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[1] We study how a stress perturbation generated by a main shock affects a fault obeying
the rate-state friction law using a simple slider block system. Depending on the

model parameters and on the initial stress, the fault exhibits aftershocks, slow earthquakes,
or decaying afterslip. We found several regimes with slip rate decaying as a power law of
time, with different characteristic times and exponents. The behavior of the rate-state
friction law is thus far more complex than described by the ““steady state” approximation
frequently used to fit afterslip data. The fault reaches steady state only at very large times,
when slip rate has decreased to the tectonic loading rate. The complexity of the model
makes it unrealistic to invert for the friction law parameters from afterslip data. We
modeled afterslip measurements for three earthquakes using the complete rate-and-state
law and found a huge variety of model parameters that can fit the data. In particular, it is
impossible to distinguish the stable velocity-strengthening regime (4 > B) from the
(potentially) unstable velocity-weakening regime (4 < B). Therefore, it is not necessary to
involve small-scale spatial or temporal fluctuations of friction parameters 4 or B in order
to explain the transition between stable sliding and seismic slip. In addition to B/4 and
stiffness, the fault behavior is strongly controlled by stress levels following an event.
Stress heterogeneity can thus explain part of the variety of postseismic behaviors observed

in nature. Afterslip induces a progressive reloading of faults that are not slipping,
which can trigger aftershocks. Using the relation between stress and seismicity derived
from the rate-and-state friction law, we estimate the aftershock rate triggered by coseismic
and postseismic slip. Aftershock rate does not simply scale with stress rate but

exhibits different characteristic times and sometimes a different power law exponent.
Afterslip is thus a possible candidate to explain observations of aftershock rate decaying as
a power law of time with an Omori exponent that can be either smaller or larger than 1.
Progressive unloading due to afterslip can also produce delayed seismic quiescence.

Citation: Helmstetter, A., and B. E. Shaw (2009), Afterslip and aftershocks in the rate-and-state friction law, J. Geophys. Res., 114,

B01308, doi:10.1029/2007JB005077.

1. Introduction

[2] Most shallow large earthquakes are followed by
significant postseismic deformation, and by an increase in
seismic activity, which can last for several years. The link
between aseismic afterslip and aftershock activity is however
not clear. The cumulative moment released by aftershocks is
usually much lower than the one associated with afterslip,
which implies that postseismic deformation is unlikely to be
due to aftershock activity. The similar time decay and
duration of postseismic deformation and aftershocks
rather suggests that aftershocks are induced by afterslip
[Wennerberg and Sharp, 1997; Schaff et al., 1998; Perfettini
and Avouac, 2004, 2007; Perfettini et al., 2005; Hsu et al.,
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2006; Savage et al., 2007]. But there are alternative models
which explain aftershock triggering by the static [Dieterich,
1994] or dynamic [Gomberg et al., 1998] stress change
associated with the main shock, or by fluid flow [Nur and
Booker, 1972].

[3] Postseismic deformation is most often localized
around the rupture zone, and is thus modeled as afterslip
on the main shock fault. However, there are observations of
long-range diffuse deformation following large earthquakes
[Nur and Mavko, 1974], which can be modeled by
viscoelastic relaxation of the lower crust or upper mantle.
Another potential candidate for postseismic deformation is
poroelastic deformation. At large depth below the seismo-
genic zone, a ductile creep law may be more appropriate
than friction laws [Montési, 2004]. Distinguishing between
the different mechanisms is difficult on the basis of available
data [Montési, 2004]. In some cases, several processes have
to be involved to fit the data [Deng et al., 1998; Pollitz et al.,
20006; Freed et al., 2006a]. Afterslip is often comparable with
coseismic slip (see Pritchard and Simons [2006] for a review
on afterslip in subduction zones), even if there are very large
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variations in the amount of afterslip from one event to another
one [Melbourne et al., 2002; Marone, 1998; Pritchard and
Simons, 2006]. For instance, the M7.6 1994 Sanriku-Haruka-
Oki earthquake in Japan had very large afterslip, with
cumulative seismic moment a little larger than the coseismic
moment [Heki et al., 1997]. Takai et al. [1999] also reported
afterslip as large, in term of seismic moment, as coseismic
slip for a much smaller M = 5.7 earthquake in the same area.
For the 2004 Parkfield event, the moment of the postseismic
slip for the first 60 days was about twice the coseismic
moment [Langbein et al., 2006].

