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Nonmodal energetics of electromagnetic drift waves
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The linear properties of an electromagnetic drift-wave model are examined. The linear system is
non-normal in that its eigenvectors are not orthogonal with respect to the energy inner product. The
non-normality of the linear evolution operator can lead to enhanced finite-time growth rates
compared to modal growth rates. Previous work with an electrostatic drift-wave model found that
nonmodal behavior is important in the hydrodynamic limit. Here, similar behavior is seen in the
hydrodynamic regime even with the addition of magnetic fluctuations. However, unlike the results
for the electrostatic drift-wave model, nonmodal behavior is also important in the adiabatic regime
with moderate to strong magnetic fluctuations. ©2000 American Institute of Physics.
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I. INTRODUCTION

The observed transport of particles and energy at
plasma edge in magnetic confinement devices, e.g., t
maks, is much larger than predicted by neoclassical trans
theory.1 Experimental evidence relates this anomalous tra
port to observed density, electric potential, and magn
field fluctuations.2 Drift waves with amplitudes and wav
numbers comparable to those of observed fluctuations re
from plasma density and temperature gradients.3 Drift waves
produce anomalous particle and energy diffusion along th
spatial gradients. There is also experimental evidence
waves with drift-wave characteristics in the central region
the tokamak.4 Drift-wave turbulence is therefore assumed
be one of the mechanisms responsible for anomalous tr
port in tokamaks, especially at the plasma edge.

Another place where drift waves may play a role is
the transition from poor confinement (L) to improved con-
finement regimes (H) in tokamaks. Although extensive ex
perimental and theoretical studies of theL2H transition
have been performed, it is still not completely understood5–7

Experimental evidence suggests that core plasma instabi
related to ion temperature gradient modes change into d
type mode near the plasma edge.8 It has also been suggeste
that the edge turbulence could have its origin in the plas
center, where the magnetic fluctuations have a fundame
role.9 These facts suggest that the coupling between elec
static turbulence and Alfve´n waves are significant10 and vari-
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ous models have been developed to study drift-Alfv´n
turbulence.10–13 Various numerical studies of drift-wave tur
bulence have been performed. One of the standard step
the analysis is to study the linear properties of the mod
Features of the nonlinear numerical simulation that canno
accounted for by the linear analysis are attributed to non
ear effects.14

Eigenmode analysis or normal mode analysis is a s
dard method of studying instabilities in fluids and plasm
and has been applied with success to many problems. H
ever, there are notable cases in fluid dynamics where nor
mode analysis fails to agree with observed instabilities15

These failures have been attributed to the linearization of
problem. However, it has been long known thatnon-normal
linear systems are potentially capable of behavior differ
than that suggested by their normal model analysis. A n
normal linear system is one that does not have a complete
of orthogonal eigenvectors. Recent studies have shown
some non-normal linear systems do indeed present beha
different than that suggested by their normal mode analy
For instance, perturbations in modally stable systems ca
amplified by factors of thousands as a result of no
normality.15,16

The possible enhanced growth due to non-normality s
gests almost linear mechanisms for the transition t
turbulence.17 However, the general applicability of thi
mechanism for shear flows has been criticized18 and an al-
ternative mechanism for obtaining subcritical turbulence
been proposed.19 Recently,20 this mechanism has been exam
ined in the Hasegawa–Wakatani equations, an electros
drift-wave model,21 and compared to nonlinear drift-wav
mechanisms.22

In this paper, we study the nonmodal linear properties
an electromagnetic extension of the Hasegawa–Waka

n,
9 © 2000 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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system; some aspects of this work are also discussed in R
23 and 24. The role of the magnetic fluctuations in a sim
nonlinear drift-wave model~without magnetic shear!25,26has
already been studied numerically.14 There, the results of the
nonlinear numerical simulations were compared to the mo
linear stability properties in order to understand the role
the nonlinear terms. However, the linear behavior of elec
magnetic drift waves is not completely described by
modal growth properties in some regimes. The system
sents a strong nonmodal behavior in the hydrodynamic
gime for a wide range of magnetic fluctuations strengt
extending previous electrostatic drift-wave model result27

Previous electrostatic drift-wave model results showed li
nonmodal behavior in the adiabatic regime. Here, we de
onstrate that the adiabatic regime including moderate
strong magnetic flucuations produces nonmodal growth w
larger growth rates and different wave number than th
given by normal model analysis. This regime of adiaba
electrons and moderate magnetic fluctuations is typica
tokamaks.

