g. for regions
beneath mid-ocean ridges, subduction zones and mantleep)ueguires a theory
that has, at the very minimum, four important properties.e Blistem needs at
least two phases (solid and liquid), there must be significeass-transfer between
the solid and liquid (i.e. melting and freezing), the solidishbe permeable at
some scale, and the solid in the mantle must be viscouslyrdefde so that, in
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the absence of melting the theory is consistent with marttesection (Section
2.2). Given these basic assumptions and a will to succeediehlie [9] and
others [10-12] derived a system of conservation equatimna fiwo-phase mixture
of a low viscosity liquid in a viscously deformable porousdiuen. McKenzie [9]
provides a particularly detailed derivation that uses natige concepts in Chapter
1. The general, dimensional equations for conservation agsnrand momentum
look like

% + V- (ppov) =T (2.5.4)

w +V-[ps(1—¢)V] =T (2.5.5)

o= V) = =2 (VP ~ pyg] (2.5.6)

VP =-Vx[nVxV]+VI[((+4n/3)V-V]+ G - pg (2.5.7)
kg ~ “ifbn (2.5.8)

Wherepy, ps are the melt and solid densitieg,is the volume fraction of melt
(porosity),v andV are the melt and solid velocities ahds the total rate of mass
transfer from solid to liquidk,, is the permeability which is a non-linear function
of porosity (Eq. 2.5.8)u is the melt viscosityP is the fluid pressure anglis the
acceleration due to gravity. Finally,is the solid shear viscosity{ + 47/3) is the
combination of solid bulk and shear viscosity that contkaleimes changes of the
matrix, G(n, V) are the cross-terms that arise for non-constant shearsitig¢and
vanish if7 is constant) ang = py¢ + ps(1 — ¢) is the mean density of the two
phase system. Equations (2.5.4) and (2.5.5) conserve mrtgefmelt and solid
respectively and allow mass-transfer between the phasgstign (2.5.6) governs
the separation between melt and solid and Eq. (2.5.7) gewstrass-balance and
deformation of the solid phase.

So far, this is the ugliest set of equations we've had to detd yet but it's
surprising what a bit of analysis (and ten years of banging iead against a wall)
can do to bring out the behaviour in what was essentially apr@blem in Earth
science. The first trick was to realize that Egs. (2.5.45-8.can be rewritten in
a more tractable from that highlights the essential physfdsthe detail can be
found in Spiegelman [13, 14].

Equations in potential form

The key feature of these equations is that the solid phasdefarm in two funda-
mentally different ways. It can shear and convect like thadard incompressible
convection equations; however, it can also compact or ekpaexpel (or inflate
with) melt. One way to explicitly separate these two kindsehaviour is is to
useHelmholtz’ Theorenthat says that any vector field can be decomposed into a
incompressible and a compressible part, i.e.

V=Vx ¥+ Vu (2.5.9)
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where®? is the stream-function as before ami a scalar potential field. Remem-
bering the basic vector calculus identities tRat(V x F) = 0andV x (VF) =0
shows that the first term is incompressible and the seconditeirrotational. Us-
ing these definitions and also defining t@mpaction rate

C=V-V (2.5.10)

and substituting into the 2-D equations with constant \d#@s and densities
yields the governing equations fiotential form

1) B r
Ejuv-v(;s_ (1—¢)C+E (2.5.11)

v. %(c L An/3)VCC— V. % (9% V2% — (1~ ) Apgk] + T (@5.12)

Vs =¢ (2.5.13)
0
Vi = %8—2 (2.5.14)

Now doesn’t that make you feel much better. What is less th&ioas is that Eqgs.
(2.5.11)—(2.5.13) form a non-linear wave equation for piyowhile Eq. (2.5.14)
governs rotational flow (convection) due to lateral dengitydients. These equa-
tions are similar to those of infinite prandtl number therm@hvection however,
now the principal source of buoyancy is the presence of a knsidy melt (i.e. the
porosity) which doesot behave like temperature.

