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Water vapor as an active scalar in tropical atmospheric dynamics
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Water vapor is a constituent of the tropical atmosphere which, though to a significant extent locally
controlled by vertical advection, precipitation, and surface evaporation, is also affected by
horizontal advection. Water vapor affects the flow in turn, because a humid atmosphere supports
deep, precipitating convection more readily than a dry atmosphere. Precipitation heats the
atmosphere, and this heating drives the flow. Water vapor is thus a dynamically active constituent.
Simplifications to the primitive equations of dynamical meteorology, based on the so-called weak
temperature gradient approximation, are presented which highlight this behavior. The weak
temperature gradient approximation is valid on large scales near the equator. It eliminates gravity
waves, leaving only balanced dynamics, though the fundamental balance occurs in the temperature
rather than the momentum equati@s is customary in most balance models of geophysical fluid
dynamicg. The dynamical role of water vapor is examined in a couple of idealized contexts, where
either the vertical or horizontal structure of the flow is severely simplified.2@2 American

Institute of Physics.[DOI: 10.1063/1.1480795

The study of atmospheric and oceanic dynamics has ben-
efited from the development of “balance models” in
which fast inertia-gravity waves are eliminated. Such
models, of which the prototype is the quasigeostrophic
model, are economically expressed in terms of an active
scalar, known as the potential vorticity. Models of this
type have been useful primarily for describing the extra-
tropical flow, as they assume that the divergent flow is
negligible compared to the rotational flow and(relatedly)
that diabatic heating is unimportant, both very question-
able assumptions in the tropics. Here | describe a balance
model for the tropical atmospheric flow based on more
empirically appropriate assumptions. In this model the
balance is between heatingvariations of which are domi-
nated by variations in precipitation) and vertical advec-
tion of potential temperature. Thus the precipitation
largely controls the divergent flow, which in turn controls
the rotational flow. Atmospheric water vapor is advected
by both components of the flow, and in turn its distribu-
tion influences the distribution of precipitation. Water va-
por is thus an active scalar in the tropical atmosphere,
and its role as such is highlighted in the balance model
presented here.

I. INTRODUCTION

Current theoretical understanding of the large-scale bel

ments in the limit of strong rotation and stratificatiemall
Rossby and Froude numbgiend weak viscosity and diaba-
tic heating. These approximations eliminate fast inertia-
gravity waves, leaving only slow rotational motions. The
only remaining linear wave mode is the Rossby wave, whose
restoring mechanism depends on the rotation and sphericity
of the earth. The model equations can be phrased in terms of
a scalar called the potential vorticiff?V), a Lagrangian in-
variant for adiabatic and inviscid flow. Through the assump-
tion of a diagnostic, instantaneous relationship between the
mass and momentum fiel@$alance”), and given appropri-

ate boundary conditions, the entire flow—both mass and mo-
mentum fields—can be obtained from the PV distribution by
solving an elliptic equation. Thus the entire flow dynamics is
reduced to the dynamics of a single scalar which controls its
own evolution.

Here | discuss th&opical atmosphere, to which the no-
tion of balance has historically been applied with rather less
success than to the extratropical atmosphere. | will outline
some recent theory which provides a somewhat new picture
(though having many partial precedents in the litergtofe
balanced tropical dynamics. In this picture, PV is demoted in
importance, but is partly replaced at the core of the dynamics
by another advected scalar which plays an active role in con-
trolling the flow: atmospheric water vapor. Primarily, the ac-
iveness of water vapor comes here through its effect on

havior of theextratropicalatmosphere and oceans rests to ad€€p, precipitating convection, which heats the atmosphere.
large extent on the concepts of balance and potential Nis heating drives the flow, which in turn controls the water
vorticity. Reduced equation systems such as the quasigedapor distribution.

strophic modef, which express these concepts, can be de-

Length constraints preclude a review of the basic physics

rived from systematic approximations based on scaling arguef water vapor in the atmosphere, though this would be help-
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ful to the nonspecialist reader. Most of the relevant informa-
tion has been summarized in a recent review arficle.
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II. BASIC EQUATIONS convection.Q,. thus represents release of latent heat by con-
densation of water vapor or freezing of liquid water as well

: X . as subgridscale transpoftgenerally considered to occur pri-
statically balance)d equatlpns of dynamical m?tfaoro'f’@.yz marily in the vertical directionof heat.Q, represents sub-
The equations for potential temperature, specific humidity

: ) . atiridscale transports of water vapor as well as loss by
horizontal momentum, and mass conservation are, in th iof e
condensation. Qg represents diffusive or turbulent trans-

We start by considering the “primitive{though hydro-

order: port by motions not directly associated with deep convection.
Do We will assume that this term is only important in a shallow
Dt =Qr, 1) planetary boundary laygPBL) near the surface.