[4] The rate-and-state friction law, introduced by Dieterich
[1979] based on laboratory friction experiments, has been
frequently used to model both afterslip [e.g., Marone et al.,
1991], slow earthquakes [e.g., Yoshida and Kato, 2003; Liu
and Rice, 2005], and seismic activity [e.g., Dieterich, 1994].
Depending on the parameters of the rate-and-state friction
law, the model is either stable (aseismic slip), or able to
produce slip instabilities (earthquakes). In the unstable
regime, the rate-and-state friction law provides a relation
between stress history and seismicity [Dieterich, 1994]. This
relation can be used to predict the seismicity rate triggered by
any stress change, such as static [ Dieterich, 1994] or dynamic
[Gomberg et al., 1998] stress change induced by a main
shock, postseismic slip, or transient deformation associated
with intrusions or eruptions [Dieterich et al., 2000], slow
carthquakes [Segall et al., 2006; Lohman and McGuire,
2007] or tides [Cochran et al., 2004]. Extensions of the
original theory to include stress heterogeneity as a funda-
mental aspect of aftershock process has further improved
matches with observations, including where aftershocks
occur and modifications to the time dependence of the decay
[Marsan, 2006; Helmstetter and Shaw, 2006]. This extension
explains why many aftershocks occur on the main shock
rupture area, where stress decreases on average after the main
shock, but with stress heterogeneity both stress increases and
stress decreases occur.

[5] Previous studies have modeled afterslip using the rate-
and-state friction law [Rice and Gu, 1983; Scholz, 1990;
Marone et al., 1991; Boatwright and Cocco, 1996; Marone,
1998; Wennerberg and Sharp, 1997; Schaff et al., 1998;
Hearn et al., 2002; Hearn, 2003; Miyazaki et al., 2004;
Johnson et al., 2006], or a simpler rate-dependent friction law
[Montési, 2004; Perfettini and Avouac, 2004, 2007; Perfettini
etal.,2005; Langbein et al., 2006; Hsu et al., 2006]. Most of
these studies have assumed that afterslip is associated with
stable faults in the velocity-strengthening regime. They have
also assumed that faults are close to the steady state regime
during afterslip. With this approximation, the friction coeffi-
cient only depends on slip velocity, which simplifies the
analysis. Most of these studies used slider block models, with
one or a few blocks, but recent studies have developed
continuous faults models [Hearn et al., 2002; Hearn, 2003;
Johnson et al., 2006; Perfettini and Avouac,2007], which can
account for heterogeneity of slip and of friction law param-
eters, and elastic interactions between different parts of the
faults. All models have been rather successful in matching
afterslip data. However, they also bring new problems.

[6] While most afterslip usually occur above [Marone et al.,
1991; Marone, 1998; Hsu et al., 2006] or below [Langbein et
al., 2006; Perfettini and Avouac, 2007] the seismogenic zone,
in many cases some afterslip is also found at the same depth as
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coseismic slip [Hearn et al., 2002; Miyazaki et al., 2004;
Langbein et al., 2006; Johnson et al., 2006; Hsu et al., 2006].
Aftershock zones also frequently overlap with afterslip areas
[Miyazaki et al., 2004; Langbein et al., 2006; Hsu et al., 20006,
2007; Perfettini and Avouac, 2007]. In the case of 1999 Izmit
earthquake, there was a large patch of aseismic slip around the
hypocenter [Biirgmann et al., 2002], in contradiction with the
common assumption that afterslip is limited to velocity-
strengthening zones. To account for these observations, some
researchers invoked either small-scale spatial [Miyazaki et al.,
2004; Johnson et al., 2006] or temporal [Wennerberg and
Sharp, 1997; Hearn et al., 2002] variations in the friction
parameters. The mixing of small-scale spatial variations of
stably sliding and unstably sliding is the most widely proposed
explanation. Only Boatwright and Cocco [1996] evoked the
possibility that afterslip can be produced by faults that are
slightly velocity weakening. They used numerical simulations
of a spring slider system to model crustal faulting, including
dynamic rupture, aftershock triggering and aseismic slip
events. Boettcher and Jordan [2004] also suggested that, for
mid-ocean ridge transform faults, seismic and subseismic slip
can occur on the same fault patch.

