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Chapter 8

Initial Value problems in multiple
dimensions

Selected Reading

Numerical Recipes, 2nd edition: Chapter 19

8.1 Introduction

Nearly all of the techniques and concepts for initial valteyems in one-dimension
carry over into 2 and 3 dimensions. Conceptually, multi-@hsional problems are
not any more difficult to solve. However, higher dimensioas stroduce signifi-
cant new physical behaviour and certainly introduce caraile expense in both
computation and visualization. The principal difficultytigt the shear number of
grid points increases as the power of the dimension, thuewati-D problem with
10,000 grid points is trivial on a moderate speed workstatibe comparable 2-D
problem has only 109100 grid points and the 3-D problem 22 x 22 x 22 (not

a lot of liebesraum if you ask me). The bottom line is that intiple dimensions
you either need to get clever, have access to an enormousnaaxtearn to live
with poor resolution. C’est la vie. However, the amount démesting behaviour
gained in higher dimensions is well worth the effort. Thistgm will layout most
of the simplest concepts and techniques for solving tinpeddent initial value
problems in multiple dimensions.

8.2 Practical Matters: Storage, IO and visualization in
multiple dimensions

Before we get on to the algorithms etc., however, there aesvpfactical compu-

tational issues that are probably worth going through. Mexevill illustrate most

of these issues using 2-D arrays but the extensions to 3-Btraightforward.

111



112

Array storage The first problem is how to store multi-dimensional arrays. |
Fortran77, you actually have several options. First yoddcdaclare all your main
arrays as 2-D arrays such as

parameter(IMAX=201, JMAX=101)
real myarray(IMAX,JMAX)

which describes a 2-D grid which is essentially 101 1-D asm@fy201 real numbers
in each contiguous array. With this declarationphgsical dimensions of this array
are201 x 101. As | tend to use the direction for thex direction, this array would
be short and wide. This approach is fine but suppose yourgarobhs only1 x 51
points initi.e. thdogical dimensions of the problem aré1 x 51. If you wanted to
pass this array to a subroutine you would have to pass boghyscal and logical
dimensions of the array e.g.

call dosomething(myarray,51,51,201,101,...)
where the subroutine might look something like

subroutine dosomething(array,ni,nj,nimax,njmax,,...)
implicit none

integer ni,nj,nimax,njmax

real array(nimax,njmax)

do j=1,n;
do i=1,ni
array(i,j)=whatever your heart desires
enddo
enddo
return
end

The problem with this is that it is rather wasteful of spacehaslast 150 ele-
ments of the first 51 rows have to be skipped over. In addifigou wanted to do
a problem that had01 x 201 grid points (i.e. one that is tall and thin) you would
have to redeclare your array because, although, you hawegkrgiorage for this
many numbers, the array is theong shape.

In f90, multi-dimensional arrays can be created or reshapdte fly and many
of these issues become much easier to deal with. In f77 hoywswe must still
declare storage for all arrays at compile time. The stanfiafdr array flexibility
in F77 is to do all the storage D arrays and to use the important fortran hack
that you can pass 1-D arrays to subroutines which can hahefe s multiple-
dimension arrays. For example, we could do the previouslgmbas

parameter(NMAX=20301) ! lthat's 201*101
real myarray(NMAX)

call dosomethingnew(myarray,51,51,...)
subroutine dosomethingnew(arr,ni,nj,....)

implicit none
integer ni,n;j



N-dimensional IVPs 113

real arr(ni,nj)
etc.

With this approach you only use the fifgt> elements of storage and you can solve
any problem with up ttNMAXpoints independent of the shape of the array. This is
the approach | will take for most of my codes.

IO The next hassle in multi-dimensions is input and output. l&Vascii is easy
to read and transport, it is bulky, inaccurate (unless yee $ats of digits) and is
surprisingly slow to write. For large multi-dimensionalbptems your best bet is
binary. Unfortunately nobody has agreed upon a common iftamat that can
be read into other analysis or visualization packages vatedthere are actually
lots of competing formats but no real standa)dsTo solve both problems | have
written a few basic 10 subroutines for reading and writingn2l 8-D arrays with
just enough of a header to give information about grid dirmss minimum and
maximum real dimensions, the time step and the time. For season now lost
in the mists of time, I've called one of these binary fileseaand have written
a large pile of conversion routines to convert sets to mamoon formats e.g.

settomat to convert to matlabmat files.
A set is always stored as 4byte reals (but allows for conversd and from
double precision). The basic format of a set is 3 records

ndims, nstep, time
ndimarr(1:ndims), xdimarr(1:2*ndims)
data_array(1:ntot)

with variables declared as

integer ndims, nstep

integer ndimarr(ndims)

real*4 time

real*4 xdimarr(2*ndims), data_array(ntot)

wherentot is the total number of points in the array, and is simply thedprct of
the components afdimarr . For example if we wanted to write a 2-D mesh with
50 x 100 grid-points that spans the physical doméir: 2 < 1,1 < y < 3to a
file calledjunkset we would do something like.

ndims=2 ! two-dimensional array
ni=50

nj=100

ndimarr(1)=ni I number of i points
ndimarr(2)=n;j ! number of jpoints
xdimarr(1)=0. I xmin

xdimarr(2)=1. I Xxmax

xdimarr(3)=1. I ymin

xdimarr(4)=3. I ymax

call dosomething(myarray,ni,nj)
wrsetl(’junkset’,myarray,wk,ndims,ndimarr,xdimarr,n step,time)

Although much of the climate community is moving towards etCDF/Unidata format.
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note the work arrayk is required to guarantee conversion to single precisioe. Th
corresponding subroutine to read a setdsetl and both routines can be found
in setiol.f

Set conversion and visualization Given at least one consistent way of handling
multi-dimensional binary 10, we still need to convert it tovariety of formats
so other programs like Matlab, Transform, GMT, xv or AVS (mything else
you like) can do something useful with it. The set conversiutines that | have
already written are

settoascii Usage: settoascii filename > outfile converts a 2-D set to
a 1-D ascii dump of just the surface values plus a 7 line headsdtes to
standard out.