In addition to the interior source and sink terms which
@:Q 2 appear .in Eqgs(l) and(2), there are boundary.ﬂuxes of heat
dt a and moisture, referred to as the surface sensible heat flux and
the surface latent heat flux dequivalently surface evapo-
du : : :
— +fkXu=—VD+F, (3)  ration. Over the tropical oceans, the surface sensible heat
dt flux is relatively small and can be neglected compared to the
I poW) surface evqporation. _

V- u+p, 1T =0. (4) To obtain a closed dynamical system, we neepamam-

eterizethe source term., Qgr, Qq, etc., as functiongor

6 is the potential temperaturéd=T(ps/p)¥/°, with R functional$ of the large-scale state variabl€sqg, u. Q. and
the gas constant for dry air ag the heat capacity of dry air Qq in particular are determined by aconvective
at constant pressurg, pressure ang, a reference value of parametrizatiorf often the source of some controversy.
the surface pressurg,specific humidity(mass of water va- Space precludes a detailed discussion of the parametrization
por per unit mass of aiy u horizontal velocity,V horizontal ~ problem here, but a few useful textbooks and review vol-
gradient on pressure surfacds= [ g dZ* the geopotential UMES exist™ For our purpose the key property of most
on a pressure surfadwith z* geometric height of the sur- Modern convective parametrizations is that they depgnd toa
face andg gravitational accelerationF frictional forces,k  large degreesometimes exclusivelyon the local vertical
vertical unit vector. The Coriolis parameter=2() sin ¢, profiles of T and q at a given horizontal location, as these
with Q the rotation rate of the earth antithe latitude. The Variables determine the stability of the atmosphere to moist

total derivative is defined convection.
D J J J J IIl. TROPICAL DYNAMICS
= fU—tD— FW—
Dt ot ~ox a9y 9z In the extratropicsf is large enough and the flow weak

with u= (u,v,w) the velocity components. The 9d)—(3) is  enough that the Rossby number for large-scale flow is often

stated in a log-pressure vertical coordinate, which in practicémall,

is close to geometric height. The lack of a time derivative in U

the mass conservation equati@f) is a consequence of the Ro= ﬁ<l’

coordinate surfaces’ having constant pressure and the as-

sumption of hydrostatic balancgg is a basic state density, with U, L the velocity and length scales. The dominant bal-

assumed to be a function afonly. To a reasonable approxi- ance in the momentum equation is then geostrophic:

mation, by hydrostatic balancgy~exp(—2z/H) where the FKX U= — V@ )

scale heightH=R(T)/g with (T) a layer mean temperature '

over the troposphere arRlthe gas constant for air. In every- Using this and a couple of other assumptions as the basis of

thing that follows we will make thg8-plane approximation, a consistent scale analysis, the quasigeostrophic equations

in which the horizontal coordinate is taken Cartesian nd can be derived These equations have only rotational solu-

=fy,+ By, with B, f, constants. At times we will consider tions, excluding inertia-gravity waves. They allow the entire

either the ‘f plane,” 8=0, or the “equatorialg@ plane,” f,  flow to be specified by the self-determined evolution of a

