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The cross-channel tracer flux due to the combined effects of advection and diffusion is considered
for two-dimensional incompressible flow in a channel, where the flow is that due to a
monochromatic traveling wave and the boundary conditions at the walls are fixed tracer
concentration. The tracer flux is computed numerically over a wide range of the parameters
=U/c and 6=K/cL, with U the maximum fluid velocityc the wave phase speel, the tracer
diffusivity, andL the channel width. Prior work has used analytical methods to obtain solutions for

o either infinite (stationary overturning celloor small. In addition to the full numerical solutions,
solutions obtained using mean field theory are presented, as well as a new asymptotic solution for
smalle, and one for smalb due to Flierl and Dewar. The various approximations are compared with
each other and with the numerical solutions, and the domain of validity of each is shown. Mean field
theory is fairly accurate compared to the full numerical solutions for smalbut tends to
underpredict the tracer flux by 30—-50% for largeThe asymptotic solution derived by Flierl and
Dewar for smallsis found to break down wheéi~ ¢~ 2 rather than whed~ 1 as suggested by the
original derivation, and a scaling argument is presented which explains thi2000 American
Institute of Physicg.S1070-663100)00106-9

I. INTRODUCTION We study the flow

Simple, idealized flows are an attractive context for un- &= g Sin(ay/L)sin( [ x—ct]/L). 3
derstanding basic aspects of passive tracer transport. The in- , , ) ) . ,
sights gained from studying such models provide the build-The q.uan'uty of primary interest in the solution is the nondi-
ing blocks for analyzing and interpreting more realistic mensional cross-channel tracer flux, or Nusselt number Nu
flows. Here we present numerical calculations of the cross= —FL/KAq, where
channel advective-diffusive transport by a single traveling (?—l// aq
sinusoidal wave. Many examples of wavelike flows can be F=-—qg-K—
found, for example, in the oceans and atmosphere, although X %
real flows are neither purely monochromatic nor truly steadyang an overbar represents spatial averaging i tiesction
in any reference frame. In temporally varying flows, chaoticoyer a wavelength.
advection is possible, in contrast to the present case. Itis not  agvective-diffusive transport in similar flows has been
clear how strong chaotic advection needs to be in order t@,died by others, including ShraimarRosenbluthet al,?
invalidate the present results, and this question is not adynd Knobloch and Merryfield These considered infinite ar-
dressed here. rays of circulation cells, rather than flow in a channel

The flow we shall use is two-dimensional and incom-spanned by a single cell with fixed tracer concentration
pressible, so that the advection-diffusion equation can bgoyundary conditions as here, though the two are essentially

stated in terms of a stream function, isomorphic if the array of cells is aligned parallel to the
g A aq o aq channel wglls. More significantly, Shraiman and Rosenbluth
+ ———— —=KVZq, (1)  etal. considered only the case=0, while Knobloch and

gt gx.dy dy oX Merryfield consideredamong other flowsa traveling wave,

whereq is the concentration of tracer amdthe diffusivity. ~ but computed only the transport in the longitudital direc-
The channel is periodic ix with length 2., and has rigid tion. For the case=0 the transport in the two directions is

walls aty=0,L. The boundary conditions opare governed by essentially the same physics, apart from
straightforward aspect ratio effects. However, wlken0 the
a(x,00=0; q(x,L)=Aq. (2 two directions are fundamentally different due to the pres-

ence of a Stokes’ drift ik but noty. Flierl and Dewalt
dphone: 212-854-4457; Fax: 212-854-8257; electronic mail: sobelcons'_d_er(:"d cross-channel transport Ur_‘der figeboundary
@appmath.columbia.edu conditions by a general traveling flow disturbance, but exam-
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ined the asymptotic behavior in the limit where the wavewheredl increments distance along a streamline in the co-

period is short compared to the diffusion time scale. moving frame.y is the ratio of the spacing between eddies to
Following Flierl and Dewar, we nondimensionaliZb), the width of the domain, which is unity for the case(8j.