Scaling

Equations (2.5.11)—(2.5.14) may appear to contain a langeber of parameters,
however, as is often the case, a judicious choice of scatinppves most of them.
If we define a characteristic porosi#y; (say 0.01), then we can define a naturally
occurring length scalgéhe compaction length

5= M (2.5.15)

which depends olg, the permeability at porosityy, and the ratio of solid and
liquid viscosities. We can also define the natural velocitglsthe separation
velocity

~ koApg

ol

which is velocity the melt would movelativeto the solid if it were driven solely
by gravity in a porous medium with constant permeab#ify ¢, ). With these two
definitions, we can form the following scaling

(2.5.16)

Wo

¢ = do¢
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= ox
(6/wo)t’
(powo/8)C’ (2.5.17)
(psdowo /)T
(
(

¢owo5)Ul
’LU()(S)
ky = k0k¢

< T H O &« x
Il

(2.5.18)

Substituting and dropping primes as usual yields the foligwdimensionless equa-
tions
9¢

a5t V-Vo=(1—¢pgp)C+T (2.5.19)

—V-kyVC+C=V-k, ¢1V>< V2% — (1 — dod)k| + TAv (2.5.20)
0

ViUs =c (2.5.21)
Vit = 0 99 (2.5.22)
v Oz

wherev = n/(¢ + 4n/3).. See [13, 14] for further details.

Some solutions

These equations contain a surprising amount of behaviatirattises simply from
the physical requirements that the solid medium is pernesatnd deformable. This
behaviour ranges from the development of non-linear ptyregaves in 1,2 and 3
dimensions [10, 11, 13-17], porous media convection [1B,dr&d applications to
mid-ocean ridges and island arcs [20-28] In particularse¢hejuations have been
instrumental in understanding the observable geochemmicsequences of magma
transport and have shown that by including explicit melt aalid transport into
equations of chemical transport (next section), surggisind new inferences may
be drawn from available data [22, 29-34] . Figure 2.8 showsgaes gallery of
solutions (without much explanation) of some of these motd.

2.6 Geochemical Transport/Reactive flows

Finally, the last class of general problems that we will dgsc (briefly) in this
chapter is the transport and interaction of chemical spaaienulti-phase flows.
Given the equations for general conservation of mass andemtm for coupled
fluid solid flows, it is easy to write down conservation eqoiasi for the mass of
individual chemical constituents. A general form for coment: that is conserved
in both the liquid and solid phases can be written

dpsoc!

J
btV psoclv| =v-6DIVe +3 T, (2.6.1)

J=1



Real Problems 31

i
| . :"r'fr'r |

Non-linear Porosity waves Reactive Flow Localization
|
fcf'rfufu,rw
!'

i
o !ﬂp

i

|

f
o
"’t’fu'('

distance

1 2 3
width x/d

Fluid Flow

mid-ocean ridges subduction zones

Figure 2.8: A rogues gallery of solutions for flow in deforneporous media

8,08(1 - ¢)Cf

5 + V- [ps(1 — Z c! (2.6.2)

Wherec{ , ¢; are the concentration of componenin the melt and solid respec-
tively. Dif is the diffusivity (or dispersivity) of componeritin the melt (we as-
sume negligible solid diffusion) am:j;* is the concentration of componehin the
fluid that is produced by reaction I'; is just the rate of mass transfer for reac-
tion 5. To make Egs. (2.6.1)—(2.6.2) consistent with Egs. (2-%2%.5) and the
property that the sum of all concentratlons in any phase mddtto 100% (e.g.

Nyl =N, er =N, e[ = 1) requires that the total mass transfer rate be

J
=)' (2.6.3)
j=1

and thaty" ¥, V- ¢D/ V¢! = 0 because only — 1 concentrations can freely dif-
fuse. The final component must be anti-diffusive to conserass. For extensions
to more complicated multi-phase systems see [35]. Wher thggations are cou-
pled to the equations of motions in reactive systems, saamfiflow localization
can occur due to reactive feed back between fluid flow and ldiéso [36—39].
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