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[1] We estimate the rate of aftershocks triggered by a heterogeneous stress change, using
the rate-and-state model of Dieterich. We show that an exponential stress distribution
Pt(t) � exp(�t/t0) gives an Omori law decay of aftershocks with time �1/tp, with an
exponent p = 1 � Asn/t0, where A is a parameter of the rate-and-state friction law and sn
is the normal stress. Omori exponent p thus decreases if the stress ‘‘heterogeneity’’ t0
decreases. We also invert the stress distribution Pt(t) from the seismicity rate R(t),
assuming that the stress does not change with time. We apply this method to a synthetic
stress map, using the (modified) scale invariant ‘‘k2’’ slip model (Herrero and Bernard).
We generate synthetic aftershock catalogs from this stress change. The seismicity rate on
the rupture area shows a huge increase at short times, even if the stress decreases on
average. Aftershocks are clustered in the regions of low slip, but the spatial distribution is
more diffuse than for a simple slip dislocation. Because the stress field is very
heterogeneous, there are many patches of positive stress changes everywhere on the fault.
This stochastic slip model gives a Gaussian stress distribution but nevertheless produces
an aftershock rate which is very close to Omori’s law, with an effective p � 1, which
increases slowly with time. We obtain a good estimation of the stress distribution for
realistic catalogs when we constrain the shape of the distribution. However, there are
probably other factors which also affect the temporal decay of aftershocks with time. In
particular, heterogeneity of Asn can also modify the parameters p and c of Omori’s law.
Finally, we show that stress shadows are very difficult to observe in a heterogeneous stress
context.
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1. Introduction

[2] Much progress has been made in describing earth-
quake behavior based on the predictions of rate-and-state
friction. The rate-and-state model explains the 1/t decay of
aftershock rate as a function of the time t since the main
shock (Omori’s law) independent of the main shock mag-
nitude, the scaling of aftershock duration with stressing rate,
and the slow diffusion of aftershocks with time [Dieterich,
1994]. This success led several authors to provide time-
dependent earthquake probabilities using this model [Toda
et al., 1998, 2005; Toda and Stein, 2003]. Many other
physical mechanisms have been proposed to explain Omori
law, such as subcritical crack growth [Das and Scholz,
1981; Shaw, 1993], viscous relaxation [Mikumo and
Miyatake, 1979], static fatigue [Scholz, 1968; Narteau et
al., 2002], postseismic slip [Schaff et al., 1998], or pore

fluid flow [Nur and Booker, 1972]. The rate-and-state
model of Dieterich [1994] is probably the best candidate,
however, because it only relies on a rate-and-state–depen-
dent friction law observed in laboratory experiments.
[3] At the same time, a number of fundamental puzzles

remain. One of the most striking is the abundance of
aftershocks on the rupture surface, where indeed most
aftershocks occur. This is in stark contrast with simple
pictures of the rupture process, which suggest stress should
have decreased on the rupture surface and there should
therefore be a dearth of aftershocks there. A second funda-
mental puzzle concerns the time dependence of aftershocks.
Here, subtle but significant deviations from an inverse time
decay of the rate of aftershocks is seen in averages of
aftershock rates [Helmstetter et al., 2005]. While Dieterich
[1994] explained this as a consequence of the spatial
dependence of stress as it decreases away from the fault,
or as a change of stressing rate with time, such mechanisms
do not seem to properly explain the aftershocks occurring
on the rupture area. Thus both the spatial and temporal
distribution of the majority of aftershocks have yet to be
fully explained. Here, we show how an extension of the
rate-and-state formulation, which takes as its foundation a
heterogeneous stress field, can explain these observations.
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2Now at Laboratoire de Géophysique Interne et Tectonophysique,
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We then use this model to estimate stress heterogeneity from
aftershock rates.
[4] Our work builds off of the pioneering work of