settoxyz Usage: settoxyz filename > outfile does a fully indexed ascii
dump of either 2 or 3-D sets plus header. Each line of a 2-Doséds| like
x y value for3-Dsetsitisx y z value

settomat Usage: settomat filename converts a 2-D set to a Matlab .mat file
(which will be called filename.mat). These files define 3 neasiX, Y, and
Z where X and Y are 1-D vectors that hold the X and Y domain cioaites
and Z is a 2-D matrix with the array in it. uggad filename  from within
matlab to read it in. It is up to the user to rename Z to whatever

settopgm Usage: settopgm filename [amin amax] [-w<width>]>oultfile
converts a 2-D set to an 8-bit grey-scale image in PGM forrpattéble
greymap). This file can be read directly into xv or can be caedeto an im-
mense number of other image formats using the pbmplusiegilitOptions
are[ amin amax ] will set black to amin and white to amax. Otherwise
the image will be scaled to the max and min value of the seioptv al-
lows to set the width of the image in pixels (i.e. allows tovblap the image
using bilinear interpolation). Without the -w option it siid default to the
natural width of the image but this sometimes makes it exglddrites to
standard out.

If you also have another favourite package that you can’t@éibom here, let me
know and | can tweak these codes.

In addition to the set conversion routines which convert seeto one other
kind of file, | also have a set of utility scripts for working @nset of sets from
a given run. To use these, they expect that the output filea fiven run will be
named something like rootname.000 roothname.001, theRimyo2dtomat rootname
(for example) will convert all the files that start with roatne to matlab files. The
current set of utility scripts are

c2dtoascii calls settoascii for all files
c2dtoxyz calls settosxy for all files

c2dtomat calls settomat
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c2dtogif Usage: c2dtogif fileroot[.???] [ min max ] calls sett-
topgm and for all files and remaps them into 8-bit gif files. iOmal min
and max values scale the image between min (blue) and max (fEal
set the width of any of the image files, first set the environimemiable
PGMWIDTH.e. to get images that are 200 pixels wide first ssgenv
PGMWIDTH 20@hen callc2dtogif

c2dtogifg like c2dtogif but automatically scales to the global minneéthe files

c2dtogifmv Usage: c2dtogifmv root [min max] . Calls either of the
above routines (depending on if min max is specified) andtesea sin-
gle animated gif movie. To control movie parameters firsttisetenviron-
ment variableMOVIEENVE.g. to make a movie that is 129 pixels wide,
has a 1 millisecond delay between frames (and can be speéwl=mhin
Xanim) and loops forever usstenv MOVIEENV “129 1 0" , then
call c2dtogifmv

To get the basic usage and any options just type the name sctipe. All of these
scripts are in eitheimm_ms/classprogs_sun4/ or“mm_ms/classprogs_sun5/
Take a look at the scripts and feel free to modify these to yastes.

8.3 Spatial Differencing in 2-D

Okay, now that all the tedious computation is out of the ways Iget on to actu-
ally solving problems in multiple dimensions. Finite dié&ace approximations for
time derivatives are exactly the same in all dimensions. (a.fprward time step
isdf /ot ~ (ft1 — fm)/At). The only new schemes that are required are ap-
proximations for the spatial partial derivatives in seVeieections. In general the
Taylor series approach can always be used to derive finierelifce approxima-
tions. However, the full Taylor series for a scalar functiom dimensions looks
like

Fxh) = +Zh 8f (o 3 nihy oL 62 Z hihhi - f ~(4+0(|n[")

i,j=1 i,5,k=1

(8.3.1)
whereh is the displacement vector from poirt Thus in multiple dimensions,
second order (and higher) cross derivatives become a [itgsaind contribute to
the truncation error. Nevertheless, for simple schemesarthogonal mesh, the
cross terms are not directly used. For example, for an oofiigmesh if we only
take a step in the direction i = (Az, 0,0)) then the general Taylor series reduces
to the 1-D series
of ,02f

0+ 5 a2 L0 + 2 (aap?

f(X+Az) = f(X) + Az (x) + O(Az?)
(8.3.2)
and likewise for they or z direction. Thus, in the standard way, we could approxi-

mate centered first derivatives in each direction as

of _ fivry — fim1y 9
or 2Az +0(Aa)
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of _ fij+1— fij 2
G~ Dus o) (8.3.3)

etc. (in 3-D we need 3 array indicégj, k). Which are identical to those developed
for 1-D problems. Likewise second derivatives in Cartegjaometry are

O fixry —2fij+ fic1y

2
ox2 Az? +O(A)
9%f figa1 —2f4,7 4 fij—1 2

It is important to note that while the finite-difference apgmations are the same
as in 1-D problems, the truncation error is more complicagd contains all the
cross derivative terms inherent in Eqg. (8.3.1). For nont&s#n meshes, these
additional terms can become important and the cross digggatan also introduce
interesting new artifacts including anisotropy in the esro

In addition to the Taylor series approach, the same sorfigfrdncing schemes
can be developed somewhat more intuitively using the cbrblome approach.
For example, if we consider each node to represent the averagentration of a
small 2-D control volume of areaxAy (See Fig. 8.1). Then the divergence of

i+l
o o . o
__________ B e M
R (i+1/2,)
e >0 e
i ij il
o o o
IR B

Figure 8.1:A sample of a staggered-mesh used for developing finiterdiffee schemes
using the control-volume approach. The principal nodesdareted by dots, the half-
nodes on the staggered mesh are shown by crosses. A calegebntrol volume is the
small rectangular region of areémr Ay centered on each node.

any flux through this volume can be approximated by

Foyas = Flupy | Figrye = Fijoy (8.3.5)

V-Fx Ax Ay

Another way to derive (8.3.5) is to consider gauss’ theorem

/V-FdV:/ F.dS (8.3.6)
|4 S
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if we setdV = AzAy to be the area (or volume) of the control volume then the
average value of the divergence over the control volumerheso

_ A - A — A _ A
VFAshy = |Fe+ 50 - Bae - 0] Ay B+ ZD) - By - )] ae
(8.3.7)

whereF is the average flux through any side of the volume. Compai§¢d.3.5)
and (8.3.7) shows that the two formulations are equivaleotyever the conser-
vative formulation of (8.3.7) can be more readily genesdizo more complex
geometries. To complete the differencing scheme, howesgujres some interpo-
lation scheme for determining the average fluxes at the exfgke control volume.
Different choices of interpolation produce the differetatrglard schemes (and then
some).