[7] In this work, we study analytically and numerically
the postseismic slip in the rate-and-state model, without
using the steady state approximation. We show that afterslip
and slow earthquakes are not limited to stable faults, but can
also occur in seismogenic zones. We also fit the model to
the afterslip data measured following the 2000 ,,8 Denali
earthquake [Freed et al., 2006a, 2006b], the 2004 M,,6
Parkfield earthquake [Langbein et al., 2006], and the 2005
M, 8.7 Nias event [Hsu et al., 2006].

[8] Afterslip transfers stress from sliding to locked parts
of the fault, and is thus a potential mechanism for aftershock
triggering [Boatwright and Cocco, 1996; Wennerberg and
Sharp, 1997; Schaff et al., 1998; Perfettini and Avouac,
2004; Hsu et al., 2006; Bourouis and Bernard, 2007].
Dieterich [1994] demonstrated that postseismic stressing
following an earthquake can reproduce an Omori law decay
of aftershocks. The suggestion that afterslip triggers after-
shocks is based on the observation that both afterslip and
aftershock rate roughly decay as the inverse of the time
since the main shock. There is as well some spatial
correlation between the inferred location of afterslip and
aftershocks [Hsu et al., 2006]. However, there is a priori no
reason to expect that aftershock rate is proportional to stress
rate. In particular, in the rate-and-state friction model,
earthquakes can be triggered at very long times following
a stress change. The relation between stress history and
seismicity rate is indeed complex and nonlinear [Dieterich,
1994]. We thus use the complete rate-and-state friction law
in order to model afterslip and aftershock activity.

2. Modeling Aftershocks, Afterslip, and Slow
Earthquakes With the Rate-and-State Friction Law
2.1. Slider Block Model With Rate-and-State Friction

[9] We use the rate-and-state friction formulation of
Ruina [1983], based on Dieterich [1979]

14 ov*
M:;L*—Q—Alnﬁ—i—Bln DL (1)
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Table 1. Notations
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Parameter Equation Description

A, B (1) coefficient of the rate-and-state direct and evolution effects
c characteristic time of Omori law for aftershock rate

1) %) slip

D, (2, 3) characteristic slip distance

G 5) shear modulus

¥ (52) seismicity state variable, inversely proportional to seismicity rate
k k., kg 4,7, 13) spring stiffness, and threshold for slip instabilities and accelerations
1Ly u*, 1o (1, 4) friction coefficient, characteristic and initial value

Jss(V) (6) friction coefficient at steady state

V), (V) (15, 8) friction threshold for slip accelerations and instabilities
L. %) crack length and critical value

m (60) ratio of characteristic stress change and Ao

N (55) cumulative number of aftershocks

0, 0y (2, 3) state variable and initial value

p (48) exponent of slip rate decay

p Omori exponent for aftershock rate

R(1), Ry (51) seismicity rate, and initial value just after stress change

r (52) seismicity rate at constant stressing rate equal to 7,

o 4) normal stress

t time since main shock

fo, 1, 1 (19, 27, 45, 48) characteristic times for afterslip (start of power law decay)
t, (28) duration of the nucleation phase-characteristic time of tectonic loading
t; (34, 35) time of slip instability

t. (64) crossover time for aftershock rate

[ (61) time of seismicity rate peak

T, To, TI 4) shear stress, initial value and tectonic load

Tmax (63) maximum stress change due to afterslip

AT (51) coseismic stress change

V, V', Vo, (1,9) slip rate, characteristic and initial values

Vi, Vi, Va (23, 50) constant loading rate
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where p* and V* are constants, 4 and B are friction
parameters, D,. is the critical slip distance, and 0 is the state
variable, which will evolve with slip and time. The state
variable is often interpreted as the average age of contacts
on the fault. All notations are listed in Table 1.