Dieterich [1994], who derived a relation between seismicity
rate and stress history, for a population of faults obeying
rate-and-state friction. For a uniform positive stress step, the
rate-and-state model gives an Omori law decay of the
seismicity rate R(t) � t�p with p = 1 for intermediate
times. At very short times, smaller than a characteristic
time c, which depends on the stress change, the seismic-
ity rate is constant. Dieterich [1994] also computed the
aftershock rate for a dislocation, with a uniform stress
decrease on the rupture area, and a positive stress change
outside the rupture, decaying as t � 1/

ffiffi
r

p
in the near

field, and t � 1/r3 in the far field for r � L. As distance
from the fault increases, the characteristic time c
increases. Integrating over the fault, the seismicity rate
approximately obeys Omori law R(t) � 1/tp, with an
apparent exponent p < 1.
[5] Dieterich et al. [2000, 2003] used the rate-and-state

model of seismicity to invert stress history from seismicity
rate, and apply this method to Hawaii seismicity. They
discretize the space, with a grid size of about 1 km, and
assume that the stress is uniform in each cell. This method
then gives the stress history in each cell. The assumption
that the stress is uniform at scales of a few km is reasonable
for the stress change induced by a dyke intrusion, as in
[Dieterich et al., 2000, 2003], or for the coseismic stress
change induced by a large earthquake in the far field.
However, the coseismic stress change on the main shock
fault plane, where most aftershocks occur, is probably very
heterogeneous at all scales [Herrero and Bernard, 1994].
[6] In this paper, we investigate how heterogeneity of the

Coulomb stress change and of the normal stress modifies
the temporal decay of aftershocks with time, both on the
fault and off the fault. We assume that the stress changes

instantaneously after the main shock, and we neglect the
relaxation of stress on the fault due to aseismic slip or
viscous relaxation. We also neglect the stress change, and
seismicity rate change, induced by aftershocks. We then try
to invert for the stress distribution on the fault plane from
the aftershock rate, using the rate-and-state model, and
assuming the main source of heterogeneity is the coseismic
stress change.

2. Relation Between Stress Distribution and
Seismicity Rate

[7] Dieterich [1994] derives a differential equation which
gives the seismicity rate R(t, t) as a function of the stress
history t(t). His model assumes an infinite population of
faults which obeys rate and state friction, with the same
properties for all faults.
[8] The state variable g is related to the stress t by

@g ¼ 1

Asn
@t � g@t½ �; ð1Þ

where t is the ‘‘modified’’ Coulomb stress change [Dieterich
et al., 2000], and sn is the normal stress. The state variable g
is a function of the seismicity rate R(t, t)

R t; tð Þ ¼ Rr

g t; tð Þ _tr
; ð2Þ

where Rr is the steady state seismicity rate at the reference
stressing rate _tr. From laboratory experiments, coefficient A
generally has values between 0.005 and 0.02, for various
temperature and pressure conditions [Dieterich, 1994].
[9] Dieterich [1994] used expression (1) to derive the

seismicity rate R(t, t) triggered by a single stress step t. We
assume that stress rate after the stress step is constant dt/dt =
_tr, and that the seismicity rate before the main shock is equal
to the reference seismicity rate Rr. Using (1), the seismicity
rate following the stress step is

R t; tð Þ ¼ Rr

e�t=Asn � 1ð Þe�t=ta þ 1
; ð3Þ

where ta is the duration of the aftershock sequence

ta ¼
Asn
_tr

: ð4Þ

This relation (3) is illustrated in Figure 1 for different values
of the stress change. For each positive stress value, the
seismicity rate is constant for t � tae

�t/Asn, and then
decreases with time for tae

�t/Asn � t � ta according to
Omori law with an exponent p = 1. For a negative stress
change, the seismicity rate decreases after the main shock.
In both cases, the seismicity rate recovers its reference value
R = Rr for t � ta. The goal of this work is to extract the
stress distribution from the seismicity rate. This is a difficult
problem, because, as shown in Figure 1, the seismicity rate
does not depend on the stress change over a relatively large
time interval.