=0. single scalar, the potential vorticity, given appropriate bound-
The right-hand sides of Eqd9l) and (2) represent ary conditions: In addition to small Ro, the other key as-

sources and sinks of heat and moisture due to unresolvesimptions are that the Froude numMeatio of inertia to

processes, such as radiative transfer of electromagnetic estratification effects be small, that the meridional length

ergy, or to processes that are ultimately fluid-dynamical buscale of the motions not be too larg8l(<f,), and that the

are “sub-gridscale” with respect to some smoothing filter right-hand side term®+ andF be small. IfQ; can be en-

that is implicitly understood to have been applied to thetirely neglected, the entire moisture equati@ can be ne-

equations, leaving second-order correlation terms in the filglected also, because it is only throu@k that g can influ-

tered scalesWe can write ence the flow.
—0.40utOn Close to the equator, quasigeostrophic theory fails. Geo-
Qr=Qc*+ Qrt Quit strophic balance expressed by H§) still holds to some

whereQg represents radiative heating or cooling, @dis  degree, but ag—0 as one approaches the equaféd
the apparent source of heat associated with buoyant moist0 also, because no other term in the momentum equation
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Climatological Jan. Precip (mm/d) of orderf~!, and the balanced state eventually reached has

characteristic length scaleg=c/f, wherec is the gravity
wave speedt  is known as the Rossby deformation radius.
At the equatorL g becomes infinite, and thfeplane analysis
predicts that balanced pressure and and temperature varia-
tions will have infinite spatial scale. This is qualitatively cor-
Climatological Jan. Sea Surface Temp. (C) rect for the zonal variations, which have very little amplitude
R TR o r A AT ” near the equator as Fig. 1 shows. The meridional structure
Ef . &/tﬁ%m%@% requires a little more explanation than thelane analysis
%3& ¢ @i?ﬁj@{*‘*g Fool 25‘)55 E& e can provide. On the equatorigtplane, we can heuristically
%i\ I e *"'h“{ O] 2::252(\% J/(_zs : derive the natural meridional adjustment length stgjeby
computing the latitude at which the distance from the equator
is equal to the local g, usingf= By,

0 60E 120E 180 120W 60w

o

Lo C
B_BLB'

and so arrive at z=(c/g)*2 This is of order 2000 km for
motions spanning the depth of the troposphere in the vertical,
FIG. 1. Climatological January mean fields of precipitatiopper panel, and comes out as the natural meridional scale in both the
mmdY), sea surface temperatumiddle panel, °G, and temperature at linear equatorial wave problér‘hand nonlinear axisymmetric
500 hPa(lower panel, °G. models of the overturning Hadley circulation in the
tropics2°16
Temperature and pressure variations can therefore be ex-

is capable of balancing large gradientsexcept on the short pected taand dg have very little horizontal structure within
time scales characteristic of gravity wayeshe Coriolis ef-  the tropics, for the same reason that such variations are near
fect is not the strong constraint on the dynamics that it is ageostrophic balance with the winds outside the tropics. When
higher latitudes. Just as importantly, the character of théhe adjustment is to a sustained convective heating rather
tropical circulation is strongly determined by the spatial andthan an initial unbalanced anomaly, the process is sometimes
temporal structure of the heatii@, , so that the assumption called “convective adjustment* rather than geostrophic
of dry adiabatic dynamics is inappropriate, even qualita-2djustment, but there is no fundamental difference.
tively. If we wish to define a balanced dynamics that is rel- ~ Given the smallness of temperature gradients, andthe
evant to the large-scale tropical circulation, it needs to bériori statement that the heatiiy is important in determin-
based on a different set of assumptions from those used ifig the flow, it follows that the dominant free-tropospheric
the extratropics. balance—that is, excluding the PBL—on large scales in Eq.

Figure 1 shows several climatological January-mearl) is
fields according to recent observational estimates. Figure 1 96
shows precipitation® sea surface temperatu(8ST),'* and W——~Qc+Qg. (6)
atmospheric temperatifeat a pressure of 500 hPa, in
midtroposphere. Precipitatiofiand henceQ.), is highly  The validity of the approximate equalifyp) has been long
structured in space. The SST pattern is broader in scale, buécognized, but its use as the dominant balance in a system-
upon examination bears a clear resemblance to the precipitatic scaling argument leading to a balanced dynamics is ba-
tion; a warmer ocean surface appears to support more raisically quite recent, and it is this that we emphasize here.
The midtropospheric temperature, however, is nearly conSome earlier studié$2! formulated approximate reduced
stant throughout the entire tropical béftotice that the con- equations for dry dynamics—that ®;; given, and no mois-
tour interval for the bottom panel is half that for the middle ture equation such as E@2) included in the model—in
one. which Eq.(6) was used as the temperature equation. Other