[10] Most experimentally derived values of D, are of
order 1 to 100 um [Marone, 1998]. There is much debate
whether these values are applicable to real faults. The
critical slip distance is found experimentally to increase
with fault roughness and with the gouge layer thicknesses
[Marone, 1998], so it may be larger for real faults. Large
values of the slip weakening distance, of the order of 0.1 to
1 m, are usually inferred from seismic inversions [e.g., Ide
and Takeo, 1997], or from friction experiments at high slip
rate due to frictional heating [Zsutsumi and Shimamoto,
1997] or melting [Hirose and Shimamoto, 2005], or to the
formation of a thin layer of silica gel on the fault surface
[Goldsby and Tullis, 2002; Di Toro et al., 2004]. Seismo-
logical inferences are, however, generally only upper
bounds, owing to bandwidth limitations [Guatteri and
Spudich, 2000].

[11] The friction parameters 4 and B are of the order of
0.01 and are found experimentally to depend on environ-
mental conditions such as temperature and on the fault
gouge properties [Scholz, 1990; Marone, 1998]. For real
faults, a first transition is expected from velocity strength-
ening to velocity weakening associated with the transition
from unconsolidated gouge to lithified and indurated gouge.
A second transition between velocity weakening and veloc-
ity strengthening is expected at a temperature of about
300°C. This model thus explains the distribution of seis-
micity with depth [Scholz, 1990].

[12] There are a couple of evolution laws for the state
variable that have been proposed by Ruina [1983] to explain
the friction experiments of Dieferich [1979]. Most studies
who used the rate-and-state friction to model aftershocks,
afterslip or slow earthquakes used the aging law [Marone et
al., 1991; Dieterich, 1994; Liu and Rice, 2005, 2007]

Eag . 2
dt D. @)

In the slip law, the state variable obeys

N

D, D’ 3)
Recent experimental works suggest that this law may better
explain experimental data for large changes in slip rate
[Bayart et al., 2006], but it does not explain changes in
friction with time at zero slip velocity [Beeler et al., 1994].
The slip law may be more adapted to study the nucleation
phase, while the aging law may be better for the interseismic
phase [Ampuero and Rubin, 2008]. In this work, we chose
the aging law for its simplicity and to compare with
previous studies on afterslip. We also performed numerical
simulations with the slip law. We found that both evolution
laws produce qualitatively similar behaviors (afterslip, slow
earthquakes, and aftershocks), but that the slip law is more
unstable than the aging law. For instance, the range of
parameters that produce slow earthquakes is smaller for the
slip law than for the aging law.

[13] Following Rice and Gu [1983], Gu et al. [1984], and
Dieterich [1992], we model a fault by a slider spring
system. The slider represents either a fault or a part of the
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fault that is sliding. The stiffness k represents elastic
interactions between the fault patch and the ductile deeper
part of the fault, that is assumed to creep at a constant rate.
This simple model assumes that slip, stress and friction law
parameters are uniform on the fault patch. The friction
coefficient of the block is given by

T 1 —kb

/J‘:E: P ’ (4)

where £ is the spring stiffness, o is the normal stress, 7 the
shear stress on the interface, 7, is the remotely applied stress
acting on the fault in the absence of slip, and —k0 is the
decrease in stress due to fault slip. We consider the case of a
constant stressing rate 7; = kV), where V; is the load point
velocity. The initial stress may be smaller or larger than
steady state friction owing to coseismic slip on the fault
patch or on adjacent parts of the fault. Expression (4)
neglects inertia, and is thus only valid for low slip speed in
the interseismic period. The stiffness is a function of the
crack length / and shear modulus G [Dieterich, 1992]

k~GJl. (5)

In the steady state regime 0 =0, the friction law (1) becomes

palV) = it (4~ B)no, (©
both for the aging and slip laws. If 4 < B, friction at steady
state decreases with slip rate (“velocity-weakening”
regime). In the case 4 > B, ugy(V) increases with V
(“velocity-strengthening” regime). The ratio B/A4 is thus the
main parameter that controls the behavior of the model.