8.3.1 Boundary conditions

Before we discuss specific schemes for advection and affusie need to discuss
the ever-present problem of boundary conditions. In 1-B hhundaries are single
points. In 2- and 3-D, however, the boundaries can have muare significant
affects on the behaviour of the solutions (and cause moreericah nightmares).
Fortunately, most of the ways of calculating boundary ctowis in 1-D go directly
to higher dimensions. The only slightly tricky part is degliwith corner points
where two (or more) boundaries meet and the fact that one bwustareful in
selecting boundary conditions that are consistent witlpthblem to be solved. As
usual there are three principal types of boundary condittbat commonly occur:
Dirichlet conditions, von Neumann (flux) conditions andipéic (wrap-around)
boundaries.

Dirichlet BC's If an edge is Dirichlet then all the points along that edge are
specified although they do not have to be constant. Thereemarad ways of
implementing Dirichlet conditions. The first is simply toegify the boundary
value and only update the interior points. As an exampleciféiit edge is Dirichlet
then fori = 1 you sefT(1,))=f(j,t) ) and then begin updating the first unknown
which is: = 2. Alternatively, for implicit schemes, or schemes wheragils are
used, you can simply take the known values to the RHS of thatemuand assume
the boundary is homogeneotd. ,j)=0 . The simplest (and usually stablest) of all
problems is when all the boundaries are Dirichlet. In thisecthe only unknowns
are interior points and the problem is straightforward.

von Neumann BC's Flux boundary conditions are only a bit more difficult to
implement. The important point to consider in multiple dmaens is that the only
flux that need be specified is the flagrmal to the boundary. Thus if a diffusive
flux is zero on the left hand boundary, the requirement is trdy07"/0xz = 0 on
the left boundary. If you also attempt to specify the vetttemperature gradient
on this boundary, as well you are over-specifying the pmoblégain, there are
two common ways to implement a flux or gradient boundary d@mrdi The first is
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to simply include in your 2-D array, another sethofffer points just outside your
solution domain. In fortran, this can be done easily by disi@ning your array as
T(0:ni+1,0:nj+1) if there areni x nj points on your computational domain.
Since the centered difference approximatio®w1t/0z is

T  Tipr; —Ticayy

ox 2Ax
then the requirement that the horizontal gradient is zeto=atl becomes simply
that7Ty ; = 75 ; and the first interior point can be copied in to the buffer.efta-

tively, if we have some form of general stencil equation for imterior points such
as

(8.3.8)

diJ
am' bm’ Cm’ Tn+1 = fi,j (839)
ei,j
then the boundary condition th&f"/dx = 0 (or T(0,j))=T(2,j) ) becomes the
modified stencil equation for the= 1 point

0 b aij+eny [T =fiy (8.3.10)

likewise if we are in the lower left corner of a 2-D problem la intersection of 2
Neumann boundaries we could write the stencil for the cqpoért as

dij + e
0 b1, ayj + cij T = J1j (8.3.11)
0

More general boundary stencil’s can be derived using a cbowtdume approach
for the edge volumes. In general, Neumann conditions carobsiderably less
stable than Dirichlet conditions and a lot of problems afieen using an edge
condition or approximation that is inconsistent with theemor solution. In multi-
dimensional problems we often spend most of our time jugingethe boundary
conditions to work without exploding.

Periodic BC’'s Periodic boundary conditions are not really boundary doos
(which makes them infinitely easier to deal with). Very signgflour horizontals
direction is assumed to be periodic, then we are sayingrhgj=T(ni.j) and
therefore when we want the— 1 point at the boundary we simply reach around
and assume thay0,j)=T(ni-1,j) . For explicit schemes, wraparound BC's are
trivial. Implicit schemes can be more difficult.

Corners and edges In multiple dimensions the possibility exists that diffiere
boundaries will intersect. In 2-D, the intersection occarsorners. In 3-D we
have both edges and corners. Some care needs to be exetdisedeapoints to
guarantee consistency. In general if a Dirichlet edge $etets a Neumann edge, the
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Dirichlet condition takes precedent. If it is Dirichlet apdriodic, the periodicity
needs to be enforced on that edge (i.e. if it is periodic inatltkrection and the
bottom edge is Dirichlet, it must also be true thét,1)=T(ni,1) . In general,
the simplest approach is to sketch out the corner points andedthe appropriate
corner stencils using a control volume approach. Good luck.

A recipe for implementing commonly occuring Boundary condtions In 2-
D, every boundary may need a special condition and if you laveite a special
piece of code for each combination of boundary conditidregn make code main-
tenance rather messy (but sometimes it is really the only.waya perfect object-
oriented world, we would like some general routines thatgadoundary(myproblem)
Unfortunately F77 is far from perfect (and definitely not OQgvertheless there
are a few tricks for allowing you to write relatively generautines that can imple-
ment several kinds of boundary conditions with only a feWeddénces in passed
parameters. As a test problem, consider some explicit 2datipy scheme such
as
as

T/ = | a2 a3 as | T} (8.3.12)
aq ij
which could be a generalized 2-D FTCS diffusion scheme fangle (see Section
8.5.1). Now in Fortran we could write this updating schenrestame interior point
as

real tp(ni,nj),tn(ni,nj),a(5,ni,nj)

im=i-1

ip=i+1
jm=j-1
jp=j+1
tp(i,j)=a(l,i,j)*tn(di, jm)+a(2,i,j)*tn(im, j)+
& a(3,1,j)*tn(i,j)+a(4,i,j)*tn(ip,j)+a(5,1,j)*tn(i,jp)

Now the only problem occurs when you get to an edge, for exaimpl as
to how to definem. Well this depends somewhat on the Boundary condition.
For a Neumann condition, most stencils reduce to reflectomditions and then
To,; = T ;. Therefore, we will get the right answer if we just get2 . Likewise
for a periodic boundary, we just wraparound and assumeiriati-1 . For a
dirichlet condition we can either not update the edges oravereset the stencil to
the identity stencil

a; = 0 (8.3.13)