The smallness of the tropospheric temperature gradiergtudies have focused on the thermodynamics or “physics”
follows from the smallness oV® by hydrostatic balance, which determineQ., Qg, E, etc., in models which use Eq.
since given small surface pressure gradigmthich apart (6) but do not solve real fluid dynamical, that is momentum,
from hurricanes one can assume are also small in the tropiceguations?~2® That these two aspects of the problem have
again becauseis smal) the geometric height of a pressure often been studied separately is presumably a reflection of
surface, which determineb, is itself determined by the ver- the complexity of the moist problem, in which the source and
tical integral of temperature from the earth’s surface up to thesink terms on the right-hand sides of E¢B—(4) are explic-
given pressure surface. Dynamically, the small geopotentiatly parametrized in terms of the large-scale state variables
gradients(equivalent to small pressure gradients in geometq, etc.
ric coordinates result from the process of geostrophic It has been recently argugd®°that the problem of
adjustment?® Given initial mass and flow fields which are large-scale tropical moist dynamics can be significantly sim-
not in geostrophic balance, gravity waves adjust them towarglified by the systematic use of E¢6), which we call here
a state which is. On theplane, this adjustment takes a time the weak temperature gradiefiWVTG) approximation. The

oy =
120W
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essential idea is that for some applications, free-tropospherigorizontal dimension, and given the assumption of hydro-
variations of temperature in the horizontal and in time arestatic balance in the vertical, a SCM has essentially no fluid
small enough to be neglectdmth on the left-hand side of dynamics as such, i.e., it cannot have a meaningful momen-
Eq. (1), and wherever they may appear in the parametrizedtum equation. Nor does it have a closed mass budget in gen-
physics determining the right-hand sides of Eds.and (2). eral. It must be told what the rest of the atmosphere around it
Writing these dependencies dipartly) explicitly, in general is doing, and in practice this has been done by specifying

we have either the “large-scale” vertical velocityy, or the entire ver-
Do tical advection terms, in Eq§l) and(2), as well either speci-
ﬁ=QC(T,q,,,_)+QR(T,q,,__), (7)  fying or peglectlng the.horlzontal_ advection terms. Be(?ause
the dominant balance in the tropical free troposphere is Eq.
dq (6), variations inQ.. are large compared to those@g, and
E=Qq(T,q,---), (8)  the static stabilityg/9z cannot change much due to the

atmosphere’s need to maintain approximate neutrality to
where the dependencies on the right-hand sides may be nofioist convectiori?**3this practice strongly constrai ,
local in the Vertical, so that for example the convective heatand thus also the precipitation, since by conservation of en-
ing at one height generally depends on the entire verticagrgy the mass-weighted vertical integral@f is just the net
profile of T andq. Again we emphasize the dependencelon |atent heating from condensation in the colurtwhich is
andq as these are the primary variables to which most modproportional to the precipitation if we neglect the storage of
ern schemes respond. We expect convection to be most sefpndensed water in the atmosphere, as we can to a first ap-
sitive to the lower- and mid-tropospheric humiditgs op-  proximation. This prevents one from using a SCM to under-
posed to the radiative greenhouse effect, for which upperstand what controls tropical precipitation, independently of
tropospheric humidity is most important Under the WTG gl the important issues involved in constructing the physical

approximation Eqs(7) and(8) become parameterizations.
Pry N N Sobel and Brethertdh suggested enforcing E@6) ex-
w—=0Q.T,q,...)+0Qkr(T,q,...), (9) plicitly in a SCM, above a nominal boundary layer near the
9z surface. This eliminates temperature as a prognostic variable
dq _ in that region, so temperature must be specified there. The
gt Qu(T.a.-), (100 argument for this is that the temperature at a given vertical