Figure 1. Seismicity rate R(t, t) (normalized by the
reference seismicity rate Rr) as a function of time (normal-
ized by the aftershock duration ta), given by the rate-and-
state model (3) with a uniform stress step, for different
values of the stress change, ranging from t/Asn = �30
(bottom) to t/Asn = 30 (top).
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[10] For a heterogeneous stress field t(~r), with a distri-
bution (probability density function) Pt(t), the seismicity
rate integrated over space is

R tð Þ ¼
Z

R t; t ~rð Þð Þ d~r ð5Þ

R tð Þ ¼
Z1
�1

R t; tð ÞPt tð Þ dt ð6Þ

R tð Þ ¼
Z1
0

R t; cð ÞPc cð Þ dc ð7Þ

where c = tae
�t/Asn is a characteristic time of the aftershock

rate, such that R(t, c) � 1/c for t � c and R(t, c) � 1/t for
c � t � ta.
[11] Equation (7) is a Fredholm integral equation of the

first kind. It has, at most, one solution [Riele, 1985].
Equation (7) has a simple approximate solution in the case
when the stress change has an exponential distribution

Pt tð Þ � e�t=t0 ; ð8Þ

where t0 is a positive scaling stress parameter, which
characterizes the width of the stress distribution. This
corresponds to a power law distribution of ‘‘corner times’’ c

P cð Þ ¼ Pt tð Þ dt
dc

¼ c�1þAsn=t0 : ð9Þ

We also consider an approximate expression for the
seismicity rate (3) valid for short times t � ta

R t; tð Þ � Rr

e�t=Asn þ t=ta
¼ Rrta

cþ t
: ð10Þ

Substituting (9) and (10) in (7), we get

R tð Þ ¼
Z1
0

Rrtac
�1þAsn=t0

cþ t
dc � 1

t1�Asn=t0
; ð11Þ

Expression (11) corresponds to Omori law with an exponent

p ¼ 1� Asn
t0

: ð12Þ

Because equation (6) has at most one solution, the
exponential stress distribution is the only distribution which
produces a pure Omori law decay for t � ta, without any
cutoff or crossover at short times. However, other distribu-
tions, e.g., a Gaussian, produce aftershock rate that is very
close to Omori’s law, over a very large time range. The
stress distribution for small or negative values is not
constrained by the seismicity rate at short times t � ta, so
deviations from an exponential for negative stresses do not
produce deviations from Omori law at short times.
[12] Expression (12) shows that Omori exponent depends

on stress heterogeneity. The parameter t0 represents the

width of the stress distribution for t > 0. The more
heterogeneous the stress is (larger t0), the larger p is (closer
to 1). Figure 2 illustrates how the rate-and-state model with
a heterogeneous stress distribution produces a power law
decay with an exponent p < 1.
[13] Helmstetter et al. [2005] found that for stacked

aftershock sequences in Southern California, Omori expo-
nent is close to 0.9, for times ranging between a minute (but
possibly even less) and one year, and for main shock
magnitudes between 2 and 7.5. This suggests that the stress
distribution is close to exponential in the tail, with a
characteristic stress t0 � 10Asn. Assuming that A = 0.01
(as measured in laboratory friction experiments [Dieterich,
1994]) and sn = 100 MPa (corresponding to the lithostatic
pressure at a depth of about 5 km), this gives Asn = 1 MPa
and t0 = 10 MPa, a value larger than the typical stress drop
s0 = 3 MPa [Ide and Beroza, 2001], but of the same order of
magnitude. However, a few studies tried to estimate Asn
directly from earthquake catalogs, and obtained values
smaller than the ones derived from the laboratory value of
A. Dieterich [1994] found Asn = s0/20, from the relation
between aftershock duration and the recurrence time (assum-
ing characteristic earthquakes). This gives Asn = 0.15 MPa
assuming a stress drop of 3 MPa. Cochran et al. [2004] used
the rate-and-state model to model tidal triggering of earth-
quakes, and obtained a preferred value of Asn = 0.064 MPa,
and an acceptable range 0.048 < Asn < 0.11 MPa.

Figure 2. Seismicity rate R(t, t) for a uniform stress
change t (thin colored lines), ranging from t = 0 (blue flat
curve) to t = 50 MPa (red curve), weighted by the
probability Pt(t), using Asn = 1 MPa. The stress
distribution is given by Pt(t) � exp(�t/5) with t > 0.
The solid black line is the total seismicity rate R(t) =R
0
1R(t, t)Pt(t)dt. The superposition of curves R(t, t)

with a power law distribution of crossover times c = ta
exp(�t/Asn) gives rise to a power law decay of R(t) with
an exponent p � 0.8. The dashed lines are Omori laws
with p = 1 (bottom) and p = 0.8 (top).