[14] Depending on the parameters B/A, k/k., and on the
initial stress, the system exhibits either afterslip, slow earth-
quakes, or a slip singularity (aftershock). We define “after-
slip” as aseismic slip at continuously decreasing slip rate.
The term “‘slow earthquakes™ is used to describe cases
when slip rate accelerates but then decreases without
producing a slip instability. We call an “aftershock”™ a fault
that accelerates up to instability. In the absence of tectonic
loading, slow earthquakes occur only if the fault if loaded
above steady state by the main shock. If a tectonic loading is
introduced, slow earthquakes can be produced even if initial
stress is below steady state.

2.2. Stability Condition

[15] A linear stability analysis of the steady state of the
rate-and-state friction law with both evolutions laws was
done by Ruina [1983]. A nonlinear stability analysis was
later performed by Gu et al. [1984] for the slip evolution
law and by Ranjith and Rice [1999] for the aging law.
Stability is controlled by the ratio B/A4, by the initial friction
1o and slip rate V), and by the ratio k/k., where the critical
stiffness is defined by Ruina [1983]

k. = o(B-4) ) (7)
D,
Note that k. defined by (7) is negative for 4 > B. For a fault
patch of length / in an elastic medium, the condition & < k.. is
equivalent to [ > [. =~ G/k. [Dieterich, 1992].
[16] For a one degree of freedom slider block driven at
constant loading velocity V; with the aging law (2), the
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conditions of stability are [Ranjith and Rice, 1999] (1) for
A > B the fault evolves toward the steady state regime V=V,
and slip instabilities never occur, as for the slip law; (2) for
A < B and with a constant loading rate V), the system is
unstable for k£ < k. (V' goes to infinity in finite time) and
stable for k > k. (V' evolves toward V; at large times); (3) for
A < B, k <k, and V; = 0, the system is unstable if initial
stress is larger than (V) defined by

IU’I(V) = II’A\‘.S'(V) - Bln(l - k/kc)7 (8)

and stable for p < p/ (V).

[17] The slip law is more unstable than the aging law. Slip
singularities can occur in the slip law even when k > £, for
large stress steps [Gu et al., 1984], but do not exist for the
aging law in this case. In the slip law, the stress at the
stability boundary is u.(V) + Bklk. [Gu et al., 1984],
smaller than in the aging law (8).

2.3. Condition for Initial Acceleration

[18] Inaddition to the stability of the model, which provide
the asymptotic slip rate at large time, we are also interested in
the short-time behavior. Even in the unstable regime, the slip
instability can be preceded by a transient decrease in slip rate
(afterslip). Stable systems can produce transient accelerations
of slip rate which do not reach instability, i.e., slow earth-
quakes. In order to obtain slip accelerations, we need both
small enough stiffness and large enough stress. For large
stiffness, slip of the block induces a large decrease of stress,
that results in decelerating slip rate. The maximum stiffness
able to produce slip accelerations has been derived previously
[Dieterich, 1992; Rubin and Ampuero, 2005; Perfettini and
Ampuero, 2008]. We estimate below the friction threshold
above which slip accelerates. We first consider the case where
the loading rate is negligible, because we are primarily
interested in modeling afterslip and slow earthquakes trig-
gered by a stress perturbation.

[19] We rewrite the rate-and-state friction law (1) and (4)

as
N
V=Vyer (%) , 9)

where V, and 0, are the initial values of V and 60
respectively. Taking the time derivative of (9), acceleration
of the slider is given by

T — kv Bé
Thus slip accelerates if
0 #—kv
<" o5 (11)

If slip rate is much larger than the loading rate, we can drop
out the term 7; in (10). Using the state evolution law (2), we
get the limit value for the state rate

1 1
1 —Bo/kD. 1—kg/k’

0. (12)
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where the characteristic stiffness k3 is defined by

Bo
kp = D.. (13)
By definition of the state variable (2), state rate is always
less than 1. This implies that accelerations are possible only
for 6, < 1, which is equivalent to k& < kg [Dieterich, 1992;
Perfettini and Ampuero, 2008].

[20] We can rewrite equations (1, 2, and 6) to get a
relation between friction and state rate

= (V) + Bln(1 - 8), (14)
which gives the value of the friction j1,(V) corresponding to
V=0

1 (V) = 1 (V) = BIn(1 — k/hg). (15)
For k < kg, the minimum stress necessary to produce an
acceleration (V) is thus larger than its steady state value.
As stiffness k/kp decreases, this threshold decreases toward
1ss(V). Tt is thus much easier to produce slip accelerations.