. level in a limited horizontal area is constrained to be nearly
where the overbar represents a horizontal average sdthat the same as that at other locations in the tropics, by the
6 are functions only of, and perhaps time, though for many large-scale nature of dynamical adjustment near the equator
purposes we can take the tendency of the tropical mean tendiscussed previously. This temperature is thus determined by
perature to be negligibly small. Now, give(z), the tropical mean heat budget, which is insensitive to pro-
q(x,y,zt), and the other parameters on whiGh andQr  C€SSes occurring in the limited area in question, assuming it
depend, using mass conservation and boundary conditiodd Small in spatial extent compared to the rest of the global
(9) determines the horizontally divergent part of the flow tropics (and that the spatial distribution of the terms in the
independenthyof the momentum equation. Equati¢®) is a heat budget is reasonably smooth so that there is not a sin-
balance approximation, analogous to E%). As in quasigeo- gularity at the location of our SCM The advantage to this
strophic theory, free inertia-gravity wave solutions are ex-2pproach is thatv and henceQ. and precipitation are now
cluded when Eq(9) is used in place of Eq1). Physically, true output variables, determined by model physthsough
this is no accident. Both approximations assume the gedhe physics’ determination @ andQ, interactively with a

strophic adjustment process to be instantaneous, the diffefully prognostic moisture equatiomather than being directly
ence being on|y whethdris |arge or small. constrained by the inpUtS. A SCM run in this mode can be

Of Q. and Qg, it is the former which has the largest used to understand the influences that SST, surface wind

variability in space and time and thus whose spatial and tenspeed and evaporation, radiative processes, and horizontal

poral variations predominantly control the large-scale divermoisture advection can have on precipitation.
gent flow through Eq(6). The influence of horizontal moisture advection is of par-

ticular interest here and is illustrated by Figs. 2 and 3,
adapted from Ref. 27, to which the reader is referred for
more details of the procedure than | present here. A particular
The conceptually simplest application of WTG, and yetsingle column model, developed by Rénabal,**3" was
the most useful for understanding the basic idea and perhamsodified so that above a nominal boundary layer with top at
the most important in practice, is to single-column modeling.850 hPa(this model is formulated in pressure coordinates;
A single-column mode{SCM) has a vertical dimension only. pressure decreases upwards from a surface value slightly
For our purposes such a model should be thought of as greater than 1000 hPa, with 1 P00 N m ?), the tem-
single grid square of a global numerical model, and SCMgerature is fixed and the vertical velocity diagnosed from Eq.
can be used as such to test the physical parametrizations (&) as described previousl@+ is determined using the con-
global models! though they have had other distinct appli- vective parametrization of Emand®land the radiative pa-
cations in climate theorye.g., Refs. 32 and 33Lacking a  rametrization of Chotet al2® Below 850 hPa, the tempera-

IV. APPLICATION I: SINGLE-COLUMN MODELING
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is no source to balance this drying. The lower panels show
the corresponding steady-state solutions for each value of
SST corresponding to those traversed by the time-dependent
calculation. In the time-dependent calculation, the low values
of RH persist to much higher SST than in the steady-state
calculations. This can be viewed as the effect of horizontal
advection in a Lagrangian reference frame, assuming the en-
tire column moves with a uniform velocityno vertical
shea). This lower RH in the time-dependent calculation
causeghe onset of precipitatiofFig. 3) and upward motion
[Figs. 2b) and 2d)] to be delayed to considerably higher
SST than in the steady calculations. The casual role of the
humidity field can be inferred from the fact that nothing else
to which the convective and radiative parametrizations are
sensitive differs in the two calculatior{except for a small
difference the PBL temperature which can be shown to have

a secondary influengeThe free tropospheric temperature,
FIG. 2. Calculations done with a single column model in which the tem-gyrface wind Speed’ and other parameters are all identical,
perature is fixed and diagnosed from Eq(6) above 850 hPa. Below 850 but at any given SST the time-dependent calculation has a
hPa temperature is interactive. Relative humidRyH) and pressure vertical . _ " .
velocity («) are plotted. The top panels show a single time-dependent cal- Memory” of the drier conditions corresponding to the lower
culation in which the SST is increased in time, while the bottom panelsSST upstream.
show steady-state solutions reached for time-independent SST in the same The vertical structure of the RH deserves some consid-
raa:ggiﬁ.tgéhtirxﬁarameters are identical in the two calculations. Further deta“érati(')r.]. Deep convectiothere, pa_ramgtrize)dis_ ce.rtainly |

sensitive to boundary-layer humidity, since this directly in-

fluences the buoyancy of rising parcels. Boundary layer RH

ture is interactive, reflecting the fact that near the surfacedifferences between the two calculations are small but not
turbulent fluxes originating at the surfac® ;) overwhelm  insignificantly so. The free tropospheric RH, which shows
the large-scale dynamical adjustment and tie the near-surfadBuch greater differences between the simulations because it
air temperature to the local underlying surface temperaturedjusts more slowly to surface conditiofend does not ad-