consider it in a reference frame moving at spegdnd as- Note that sinces does not appear if6), in this case Nu is

sume steady state to obtain independent of the diffusivity, and hence the dimensional
flux across the channel is proportionalKo
ﬂ <9_q_ ﬂ [?_q =6V, (4) Flierl and Dewar did not explicitly consider the case of a
gx gy dy Ix stationary ¢=) periodic flow, but they did discuss an axi-

where W=ey+y, = (1lm)sin(my)sin(mx), d=K/cL, e symmetric swirling flow in a circular domain, with the tracer
=Ul/c. For the present flow, the velocity scale I  concentration varying sinusoidally with distance along the
=yom/L. The boundary conditions arg(x,0)=0 and Ccircular boundary. This is fundamentally similar to the case
q(x,1)=1. Flierl and Dewar considered the limi#<1. of a stationary periodic cellular flow, and, consistently with
Whenc=0, by contrastg is infinite. We are not aware of results in such flow$>*the appropriately defined Nu is pro-
any previous calculations of cross-channel transport when portional to the square root of the appropriately defined Pe
is neither very small nor very large. In this case asympto’[idor Pe>1. In dimensional terms, the flux across the domain
theoretical approaches are inapplicable and numerical solis proportional to the square root &, in contrast to the
tions are required. small 5 case.

We present numerical calculations of cross-channel
transport for the problem described above, covering a range
of phase speeds corresponding to small, large, and inter- lll. FURTHER ANALYTICAL RESULTS
mediates. In addition to solving the full problem, we also ) S
present numerical calculations using the mean-field approxi- W€ can make some analytical progress by considering
mation. We perform calculations for a range of Peclet num{he equations for the channel mean vafiig) and the fluc-
bers Pe= o /K = e/ 8 with a maximum Pe: 1000. The Flier] tuationsq’(x,y,t). The mean is altered by diffusion and
and Dewar solution is computed for comparison with the€ddy fluxes
numerical results. New asymptotic solutions are also pre- 4q g 9?2
sented which are valid for smadl 7t 6@11'(1’ = 5a_yzq' (7)

By comparison with the numerical results and with each
other, the various approximate solutions are evaluated anthe fluctuations in the scalar are produced by advection of
the domain of validity of each is shown. Flierl and Dewar’s the mean gradients; in the moving reference frame,

asymptotic solution breaks down whén- e~ 2 or greater. A 09" aq’ q P P
scaling argument is presented which explains this. The ———+ev'—+e—(U'q")+—(@'q'—v’'q’)
. b . gt ox ay Ix ay
mean-field approximation reproduces the numerical results
fairly well for a large range i, but produces an error in the =6V2q'. (8)
nondimensional tracer flux Nu which can be as large as 50% . , . ,
as 500 In these equations;’ = i, = cos(@x)sin(my) and u’= — i,

= —sin(mx)cos(ry).

A. Weak waves

Il. REVIEW OF FLIERL AND DEWAR’'S RESULTS
When the flows are weak so thats small(compared to

Flierl and Dewar considered not jus), but all periodic  both 1 ands, implying Pe<1), we see from8) thatq'~e

flows and, from(7), that the mean tracer value Gg=y+ O(€?).
Therefore our first estimate of the fluctuations comes from
= p(x—cty). solving

In the limit where the RHS of4) can be neglecte@vhich ,

Flierl and Dewar took, plausibly, to be the case wh&n % +5V2q':a;’=gei”xsin(fry)JrC-C-

<1; but see Sec. IV B)2the lowest order solution is X

a=q(y) (5 9ving
so that the tracer concentration is uniform along streamlines. _€ 1 ™ sin(my) +c.c
Additionally, an integral constrainitrue for all §) requires 2im—26m° o
that the net flux of tracer through any closed streamlines i
which do not intersect the boundaries must vanish; this im- — 425
plies that the tracer concentration must be uniform within _ ¢ 7