[21] Slip accelerations can occur as well for velocity-
weakening or velocity-strengthening faults, as noted previ-
ously [Dieterich, 1992], because parameter 4 does not
appear in equations (13) and (15). However, if 4 > B,
“the displacement during unstable slip may be quite small,
because 6 will soon evolve to steady state, velocity strengthen-
ing, which will stabilize the slip” [Dieterich, 1992].

[22] We found in numerical simulations that the stability of
the system is controlled both by the initial sign of /" and 6. If
both Vand € increase, the slider will eventually decelerate
before reaching slip instability. For the system to reach
instability, we need both Vo> 0, 0 <0 and 0 < 0. The state
acceleration is given by (taking the time derivative of (2), and
using expression (10) of 7, and expression (2) of )

A Ao

‘:fHVfQVZH_V(B 1 kDC>+kV (16)

0 —.
D, D, Ao

The condition for 6 < 0 thus corresponds to 6 < 1/(1 — k./k) or
to a friction larger than p/(V) (8). We thus recover the
condition for instability derived by Ranjith and Rice [1999]
using a nonlinear analysis of the rate-and-state friction law
with the aging law and for negligible loading rate.

[23] The friction at the stability limit (8) for 4 < B and k <
k. 1s larger than the condition for initial acceleration (15) of
the slider. Between these two values, there is thus a range of
parameters for which we observe slow earthquakes,
followed by a classic afterslip relaxation, in both the
velocity-strengthening or velocity-weakening regimes.

[24] If we include a stressing rate 7, accelerations are
possible for a stiffness larger than kp. If slip rate is very
large so that 6/ in (11) can be replaced by —V/D,, the
condition for acceleration (11) becomes [Dieterich, 1992]

k<kp+7/V. (17)
With a positive loading rate, slow earthquakes can thus
occur even for p < ug (V) and k > kg, because in that case
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Figure 1. Different postseismic behaviors as a function of

B/A and Fk/kg. Points labeled P;, P>, and P; refer to
parameter sets used in Figure 5. Numbers in parentheses
correspond to the asymptotic regimes described in section 3
and Table 2 which can be observed for each range of
parameters k/kg and A/B.

the threshold for acceleration is smaller than 1,(7), and can
even be below steady state if slip rate is lower than the
loading rate. With the aging law, purely periodic slow
earthquakes occur only at the stability transition, for k = .
and B > A. In contrast, the slip law can produce periodic
events for a finite range of model parameters, with £ < £,
and B > 4 [Gu et al., 1984].

[25] In summary, the existence of instabilities is con-
trolled by the stiffness &, by the ratio B/4 and by the stress
level. Instabilities, with slip rate increasing up to infinity,
are possible only for k < k., while &z controls the existence
of slip accelerations. But in order to produce slip instabil-
ities or accelerations, we also need large enough stresses.
The minimum stress required for accelerations and insta-
bilities are defined by (15) and (8), respectively. Figure 1
illustrates the different postseismic behaviors as a function
of B/A and k/kg. Figure 2 represents the same results as a
function of B/A and |k/k.|. Figure 3 illustrates the trajectories
of the system in a diagram of friction versus slip rate, in the
different stress regimes, for simulations with 4 < B, k < k.
and without loading rate. Depending on the value of the
friction relative to 1,(¥) and p(V), we get either afterslip,
slow earthquakes, or aftershocks.

2.4. Slow Earthquakes

[26] Rice and Gu [1983] and Gu et al. [1984] analyzed
analytically and numerically a one degree of freedom slider
block model and found that this model can produce slow
slip transients that are similar to the slow earthquakes or
“creep events” observed in nature. In the model, slow
earthquakes occur close to the stability transition either as
individual events triggered by a stress change or as
spontaneous periodic events. Slow earthquakes can be
triggered by a main shock if it loads the fault above steady
state (u > u,). But slow earthquakes can also be produced
by the tectonic stress. With a positive loading rate, slow
earthquakes can occur even for k > kg and for stress smaller
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