The upper panels of Fig. 2 show relative humidigH) just at all if there is no convection to communicate those
and pressure vertical velocityy=dp/dt (which is negative ~ conditions to the free troposphgrelso affects deep convec-
for upward motion, as a function of SST for a time- tion, because entrainment of environmental air into cloud
dependent simulation in which the SST is increased in timélPdrafts reduces their buoyancy by an amount that increases
at a rate comparable to that which would be experienced as@ the environment gets drier. This mechanism, long
lower boundary condition by a column of air traveling equa-known;* has gained attention recenff}/*“?and some inter-
torward with the eastern Pacific trade winds, starting in theeSting variations on it have been propo§&t Its relative
subtropics. The initial condition is the steady-state solutioiMportance in this model could be ascertained through sen-
the model obtains, with no horizontal advection, for the ini-Sitivity studies, but certainly depends on the convective
tial SST of 23.5°C(This initial condition is different than Scheme’s entrainment parametrization and this, in any
that used in the corresponding time-dependent calculatiofcheme, is highly uncertain at present. The relative impor-
shown by Sobel and Brethertdf. This initial condition has ~tance of boundary layer and free-tropospheric humidity in
near-zero RH above 850 hPa, because downward motiggPntrolling convection therefore remains a fairly open issue.
dries the atmosphere and without horizontal advection there

V. THE WTG APPROXIMATION IN THE
¢) Rain rate QUASIEQUILIBRIUM TROPICAL CIRCULATION
15 i MODEL EQUATIONS

i A. Equations

— time dep
- — - steady /! ) ) ) ) )
/ To arrive at a simple model of moist tropical dynamics

which can illustrate the moisture/flow interaction in a more
complete way, we consider the WTG approximation as ap-
s plied to models with highly truncated vertical structure but
' full horizontal structure. The most well-developed example
, is the *“quasiequilibrium tropical circulation model”
s (QTCM).*** Thus we assume single, fixed vertical basis
0 = functions for temperature, humidity, and both horizontal and
24 26 28 80 vertical velocity, reducing the remaining dynamics to essen-
SST (C) ; : ; . . . .
tially two horizontal dimensions. The basis functions in the
QTCM are “tailored” to give empirically good solutions in

P (mm/d)

FIG. 3. Precipitation for the same set of calculations as in Fig. 2.
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the tropics andrelatedly to be consistent with physical as- is not necessary for the theorM s is the appropriate dry

sumptions in the convective parametrization, and consistersttatic stability, proportional té6/dz, while M is the “gross

with each other using basic constraints such as mass amdoisture stratification,” proportional t@q/dz and in this

energy conservation and hydrostatic balaftcBhe moisture  system a linearly increasing function gf V in the above

basis function is heavily weighted toward the lower tropo-represents the horizontal gradient only, amds a constant

sphere, so the appropriate measure of instability to convedRayleigh drag coefficient. Notice that the vertical velocity

tion includes the effects of both PBL and free troposphericdoes not appear explicitly in the above-mentioned equations;

moisture. by the assumption of a unique vertical structure it can be
The reader is referred to the original papers for details ofeplaced bys because the two are uniquely related by mass

the QTCM formulation, which we follow here except that conservation.

some notation is streamlined and, since we do not attempt to

compute solutions for realistic boundary conditions, we can

avoid being very specific about the physical parametrizaB. Properties

tions. Reduction of the three-dimensional equations t0 a The key approximation occurs in the temperature equa-
shallow-water system can also be done by other means, anfl, here Eq(11), in which tendency and horizontal advec-
IS in fact_ familiar in '_[roplcal meteorplogy. An advantagg 10 tion terms have been neglected as in E&). Equation(11)

this particular equation set is that it has been coded in agg, pe viewed as a Poisson equation for a divergent flow
explicit climate model with a consistent energy budget and Hotentialy, defined byV2y= 6, and so given boundary con-

specific set of physical parametrizations—which are simplitions this equation yields the divergent part of the flow,

but comparable in constructi.on to those in more SOphiStiTndependently from the momentum budget. The divergehce
cated models—so that solutions exist which can be com