: : . =— -\ o>/ €™si +c.c.
such streamlinegsee also Rhines and YouhgThis con- 2\ 1+46°w n(my)

straint, combined with{5), allows Nu to be determined

-1
Nu:[ foldqf } , (©)
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If we now consider the steady version of the mean Eq. » Pe=10
(7), we can integrate once to find 10 -
ev'q = 5a—q—5|\|u. + numerical
ay -—- weak wave
A second vertical integral gives o LT mean field
€ (1 -
Nu:l_EJ dyv'q’ pd /
0 ;o4 +
(which is a general statement, not limited to weak wavks ,t
we do substitute the weak wave estimate of the teouiva- 10° + f
lent to solving for the corrections fp), we find
N 1 62 1 L. 1
MR AE T 107 1072 10°
as our estimate of the Nusselt numberelénd § are both 5

small Comp_ared to 1, but>6 SO_ that Pe-1 (as approp_rlate FIG. 1. Nu vsé, for Pe=10. Full numerical solutions are shown for larger
for comparison to the numerical results bejpva slight  values ofs, while the weak-wave asymptotic analytical solution is shown
modification of the above analysis yields for the smaller values ob. Mean-field results are shown throughout the

entire range.
62
Nu=1+ ?
tion is advanced in time using a leapfrog method with a
Robert filter. All calculations have also been repeated using a

finite-difference code, and the two codes agree within a few
The mean-field equatior(sf., Herring) assume that the percent.

dominant flux comes from the perturbations of the same

scale as the wave. In effect, we drop the terms in the squam. Results

brackets in(8) so that the fluctuation equation loses its “sta-

tistical nonlinearity.”” The mean-field system as a whole

retains this nonlinearity, however, because the structugg of ~ We are interested in steady state behavior. We initialize

in they direction is altered by the fluctuations whose oyn all calculations with a tracer distribution

structure, in turn, depends omg/dy . If we take

B. Mean-field equations

1. Nu vs é: Validity of mean-field theory

a=y
q'=q(y)e'™+c.c. and run until the tracer field is steady in a reference frame
we must then solve the coupled problem moving with the phase speed Figures 1, 2, and 3 present

Nu as a function ofs, for Pe=10,100,1000, respectively.
The weak-wave asymptotic and mean-field solutions are
shown together with the full numerical solutions. As might
be expected, the maximum value of Nu is an increasing func-

_ 5a2 2ol s aq
i+ Wz_ T q—zsm(vry)w,

 Sin(my)(@+3) = 63— 5N
S Sinmy) @+ 6%) = 55— SNy

with g(0)=0, g(1)=1, §(0)=§(1)=0. We solve this in » Pe=100
spectral space ig with the same procedures used in the full 10 i
two-dimensional model, as described next. + numerical
= weak wave |
IV. NUMERICAL CALCULATIONS .||~ meanfield |/
10 |

A. Code description

Nu

Our numerical code for solvingl) uses the spectral
method with a Fourier basis. The algorithm is fully spectral,
not pseudospectral; the advective terms are computed er
tirely in spectral space. The code is tailor-made for the par- 10
ticular flow (3). Becausey has only a single spectral com-
ponent, the spectral algorithm in this case is comparable tc

pseudospectral methods in terms of computational efficiency -4 2 2
although, in general, pseudospectral methods are much mor 10 10 5 10
efficient. In our calculations, the tracer field is truncated at