O = O
)

With this approach we can now write a generic 2-D updatingritlgm which
will do the correct thing when it gets to the boundary. An epéfor the above
problem is

integer ni,nj
real tp(ni,nj),tn(ni,nj),a(5,ni,nj)
integer iout(2,2)
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do j=1,nj
jm=j-1
jp=j*1
if (j.eq.1) then
jm=iout(1,2)
elseif (j.eq.nj)
jp=iout(2,2)
endif
do i=1,ni
im=i-1
ip=i+1
if (i.eq.1) then
im=iout(1,1)
elseif (i.eq.ni)
ip=iout(2,1)

endif
tp(i,j)=a(l,i,j)*tn(i, jm)+a(2,1i,j)*tn(im,j)+
& a(3,i,j)*tn(i,j)+a(4,1,j)*tn(ip,jl)+a(5,i,j)*tn(di,jp)
enddo
enddo
return
end

All we have to pass it is a small 2-D integer arriayt(2,2) whereiout
is the index of the point that is outside the boundary. | temdrder myiout
asiout(side,dir) wheredir is the direction that | would be moving in the
grid (abovedir=1 isthei direction anddir=2 is thej direction) ancside=1 is
the edge in thelir-1  direction andside=2 is the edge in their+1 direction.
Terribly confusing but maybe a picture will help

iout(2,2) side2

iout(1,1) side1
iout(2,1) side2
dir 2 (j)

dir 1 (i)

iout(1,2) side1

Figure 8.2: A figure trying to explain the ordering of tteait array.

8.4 Advection schemes in 2-D

This section will consider some of the commonly used schefaed their pros
and cons) for pure advection problems. In particular we ealisider the simplest
multi-dimensional advection problem, which is for a constaaterial derivative

Oc

—+V- = 8.4.1
En +V -Ve=0 ( )
which (in a perfect world) should just move a set of partidesund a flow-field/
without changing the local concentration.
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8.4.1 Staggered-Leapfrog - non-conservative form

If we use a staggered leapfrog differencing scheme, whiskésnd-order in time
and space, the finite difference approximation to (8.4.2-iis

n+1 n—1 n n n n
Cj — G Cit15 — CGi—1, Cij+1 — Gij—1
; J ItV R 7 /AP Y b S bty 8.4.2
2At I 2Ax " 2Ay ( )
or re-arranging, the updating scheme becomes,
+1 _ n-1 _
Gt =t —afy ety — ] — ol [ -] =0 (843)
where
. Ui jAt
,J N
W, i At
y J— 7’7]
of ; = Ay (8.4.4)

are the local horizontal and vertical Courant numbers. HO2zoblems, it is often
useful to write these sort of equations in “stencil” form wlnis compact and gives
some sense of the spatial differencing. The stencil forn8@F.8) is

Qs .
n+1 n—1 T o T n

Using Neumann stability analysis, it can be shown that thbildly require-
ment for time stepping is the 2-D version of the Courant ctioali

(af;)* + (af)* <

. ; (8.4.6)

N =

(see Numerical Recipes, 2nd ed., p. 846) which for a squade(drxr = Ay)
becomes

At < ——
\/§|Vmax|

whereV,,... is the maximum velocity on the grid. bmdimensions, this result can
be generalized to

(8.4.7)

A
< _
A= AV ]
The physical, meaning of the Courant condition is still taene. Roughly speak-
ing, for simple Eulerian schemes, you can't let individuaiticles move more than
a grid-space during a time-step.

(8.4.8)

8.4.2 Staggered-Leapfrog - conservative form

The differencing scheme in the previous problem will work fileany problems,
however, it is not a flux-conservative scheme in the sendettiiegamaterial that
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leaves one cell is identical to the material that enters thd. nMany times it is
better to consider the flux conservative version of the obl

% +V-[eV]=0 (8.4.9)
which for incompressible flows\W - V = 0) should reduce analytically to (8.4.1).
For, flux-conservative problems, the control volume apgincia a natural way to
produce finite-difference approximations. To get centéie@, centered space
staggered leapfrog scheme for (8.4.10) we simply use areghtiene approxima-
tion for the time derivative and use Eq. (8.3.5) (or 8.3.7hviA(x) = c(x)V ().
The only trick is how to calculate the fluxes at the half-grants. IfV is known
analytically everywhere, then one approach, is to storevéthecity values on the
staggered-mesh which lies on the half-grid points (the X’s in figure 8.1) amduise
the average (linear interpolation) of the nearest nodethoconcentrations at the
half-points. For example, the horizontal fluxiat 1/2, j would be

C; 17 . _|_ C.7 .
Fi:fl-1/2,j = i+1/27j% (8.4.10)

Expanding the rest of the fluxes in a similar manner and ditig¢erms, the flux-
conservative staggered leapfrog scheme in stencil forikslbke,

Yy
QG i+1/2
_ - _ T x n

QG -1/2

wherea® anda? are still given by (8.4.4) but use the velocities at the malfles,
and

Z = O‘f+1/2,j - af—1/2,j + Oé?,jﬂ/g - Oé?,j_l/z (8.4.12)

Note for constanty's (or simple incompressible flows) théni = 0 and the con-
servative scheme reduces to the standard centered sparaesciihe stability
requirements for this differencing scheme are againrtiigmensional Courant
condition.