k ; e thus obtained from Ed11) drives the vorticity equatiofil2)
pared directly with observatiorts. _ , through the last term on the left-hand side of the latter. After
Here, we discuss the following set in which the WTG

solving another Poisson equation to obtain the stream func-

approximation has begn made, meaning that we expliciltl)ﬁon(w’ with V2= ¢) and thus the rotational componentof
drop all terms depending on horizontal temperature variagom ¢, the entire flow is known and can be used in the

tions. We write the equations in vorticity-divergence form 5qyection terms for moisture and vorticity on the next time
since this captures the causality of the WTG system best. W§tep. The moisture equation couples to the rest of the dynam-
obtain for the simplest “WTG QTCM” system: ics by theq dependence dP, Qg E.

The divergence equatiaiproduced by taking the diver-

Mso=P(T.q)+Qr(T.q.P), (D gence of the momentum equation; not shpusto a first

al approximation not needed at all, but becomes a diagnostic

g T V(E+d)+(di+1)o=—al, (12 equation that can be used to estimate the small temperature
perturbation that has been neglected in Ed). The tem-

[ dq _ perature in this system thus plays a role analogous to that of

bl = +v-Va|—=Mq6=E(Ts,q,v) —P(T,q). (13)  vertical velocity in quasi-geostrophy, a next-order correction

that can be inferred by a consistency requirement on the
HereT is the heat capacity of air times the temperatgrthe  |leading-order solution. This requirement shows that the ne-
latent heat of vaporization of water times specific humidityglect of temperature variations on the left-hand side of Eq.
(so T and g have the same units of J/k§ which is often  (11) is formally valid for length scales small compared.ig
convenienk, andv the horizontal velocity, each function Bf  and time scales large comparedfto’, on anf plane®® On
y, t implicitly multiplying a basis function in the vertical the equatorialg plane this needs some refinement, but at
coordinate. The basis functions fdandq have a single sign least for the steady linear problem the approximation does
in the troposphere, while that far changes sign once with not seem to induce qualitative errdfs!’ Validity of the ne-
height, the sign in the above mentioned equations represenjiect of temperature perturbations in evaluatihgndR has
ing its value in the upper troposphere. The constant coeffibeen addressed to some degree in a few std@@$°Sev-
cientsd andb arise from projection on the basis functions. eral different versions of the dry WTG approximation, valid
We have defined on different space and time scales, have been recently de-
rived by Majda and Klein®
6=V, Dynamically, the system above is the shallow water
{=VXv equations, but with the divergence determined by an addi-
' tional scalar variabléq) with its own conservation equation,
andTg is the surface temperatufassumed given Here we  rather than by the interaction of the momentum equation
write P in place of Q. because all quantities can now be with a free-surface mass conservation equation. The elimina-
viewed as vertically averaged in such a way that, since théon of the latter interaction is what removes gravity waves
temperature and moisture variables now have the same unit@nd, on the equatorigd plane, Kelvin and mixed Rossby-
precipitation and convective heating are one and the samgravity wave$ from the system. The system contains two
Additionally, horizontal diffusion terms have been neglected,scalars, vorticity and moisture, which are advected by the
and in Eq.(12), vertical advection of momentum has beenflow and which in turn feed back on the flow, as opposed to
neglected. Neglect of these effects is for simplicity only, andthe one, PV, in quasigeostrophic dynami¢gnder WTG,
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because the temperature and hence stratification are horizon- ¢

tally constant at leading order, PV contains no information 7+v'ﬁ+fo5': —af’, (19

beyond what vorticity does. As a result there is no point in

using PV per se within WTG and so we phrase our argu- . ! — q’

ments in terms of vorticity.In this and other respects, our b(ﬁﬂllﬁq) Mg’ =——. (16)

system bears a strong formal similarity to the “zero Mach

number equations®*>? of combustion theory. Both arise as 7 is a “convective time scale,” typically hours to days

asymptotic limits which, in the adiabatic limit, would yield but essentially a free parameter for our purposes. We have

nondivergent flowthree-dimensional in the zero Mach num- neglected perturbations & andR for simplicity. These can

ber case, two-dimensional in the WTG c&%eln both cases be quite important in generating tropical atmospheric vari-

the retention of the source terms at leading order insteadbility, but have been studied to a significant extent in other

yields an equation in which the source terms directly yieldcontexts®~®*and we wish to focus on another process here.