B07304 HELMSTETTER AND SHAW: STRESS HETEROGENEITY AND AFTERSHOCK RATE

3 of 12

B07304



[14] The rate-and-state model with a uniform stress step (3)
cannot explain an Omori law decay with p > 1. Equation (7)
does not have a solution withPt(t) > 0 and t� ta in this case.
Some aftershock sequences, however, have an Omori
exponent larger than one. The only solution in order to
obtain a p value larger than one in the rate-and-state model
is to have a variation of stress with time, which may be
due to postseismic slip or viscous relaxation [Dieterich,
1994]. Other explanations for Omori’s law do allow for
larger p values [Mikumo and Miyatake, 1979; Shaw, 1993;
Narteau et al., 2002].

3. Estimating the Stress Distribution From
Aftershock Rate

[15] We have shown above that according to the rate-and-
state model, the Omori exponent provides some information
on the stress heterogeneity (but only if p < 1). Furthermore,
we can (in theory) obtain the complete stress distribution
(in the region where we measure the seismicity rate) from
the temporal evolution of the seismicity rate. Expression (6)
indeed provides a method for estimating the full distribution
Pt(t), provided we observe the seismicity rate R(t) over a
wide enough time interval.
[16] We first discretize the integration over stress and

times, using a linear sampling for stress, and a logarithmic
sampling for times, using the same number N of points.
Equation (6) is then similar to the system of N linear
equations

R tj
� �

¼
XN
i¼1

R tj; ti
� �

Pt tið Þ tiþ1 � tið Þ: ð13Þ

We divide both sides of equation (13) by R(tj) to stabilize
the problem. Equation (13) thus becomes

1 ¼
XN
i¼1

R tj; ti
� �
R tð Þ Pt tið Þ tiþ1 � tið Þ ¼ M � P; ð14Þ

where M is a N � N matrix M(i, j) = (ti+1 � ti) R(tj, ti)/R(tj)
and the vector P is the stress distribution at points t1,..,tN.
[17] The inversion of the stress distribution from (14) is

an ill-posed problem, i.e., the solution is very sensitive to
noise. We thus use the regularization method of Riele
[1985]. We introduce an additional constraint to (13),
minimizing either the first derivative jP0(t)j, the smoothness
kP00(t)k, or the distance between Pt(t) and an initial guess
P0(t). (e.g., a Gaussian distribution). Instead of solving
directly (14), we minimize the quantity

k M P � 1 k2 þa k L Pð Þ k2 ; ð15Þ

where a > 0 is the regularization parameter, and L is a linear
operator, e.g., L(P) = P � P0, L(P) = P0 (first derivative), or
L(P) = P00 (second derivative). We also impose that the
stress distribution is positive. We thus search for the positive
vector P that minimizes equation (15), using the nonlinear
least squares fitting program given by Lawson and Hanson
[1974].

[18] In practice, the estimation of Pt(t) for large t is
limited by the minimum time tmin at which we can reliably
estimate the seismicity rate. The largest stress we can
resolve is of the order of tmax = �Asnlog(tmin/ta). Practi-
cally, this time tmin may be as low as a few seconds, if we
correct from catalog incompleteness shortly after the main
shock (Z. Peng et al., Anomalous seismicity rate immedi-
ately before and after main shock rupture from high-
frequency waveforms in Japan, submitted to Journal of
Geophysical Research, 2006). For negative stress, we are
limited by the maximum time tmax after the main shock, and
by our assumptions that secondary aftershocks are negligi-
ble, and that the stress does not change with time (e.g.,
neglecting postseismic relaxation). In order to resolve Pt(t)
for negative values, we need to know the seismicity rate for
times larger than the aftershock duration ta (i.e., usually at
least a few years). Indeed, the seismicity rate after a stress
decrease is close to zero for t � ta, so that the measure of
R(t) for t � ta does not provide any information on Pt(t)
for t < 0.