8.4.3 2-D Upwind and MPDATA

By simply changing the definitions of the fluxes at the halfles, we can generate
a whole family of different difference schemes. Using higbeler interpolation
schemes may give higher order difference schemes. Oneampptbat produces
a lower order scheme is the multi-dimensiomglvind-difference or donor cell
schemes. These schemes are exactly the same as in 1-D buiwieawe to cal-
culate the donor cell for both the horizontal and verticakdk! If we define the
donor flux between two cells at points j) and(i + 1, j) as

F(cij;civ1,j Uigr/2,5) = max(0.,Uip1 /9 5)cij +min(0., Uipy 2 5)civ1
(8.4.13)
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then the general first-order upwind scheme can be written

n+l _ n
ij —C

i,J
At
Ax
ﬁ
Ay

&
{F(Ci,p Cit1,5> Uirr/2,5) — Flciz1j, ¢, Ui—1/2,j)} +
[F(Ci,ja Cijj+1, Vigy1y2) — Flcij—1, ¢, Vi,j—l/z)] (8.4.14)

For efficiency, theAt/Ax terms can be absorbed into the velocity arrays to pro-
duce an array of local Courant numbers. In addition, becthisescheme is au-
tomatically flux-conservative, you only need to calculdte tdonor-flux at a half
point once because what leaves ¢¢lrough the face at+ 1/2, identically enters
cell i + 1 (you can verify this symmetry yourself). This can speed wpdhlcula-
tion by at least a factor of 2 (and is how it is implementediPDATA As usual,
these simplest donor-cell schemes are highly stable bothadgly diffusive for
time steps smaller than the Courant limit (see below). By@amating the im-
plicit numerical diffusion and correcting for it, howevar2-D version oMPDATA
(Smolarkiewicz, 1986), can produce very small implicifasion (at the expense
of time). The version of the code that appears in the problethalso has a very
sophisticated anti-dispersion correction. These additioorrections, however can
cause difficulties in implementing non-dirichlet boundaonditions.

8.4.4 Semi-Lagrangian Schemes

In addition to Eulerian schemes, the semi-Lagrangian sebatiscussed in Sec-
tion 5 are also readily extended to multiple dimensions. ®herall scheme is
the same as in 1-D, i.e. we first seek the trajectory of theaclaristic that passes
through a grid-point and then use high order interpolatmmbve the value for-
ward and integrate any source terms along the trajectorg. oty slight change
from the 1-D codes is that we now need to do interpolation idtipia dimen-
sions. Fortunately, as discussed in Numerical Recipesefprlar grids, this only
requires doing a series of sequential 1-D polynomial imdleons in each of the
dimensions. As an example Figure 8.3 shows schematicallybl interpolation
in two-dimensions which requires knowing the value of thection at the 16 near-
est neighbors. Because of the considerable expense qfofdgon, these schemes
are quite expensive relative to staggered leapfrog for @neesCourant condition.
However, the beauty of these schemes is that they have naatability limit
and can often pay for themselves handsomely with larger stees.

8.4.5 Pseudo-spectral schemes

| don't like pseudo-spectral schemes.... But they're ngtlzarder (or faster) in

2-D than one. The biggest issues are sorting out the wavesustdirage schemes
for multi-dimensional FFT’s. But otherwise, the problenthie same but now you
need to take FFT’s in each direction to work out the deriestiin each direction.

Thus something likéV f requires 4 2-D FFT’s, i.edf/0x requires one forward

and one inverse 2-D FFT a@tf /0y requires two.
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Figure 8.3:Diagram showing bicubic interpolation. Given a regular 24 of values
(note Az not necessarily= Ay) we wish to find the value of the interpolated function at
some intermediate poirtt, 7). As shown here, first do a horizontal interpolation along
each of thej lines to find the interpolated values at s, then do a vertical interpolation
along the line at to find the value at the-. Because of the symmetry of the interpolation
operator, you will get the same answer if you interpolatdiealty first then horizontally.
Also because of the properties of the interpolating polyiadrthe function will always be
exact at the grid-points.

8.4.6 Some example tests—2-D

In one dimension, an incompressible floW (V = 0) is synonymous with a con-
stant velocity field. In multiple dimensions, however, tioastraint of incompress-
ibility is rather weak. It only states that the net flux intoesion must equal the
outgoing flux but places no constraints on the direction ogmitade of the fluxes.
Thus there are an infinite number of incompressible flows hag tan have quite
different numerical effects. Here we will test the advettsthemes against two
simple flow fields: rigid body rotation, and a single sheal @&bure 8.4).

Rigid body rotation in the clockwise direction, around sopmént (xg, yo) IS
given by

V(z,y) = (y — yo)i— (z — z0)j (8.4.15)

(Figure 8.4a). If you are so inclined, verify th& - V = 0. The streamlines
for this field are simply circles centered @y, yo) and there is no shear between
streamlines. In a perfect advection scheme, any initiaditmm should simply
rotate around the center point without changing shape doafter one rotation,
the initial condition and final condition would be indistighable. Unfortunately,
there are no perfect advection schemes, only reasonableroomses. Figure 8.5
shows the behaviour of flux conservative staggered leapénogind-differencing
and several levels of corrections MPDATAor this test using an initial condition
of a Gaussian of amplitude 2. Each panel shows contours afdfla¢ion at times
corresponding to increments of a quarter rotation up to laréshtion. The grid
in Figures 8.5a—e i85 x 65 points, Figures 8.5f ha29 x 129 grid points. In
general, the two dimensionaipdata can be fairly accurate but is 20-40 times
more expensive than staggered-leapfrog. For the rigidiootéest, simply halving
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Figure 8.4:Vector plots showing advective velocity fields fas) (igid-body rotation and
(b) a single shear cell. The maximum velocity in 8.4ais 0.74,iarl. in 8.4b.

the grid-spacing gets rid of most of the dispersion in thegior@solution staggered-
leapfrog problem with only the standard factor of 8 increaséme (4 times more
points plus 2 times more time steps due to the Courant conlitiFigure 8.7a,b
shows the results of the rigid body rotation test for the skagrangian schemes.
For this test, these schemes are comparable in time andaagciar the simplest
staggered-leapfrog schenifea large Courant number is used. These schemes
preserve the shape of the advected quantity better bechedell interpolation
used gets rid of the grid anisotropy inherent in the Eulesaimemes. Table 8.1
compares times and accuracy for the various schemes.