the divergence, which in turn drives a vorticity equation,  Assuming solutions proportional to xfwt—kx—ly)],

yielding the total flow which advects constituents that arewe obtain a dispersion relation whose low frequency root can

dynamically active through their effect on the source termg>e approximated by

(moisture here, combustible species in the combustion).case K(fo—LgB)
Here, neither vorticity nor moisture is generally well w= 5 0_—g — .

conserved/{ is modified by both vortex stretching and fric- LoKo+i(I+A="Bk)

tion, while q is strongly affected by vertical motiofex- e K2 12112 -M MM M i

pressed here by), as well asE and P. Nonetheless the In this K*=k"+1" and Lq_MBz‘ﬂs’ where M =Ms~ My is

hori | ad . i Eo&?) and (13 be i the mean gross moist stabilty* is a length scale associ-
orizonta a vection terms n gel2) and(13) can be im- ated with the moisture gradient, and the constaat
portant, as illustrated above in the SCM results.

= Bq/ ™™ gb. These waves arise from interaction between the
moisture, vorticity, and divergence fields. A moisture
anomaly creates a precipitation and hence a divergence
anomaly, which over a time scal‘@1 spins up a vorticity
The dry WTG shallow-water system, that is, a systemanomaly; both the rotational and divergent flow anomalies
equivalent to that given previously but with a given right- advect the mean moisture afglanetary vorticity gradients
hand side to Eq(11) and no moisture equation, appears toto propagategand possibly damp or amplifythe moisture
provide a fairly good approximation to the steady linearand vorticity anomalies.
(“Gill” °% problem on the equatorigs plané®* (that is, The coupling between the two active scalars can be seen
fo=0, f=pBy), which at first glance is surprising since the by considering, first, the uncoupled “dry” casg =0, where
Kelvin wave, eliminated by WTG, is often thought to be anthe dispersion relation is that of the barotropic Rossby wave
important component of the solution to that problem. Ideal-

17

C. Behavior

ized shallow-water models of the nonlinear axisymmetric wz__gk, (18)
Hadley circulatior® seem also to survive the WTG approxi- K
mation with their key properties intact. and then the coupled moist case, but on fpane 8=0,

~ These dry solutions just show that the WTG approximayhere Rossby waves do not occur and for low frequencies
tion does not do major damage to previously well-\ o have

understood, classic results in tropical dynamics. Interesting
new behavior is more apparent when we consider the system fok
with an interactive moisture equation. A first example of this ~ “~ LqK2+i| '

is the linear wave modes which arise when the background

state has a constant latitudinal moisture gradi®mdepen- EQuations(18) and(19) are quite similar in form. Equation
dent evidence for similar or related modes has been seen (49 allows growth and decay whereas E8) characterizes
three-dimensional, nonlinear numerical simulations of in-ONly neutral modes, but fd=0 the expressions are the same

traseasonal tropical variabilif§:>” These modes result from UP 0 constants. For moisture decreasing poleward in the
interactions between the moisture field, divergence, and rd?asic state, the moisture wave propagates eastward where the

tational flow, and owe their existence to the horizontal mois-R0SSPy(vorticity) wave propagates westward. In the more
ture advection term. general case where E(.7) holds, the propagation dynamics
Linearizing Eqs(11)—(13) on the “midlatitude” 8 plane of the vorticity and m0|stu.re anomalies fight against .each
(the equatorial@ plane would be more appropriate, but other and we get cgncellatmn between the two terms in the
makes the analysis more complex—by adding a nonconstafimerator. Estimating the degree of cancellation from pa-
coefficient—without fundamentally altering the essential/@Meters consistent with observations is not entirely trivial,
wave dynamics f=f,+ By, and assuming a basic state but it appears it is significant, to the degree that the sign as

moisture gradien@gldy= 8, but no basic state flow, we well as magnitude of the phase speed is indeterminate. To the
d extent there are unstable modes, the cancellation will reduce

(19

obtain
their growth rates. The instabilitiggue only to the moisture
! . .
Vo' = q (14 ~Wave dynamicsare at low wave numbers in any case, and
S T’ the B-effect may well push them to scales larger than the
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