4. Application of the Method to a Stochastic
Slip Model

4.1. Stochastic k2 Slip Model

[19] We have tested the rate-and-state model on a realistic
synthetic slip pattern. Herrero and Bernard [1994] proposed
a kinematic, self-similar model of earthquakes. They as-
sumed that the slip distribution at small scales, compared to
the rupture length L, does not depend on L. This led to a slip
power spectrum for high wave number equal to

u kð Þ ¼ C
s0
m

L

k2
for k > 1=L ; ð16Þ

where s0 is the stress drop (typically 3 MPa), m is the
rigidity (typically 3300 MPa in the lower crust), and C is a
shape factor close to 1. For wavelengths larger than the
rupture length L, the power spectrum is constant

u kð Þ ¼ C
s0
m
L3 for k < 1=L : ð17Þ

This model (16) reproduces the 1/f 2 power spectrum of
seismograms for large frequencies [Herrero and Bernard,
1994].

4.2. Shear Stress Change and Seismicity Rate
on the Fault

[20] We have used the k2 model to generate a synthetic
slip pattern, and compute the shear stress change on the
fault from the slip [Andrews, 1980; Ripperger and Mai,
2004]. Note that the seismicity rate given by (3) depends on
the Coulomb stress change, which is equal to the shear
stress change on the fault because the normal stress change
on a planar fault is zero. If we analyze off-fault aftershocks
or complex rupture geometries, we would have to consider
changes in normal stress as well.
[21] We have modified the k2 model in order to have a

finite standard deviation of the stress distribution. The k2

model (16) produces a shear stress change with a power
spectrum t(k) � k�1 for large k, because the stress is
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approximately the derivative of the slip. As a consequence,
the shear stress change for the k2 model is extremely
heterogeneous, with an infinite standard deviation. The
exponent n = 2 in the k2 model (16) is thus a minimum
physical value for the slip power spectrum [Herrero and
Bernard, 1994]. Using u(k) � k�2 produces a shear stress
change with a standard deviation which diverges logarith-
mically as the maximum wave number increases. Thus
Omori p value for this slip model tends to 1 as the grid
resolution increases. We have thus replaced the exponent n =
2 in (16) by n = 2.3, and smoothed the crossover at k = 1/L,
using

u kð Þ ¼ C
s0
m

L3

kLþ 1ð Þn : ð18Þ

[22] We have computed the stress change on the fault from
this synthetic slip model, for a fault of 50 � 50 km, with a
resolution dx = 0.1 km, and a stress drop s0 = 3 MPa (i.e., the
average stress change on the fault is �3 MPa). The maps of
the slip and stress on the fault are shown in Figure 3. The
stress field has large variations, from about �90 to 90 MPa,
due to slip variability. We did not constrain the slip to be
positive. This could be done by changing the phase of the
lowest mode, and tapering the slip close to the edges, so that
the maximum slip is at the center [Herrero and Bernard,
1994]. Doing so introduces small deviations of the stress
distribution from a Gaussian distribution for t � 0 but does
not introduce significant changes on the seismicity rate.
[23] We have then estimated the seismicity rate on the

fault predicted by the rate-and-state model, by integrating
numerically (5) using the observed stress map, and Asn =
1 MPa. While the stress on average decreases on the

fault, the seismicity rate shows a huge increase after the
main shock (by a factor 1010, but, of course, the
seismicity rate at short times, smaller than the duration
of the earthquake, has no physical sense) (see Figure 4).
It then decays with time approximately according to
Omori law, with an apparent exponent p = 0.93. At large

Figure 3. (a) Stochastic slip model, with a power spectrum u(k) = 1/(kL + 1)2.3 (where L = 50 km is the
rupture length), a stress drop s0 = 3 MPa, and a cell size dx = 0.1 km. (b) Shear stress change (parallel to
the slip direction).

Figure 4. Seismicity rate given by the rate-and-state
model [Dieterich, 1994], for the stress change shown in
Figure 3, assuming Asn = 1 MPa, and without earthquake
interactions. The solid red line is the seismicity rate
estimated from the simulated earthquake catalog (see model
1 in Table 1). The dashed black line is a fit by Omori’s law
for t < ta/100, with exponent p = 0.93. The crosses show the
fit with the rate-and-state model assuming a Gaussian Pt(t).
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