The rigid body rotation test is often used for testing nucaradvection schemes,
however it rarely occurs in nature. In particular it has tleeyliar property of
having no shear. Much more often, fluid dynamic flows haveiggmt vortic-
ity which can shear and stretch simple initial condition® ia horrific mess. For
grid-based schemes, this shearing (without any real ibifu® balance it) can em-
phasize numerical artifacts. To see this we will consideingls shear cell on the
unit square which has the streamfunction

U(z,y) = ! sin(mwz) sin(my) (8.4.16)
T
with a corresponding velocity field
V = Vx ¢(x,y)k = —sin(nz) cos(my)i + cos(mz) sin(my)j (8.4.17)

(see Figure 8.4b). This flow field appears qualitatively Emtio the rigid rotation
but local vorticity in this flow can be quite large and will ceusignificant numer-
ical problems. Figure 8.6 demonstrates the behaviour ofdi@e gaussian initial
condition as in Fig. 8.4 after half a turn and a whole turn. pegfect world, the
more rapid rotation near the center of the box will cause tiité&al condition to
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Figure 8.5:Results of the rigid body rotation test for a variety of metsoln each panel,
the original gaussian initial condition is shown by dottemhours with the solution at
subsequent quarter rotations shown in solid contours upedul rotation. The direction
of rotation is clockwise. The initial condition has a maximwalue of 2, the contour
interval is0.2. Figures a—e havé5 x 65 grid points while f is129 x 129. Timing and
accuracy results are given in Table 8.1 (a) staggered+egphowing small dispersion (b)
upwind donor-cell is really diffusive (dnpdata 1 correction (dmpdata 2 corrections
(e) mpdata 2 corrections+ 3rd order anti-dispersive correction (f) staggered-|sagpf
double resolution.
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Table 8.1:Comparison of speed and accuracy for the rigid rotation &edrscell advec-
tion tests. Runtime, min and max values are all for a dimenegs time of’ = 2x. All
comparisons were made on a 140 Mhz SunUItral40e with opiioiz flags -fast -O4.

Rigid Body rotation test
Method Grid points « nsteps runtime (S)  c¢min Crmaz
Staggered Leapfrog 65 x 65 1. 804 0.4 —.0625 1.925
129 x 129 1. 1608 3.0 -5.74e-5  1.992
MPDATA (ncor=0) 65 x 65 1 804 1.1 0. 0.6244
ncor=1 65 x 65 1 804 4.1 0. 1.675
ncor=2 65 x 65 1. 804 7.0 0. 1.899
ncor=2, i3rd=1 65 x 65 1. 804 12.5 0. 1.986
Semi-Lagrangian 65 x 65 4. 201 0.4 -1.228e-4  1.91§
129 x 129 8. 201 1.9 -6.56e-3  1.997
Shear Cell test
Method Grid points « nsteps runtime (S)  ¢min Crax
Staggered Leapfrog 65 x 65 1 568 0.3 -1.122 1.541
129 x 129 1. 1137 2.7 -0.564 1.838
MPDATA (ncor=0) 65 x 65 1. 568 0.8 0. 0.2829
ncor=1 65 x 65 1. 568 2.9 0. 0.9004
ncor=2 65 x 65 1 568 5.0 0. 1.203
ncor=2, i3rd=1 65 x 65 1 568 8.9 0. 1.182
Semi-Lagrangian 65 x 65 4 142 0.3 -5.768e-2  1.586
129 x 129 8 142 1.7 -2.384e-2  1.921

get sheared into a paisely pattern, however, the maximugewabuld remain 2.
(i.e. the characteristics solution says that the local eotration must remain con-
stant even during shearing). Unfortunately, the shearauges excessive numer-
ical dispersion in staggered-leapfrog schemes and exeed#fusion in upwind
andmpdata schemes. These numerical artifacts are always most semecerh-
ponents of the solution that vary on a length-scale compatalihe grid spacing.
The principal problem here is that the constant shearingya@vends to sharpen the
frequency content of the solution and makes well resolvgibns thin and poorly
resolved. If your problem includes a real diffusion terng thifficulties are much
less severe because diffusion naturally keeps the solsficgad over the grid (e.g.
See convection figures in Chapter 2). Without real diffusioowever, the sim-
plest grid-based schemes are really not adequate; howbeesemi-Lagrangian
schemes are a significant improvement (Fig. 8.7).

8.4.7 Other approaches- particle based fully-Lagrangianchemes

In addition to grid-based methods, it is always possibles® particle based fully
Lagrangian schemesthat are based on the method of characteristics. The big-draw
back to these methods is that even if you start out with a hemegus or regular
distribution of points, after any significant amount of tithey can be spread out

in a very irregular distribution which becomes difficult tswalize (e.g. contour)

or to use for further calculations at points that do not ciorday particles.
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Figure 8.6: Results of the shear cell rotation test for a variety of meéghoFor each
method, the first panel shows the original gaussian initaldition (dotted contours) and
the solution at a half rotation (solid contours). The seqoaugel shows the solution after a
full rotation. The direction of rotation is clockwise. Thatial condition has a maximum
value of 2 and the contour interval is 0.1. Figures a—c léave 65 grid points while d is
129 x 129. Accuracy and timing information is given in Table 8.1 (sgggiered-leapfrog
showing significant dispersion (yuck) (b) upwind donor-eehugely diffusive.

More sophisticated particle based methods, however, ptttmremedy these
problems without losing the fundamental physics of the dgd® characteristics.
Most of these methods are a bit beyond the scope of this cbutdbey are worth
noting. The first set of methods is knowna@stour surgery which instead of dis-
cretizing a continuous field into an arbitrary set of poiritBrst contours the initial
field and then discretizes each contour level into a fixedfgebiots. Thus a single
contour level forms amarker chain of points that gets advected around together.
The beauty of contour surgery is that by simply plotting eaghtour at any time
provides an instant contour map of the field without any needterpolation. The
only real trick to contour surgery is the surgery part, isdestively removing long
wispy tendrils that get sheared out but are no longer redold@ introduction to
contour surgery and a leaping off place for references iPthsics Today (1993)
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Figure 8.6 contd.(c) even the beshpdata scheme with 2 corrections 3rd order anti-
dispersive correction shows significant diffusion (d) gexgd-leapfrog double resolution
has noticeable dispersion but might be reasonable for slnastand is cheap and easy.

article by Dritschel and Legras [1] .

Another approach that allows for very smooth interpolatetween randomly
placed Lagrangian particles is thatural-Element-Method (Braun and Sambridge
[2]). This approach leads into the hairy world of unstruetligrids but may show
considerable promise for certain classes of problems.