either 64x 64 (for Pe<100 or 128x 128 waves. The solu- FIG. 2. As in Fig. 1, but for Pe 100.
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Pe=1000 We should expect the Flierl and Dewar solution to fail
; T for sufficiently large finitee. Even apart from any arguments
involving the value oféd, there are a number of ways of
+ + seeing this, simply by considering the case0 (implying
* infinite e for finite fluid velocity) and assuming that it is not
a singular limit. In this cas&' =0 at bothy=0 andy=1,
and thereforeq=q(¥) cannot satisfy the boundary condi-
tions. From another point of view, it is easily shovand the
explicit calculations verify that in the Flierl and Dewar so-
+ numerical lution for this flow, Nu= e for large e—this follows more or
-—- weak wave less directly from the fact that in this limit all the tracer
10 — mean field ] gradient is concentrated in boundary layers of width
e 1—yet we know that a nonpropagating wave=() has
. , finite Nu. However, neither of these arguments tells us at
107 1072 10° what finite e the failure will begin to occur. The argument
S presented by Flierl and Dewar, on the other hand, suggests
that their solution should be valid as long @1, or €
FIG. 3. As in Fig. 1, but for Pe 1000. <Pe, but Fig. 4 shows that this is not the case. For example
at e=100, an order of magnitude less than Pe, the difference
between the numerical and analytical solutions is roughly a
factor of 3.

The discrepancy is resolved by the following argument
concerning the consistency of the Flierl and Dewar solution
with the scaling used to obtain it. Consider the order of mag-
nitude of each term i¥). At first glance it would seem that

10

tion of Pe. Also unsurprisingly, the weak-wave solution is
accurate at sufficiently low so thate=Ped<1.

In the numerical solutions, focusing on the =PE000
case, Nu changes very little as a function&iin the range
0.1< 6<x (the result for6=«~ cannot be shown on the plot

but is wrtuqlly |dent|ca}l t(.) the .result fos=1), indicating indeed the conditiord<1 is sufficient to justify neglect of
that the regimes=0.1 is little different from the case of a e I \ .
the diffusion term. However, in Flierl and Dewar’s solution,

nonpropagating wave. The mean-field solutions, fairly accu; . : .
the tracer gradient is all concentrated in boundary layers of

rate for smallers, plateau at a somewhat smaller value ofWidth 1 For consistency. in the region of those boundar

Nu, differing from the numerical solutions by roughly 48% ' Y g y

36%, and 34% of the latter at PA.0,100,1000, respectively. 'tiyig ?’é’e jszgu'iﬁgfeifreer t:}ev\';gptfﬁéar;I'i'éfrzggﬂgxafg m

o ] ) asymptotic solution and plug it back intd), we know that
2. Nu'vs e: Validity of Flierl and Dewar solution in the boundary layers the appropriately scaled equation is
Figure 4 shows Nu vg, both as computed numerically

for fixed Pe=1000 and according to the asymptotic analyti- ~ d¥ dq J¥ dq V2

cal solution of Flierl and Dewar. The agreement between the  gx gy gy ax €°oV-a. ©

numerical and asymptotic solutions is good #6£ 10, but

the two diverge at larget. Note that the spatial derivatives in the advective terms are
unchanged relative t@) in the boundary layers, because the
flow is along tracer isopleths in Flierl and Dewar’s

Pe=1000 asymptotic solution.

' Clearly, the diffusion term in9) cannot be neglected
relative to the advective terms wheh- e~ 2 or greater, or
equivalently whene~Pé&’3 or greater. Since the numerical
calculations in Fig. 4 were performed at-&000, this im-
plies failure of the Flierl and Dewar solution at-10, as is

borne out by the calculations.

. V. DISCUSSION
+ numerical
-— Flierl & Dewar The primary contribution of the present work is in illus-

F trating the transition in the cross-channel transport from the
10 > case of nonpropagating wavés=0, e= =), that is, sta-

10 tionary overturning cells, to that of fast traveling waves. The
€ calculations reveal a regime which we may think of as con-
FIG. 4. Nu vse. The asymptotic analytical solution of Flierl and Dewar is taining slow waves, that is, waves whose perlods are Iong

shown, as well as the numerical solutions. The numerical solutions use fixe@or_npare_d to the characteristic advection tifferge 6):_ Y_et _
Pe=1000. which still may be short compared to the characteristic dif-
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