8.5 Diffusion schemes in 2-D

The difficulties engendered in multi-dimensional advetfooblems, stem primar-
ily from the additional degrees of freedom that the advectiow can achieve (it
is also this new physical behaviour that is of most interestdlve). In particu-
lar, the additional shear produced going from 1-Dht® can cause great grief in
multi-dimensional grid based methods. Diffusion domidgpeoblems tend to be
much better behaved in multi-dimensions, however, becatdle -dimensional
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Figure 8.7:Showing off the semi-Lagrangian solvers for rigid body ahdas cell tests.
(a) Rigid body test on &5 x 65 grid. (b) Rigid body test 0ri29 x 129 grid. (c) Shear test,
65 x 65 grid. (d) shear test]29 x 129. In particular for the high-resolution shear test, the
semi-Lagrangian schemes really shine.
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diffusion will often be faster because there is more avélahrface area, the basic
physical behaviour does not change significantly. For scitplhere, we will just
consider simple differencing schemes for the canonic&lisldn equation

2
—— =vV?T 8.5.1
ot v ( )
as well as some simple extensions to the more general diffysioblem
%—f =V-rVT (8.5.2)

8.5.1 Explicit FTCS

The basic behaviour of diffusion in multi-dimensions isdidaseen (and solved)
using an explicit FTCS scheme which is almost identicalgd D counterpart. If
we use a simple forward-time approximation for the LHS 06(8) together with
Egs. (8.3.4) for the 2nd-order, 5-point Laplacian operaterget.

n+1 n n n n n n n
Tij - T Ty =200+ T | T — 2105 +

: : i , i,j—1 2
= A
At Az * Ay +0(A%)
(8.5.3)
or re-arranging into stencil form, the FTCS updating schesemmes
By
Tn+1 = ﬁm [1 - 2(ﬁm + ﬁy)] ﬁm ™ (8-5-4)
By
where At At
B = W7 5y = W (8-5-5)
For a uniform square grid spacinyr = Ay this becomes
g
T =5 [1-48 B |T" (8.5.6)
g

In the case of a non-constant diffusivity, a control volurppraach gives the more
general approximation to (8.5.2) for a uniform grid as

) Kij+1/2
T =B\ Kicie; 1/B=X] Kigre, |T" (8.5.7)
Kij—1/2

wherer;_ , ; is the diffusivity on the staggered grid poifit— 1,2, j) and

Z = RKit1/2,j T Ki—1/2,j t Kijr1/2 T Kij—1/2 (8.5.8)

The physical interpretation of the FTCS diffusion operatdeq. (8.5.6) is that
itis a simple smoothing operation that replaces any phintvith some fraction of
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its original value plus the times the sum of its nearest neighbors. Since diffusion
can only map a positive quantity into a positive quantitg scheme is only valid
if 5 < 1/4 or more generally

(Az)*(Ay)?
2[(Az)? + (Ay)?]

Thus, roughly speaking, a decrease in grid spacing by arfa¢td in both di-
rections requires a factor of 16 more time to compute (4 tiasnany points
with 4 times the number of time steps). Unfortunately, beeaie simplest cen-
tered schemes are only second order in space (and first ordieng), the order
of magnitude more effort only gains you a factor of 4 in redgcihe truncation
error. This is the usual drawback with explicit schemes@lgh it is sufficiently
easy to code that for quick and dirty problems, the actuatidgment and debug-
ging time outweighs the run time). In one-dimension the arswas to go to a
fully implicit or crank nicholson scheme which took advayeaof rapid tridiagonal
solvers. Unfortunately, in multi-dimensions, the Craniciidlson scheme is no
longer tridiagonal. E.qg. in 2-D it looks like

At < (8.5.9)

—1 1
—a? [R+2(1+a?)] —a? T = | o2 [R—-2(14+a?)] o? |T"
—1 1

(8.5.10)
where R = 2Ay?/At anda = Ay/Ax is the aspect ratio of the grid spacing.
Equation (8.5.10) is a penta-diagonal system of simultasdioear equations

AT = (8.5.11)

and the necessary inversion of mathixs significantly more expensive computa-
tionally unless you use a rather sophisticated algorithch sis Multi-grid methods
or Fast elliptic solvers (if the problem permits). Thesegbems are more related to
the issues of Multi-dimensional boundary value problentbvaa will pick them up
in detail in Chapter 9. However, here we will discuss one lagioapproach which
combines second order accuracy in space and time with the afasidiagonal
solvers.

8.5.2 ADI: Alternating-Direction Implicit Schemes

ADI schemes are another example of operator splitting btht avslightly different
meaning. Instead of splitting the operator into differeragesses such as advec-
tion and diffusion, ADI schemes, split one process into iffedkent directional
components. For example, In the case of the multidimenktifiasion equation,
we could rewrite Eq. (8.5.1) as

oT

i LT+ L, T (8.5.12)
where L, is the operator controlling diffusion in the horizontal etition andZ,
controls diffusion in the vertical. Given this splitting,DA schemes then solve
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(8.5.12) by taking two-passes, first solving an implicitfulion equation in the
horizontal for half a time step and then an implicit diffusiequation in the vertical.
More physically, the ADI scheme really pretends that thebjmm is first a set of
1-D diffusion equations in one direction and then a set of &¢nations in the
other direction. You may ask why this seems worth all thergffmut the answer is
simply that 1-D problems are tridiagonal and we can use alhtlachinery we've
already developed.
In more detalil, the specific ADI algorithm for Eq. (8.5.1) ksdike

iji-l/Q —Tn 1 1 1
g 72 W MQ[ 1 -2 1 }T"+1/2+A—y2 92 | (8.5.13)

1

Tt prtl/2 1 1 1
7 v A a7| 2T 8519

1

where a horizontal stencil implies horizontal nearest imieigs and vertical stencils
imply vertical neighbors. Equation (8.5.13) is an implititdiagonal equation for
the horizontal rows at time + 1/2 which are then used in (8.5.14) to update the
vertical columns at time, + 1. The tridiagonal nature of these two schemes can
be made more apparent if we collect terms of the same timetstggther. For

a uniform grid withAz = Ay = A it is also useful to define the parameter
R = 2A?%/At. Thus Egs. (8.5.13)—(8.5.14) can be rewritten as

1
[—1 R+2 —1}T"+1/2: R—2 |T" (8.5.15)
1
1
R+2 T“+1:[1 R—2 1 |17t/ (8.5.16)
1

The solution scheme is then to invert the tridiagonal equa8.5.15) for+1/2
using a routine such &RIDAGfrom Numerical Recipes, then use this new solution
as the RHS of (8.5.16) and invert again #+!. Numerical recipes, first version
presents a few more tricks to improve the efficiency of thigiree. Unfortunately,

to get significant performance improvements on parallel emtar machines re-
quires some rethinking of the simplest algorithm. If any@nmterested, | have a
high performance, ADI solver for general 2-D operators.

8.5.3 Some diffusion examples 2-D

A convenient test problem for diffusion solvers, is the etioin of a gaussian ini-
tial condition with time. If we have d-dimensional gaussian initial condition of
amplitudeA, “width” ¢ and peak located at some poiqt

(X —Xo) (X = Xo)

T(x) = Aexp 5
o

(8.5.17)
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then Eq. (8.5.1) has the solution (in an infinite medium) of

A (X —Xo) - (X —Xop)

T(Xt) = —— e
0 2) (1+ 4t/o2)d/2 P o2 +4t

(8.5.18)

Thus the gaussian gets wider and flatter with time. FiguresBdvs the numeri-
cal solution for this initial condition using a FTCS schenmel &igure 8.9 shows
the error from the true solution (normalized to the maximusug). In general,
the agreement is quite good with the maximum error less $hanl0—* at early
times. At later times the error becomes large at the boueslavhere the numer-
ical scheme assumes Neumann, (no-flux) conditions. Foiligtathis problem
requires 400 time steps on6a x 65 grid. While this problem only took about
1 second (on a SparcStation10), a factor of 2 grid refinemeniddvtake~ 16
seconds. Using an ADI scheme, can significantly reduce thebeu of time steps
required (in fact the accuracy of the ADI scheme improveddnger time steps).
The ADI solution to the same problem with only 20 time stepsdpces a plot
that is indistinguishable from Figure 8.8. When we look & details of the error
structure (Fig. 8.10) we find that the ADI scheme has aboumngdilarger errors
(maximum error~ 1073), however they are more evenly distributed across the
solution. It’s interesting to note that although the sauatcontours are apparently
circular, the error shows a distinct anisotropy which desifrom the underlying
grid. If the grid spacings were not equal in each directiaidittonal grid errors
might intrude. Nevertheless, diffusion is a sufficientlgitde process, that the end
results are nearly always the same independent of the méefihedchoice of solu-
tion method for pure diffusion problems should rest with éimeount of effort that
is required to get the answer you want. Always rememibertime you save may
be your own.

8.6 Combined Advection-Diffusion and operator splitting

If your problem contains both advection and diffusion (asasamon), then we
cannot necessarily be so blasé about the schemes we clossbemes that are
stable for one process need not be stable for another. Foned&TCS schemes
are stable for diffusion problems but not for advection peois. As long as dif-
fusion is dominant everywhere, it still may be possible te a&=TCS scheme as
a quick and dirty solver, however, in regions where advadsodominant, the in-
herent negative diffusion in these schemes can make theossgrow or become
unstable. Better combined schemes can be solved by addrgdifective terms
to the matrices in an ADI scheme. | have used this approadraieimes and it
works reasonably well for diffusion dominated schemes. el@v, in general, the
asymmetric nature of advection operators, tend to deiahiliffusion schemes
and limit the range of time steps that can be taken. In additidferent differenc-
ing schemes for advection and diffusion can have variousuatsoof numerical
dispersion or diffusion, particularly in cross derivasve

One approach, that appears useful for developing accucaidined advec-
tion diffusion schemes is to consider linear combinatiohdifferent differencing
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Figure 8.8:Contour plots showing the diffusion of a gaussian initiahdition. This plot
uses a FTCS explicit scheme on ax@% grid with no-flux boundary conditions on all

4 walls. Stability of this scheme requires a small time steg@ this run uses 400 steps
(although the elapsed timeds 1 second). A much faster ADI scheme, can achieve results
that are indistinguishable to the eye in 20 steps.
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Figure 8.9:Contour plots showing the error from the true solution foufi8.8 and the
FTCS scheme. The maximum error in this scheme (not courtimpoundaries) is about
2 x 10~%. Note the symmetry of the grids that is apparent in the eriatsp
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Figure 8.10:Contour plots showing the error from the true solution foufigy8.8 and the

ADI scheme. The maximum error in this scheme (not countirgithundaries) is about
1 x 1073, The error in this scheme tends to be larger, but more evestsimited (and

more than accurate enough for jazz).
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schemes and find the weights that minimize certain aspetie dfuncation error.
Noye and Tan, (1989) present a whole family of (slightly nusable) finite dif-
ference schemes for combined advection and diffusion prebland demonstrate
their stability and accuracy. It should be noted that thestd, however, are just
for a constant advective velocity with no shear and conalderdiffusion. It is not
clear to me how these schemes will hold up to more generaktidedields.
Another solution (or hack) isperator splitting where we sequentially apply
different updating schemes that are stable for each of tbeepses individually.
For example, we could use an explicit staggered leapfrogrsetor the advection
terms then a bit of diffusion using an ADI scheme. Alternaliyy for strongly
advection dominated flows we could use a semi-Lagrangiaensetior advection
followed by ADI. Currently my favorite technique howevetli® two-dimensional
version of the Semi-Lagrangian Crank-Nicholson schemersvlgeu essentially
solve Equation (8.5.10) but instead of evaluating the rfgintd side at poinf?";
you evaluate it at the interpolated point from which the ip&tis advectingl;? e
In matrix notation what you solve is

AT =t/ (8.6.1)

wherer’ is the interpolant of the right hand side taken along the npwriajectory.
The convection calculations in Chapter 2 use this schenteanitulti-grid iterative
solver for the implicit matrix inversion. | need to test it & tmore thoroughly but
it seems to work quite well. It is not a simple scheme comjutatly (nor is
it particularly cheap) but it is faithful to the underlyindiysics and is no more
expensive than significantly inaccurate schemes. Moreiernrtithe next chapter.
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