The organization of the paper is as follows. In Sec. II t
nonlinear electromagnetic drift-wave model and the ass
ated fluctuations energy inner product is described. The s
trum and pseudospectrum of the linear model is presente
Sec. III, demonstrating the non-normality of the syste
Modal and nonmodal growth rates are compared in Sec.
Finally, a summary and conclusions are given in Sec. V.

II. NONLINEAR ELECTROMAGNETIC DRIFT-WAVE
EQUATIONS

The electromagnetic drift-wave equations consisting
three nonlinear coupled bidimensional equations, for pot
tial F(x,y), densityn1(x,y), and magneticC(x,y) fluctua-
tions, are an extension of the Hasegawa–Wakatani syste
slab geometry to include the magnetic fluctuations. T
model was first derived in Refs. 25 and 26, and an equiva
form can be found in Ref. 28. It can also be interpreted a
restriction of tearing-mode models29,30 to a homogeneous
magnetic geometry.

The electron densityn is given by n5n0(11n1 /n0),
with n1!1, where the equilibrium densityn0(x) has a con-
stant gradient in the negativex direction with equilibrium
density scaleLn5n0 /udn0 /dxu. The electrons are isotherma
and the ions are cold (Ti!Te5T); temperature gradients o
fluctuations are neglected. The total magnetic fieldB has a
uniform component in thez direction, B0, with magnetic
fluctuations in the (x,y) plane, such thatB5B0êz2¹

3Cêz .
The drift-wave dispersion scalers5cAMiT/eB and the

sound speedcs5AT/Mi are used to define the usual dr
parameterd05rs /Ln ; Mi and Me are the ion and electron
masses, respectively. A parallel length scaleLs is also used,
which is equivalent to the shear length in tearing-mode m
els. The fluctuations are then scaled according tof
5(eF/T)d0

21, n5(n1 /n0)d0
21, c5(C/B0rs)(Ls /Ln)d0

21,
and J5(Ji /necs)(Ln /Ls)d0

21. The adimensional variable
are defined asx→x/rs , y→y/rs , z→z/Ls , and t
→tcs /Ln .
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The electromagnetic drift-wave equations are14

dE

dt
V5¹ iJ,

dE

dt
n52

]f

]y
1¹ iJ, ~1!

]c

]t
52

]c

]y
1¹ i~n2f!2

1

A J,

where

V5¹'
2 f , J52

1

b̂
¹'

2 c, ~2!

dE

dt
5

]

]t
1~ ẑÃ“'f!"“' , “ i5

]

]z
2~ ẑÃ“'c!"“' ,

~3!

b̂5
4pn0T

B0
2

Ls
2

Ln
2

, A5
cs /Ln

ne

Mi

Me

Ls
2

Ln
2

. ~4!

A Fourier representation is used:

f ~x,y,z!↔(
k

f ke
i (kxx1kyy1 iK iz), ~5!

wherek5(kx ,ky) andK i is taken to be constant.
The adiabaticity parameterC used in the Hasegawa–

Wakatani system21,31 is related toA: C5K i
2A. We choose

K i51 and consider the parameterC instead of A. The
Hasegawa–Wakatani system21 is the electrostatic limit of the
electromagnetic drift-wave model~1! obtained by takingc
→0 andJ5C/K i(n2f)14. The two-dimensional magneto
hydrodynamic~MHD! equations32 can also be obtained from
Eq. ~1! by taking a constant densityn150 and K i50.14

Electromagnetic drift-wave equations therefore contain
dynamics of both the Hasegawa–Wakatani and the M
equations. By varying the two free parametersC and b̂, a
variety of regimes can be studied. The electromagnetic
fects are controlled byb̂; b̂!1 is the electrostatic regime
andb̂@1 is the electromagnetic regime.14 Large values ofC
correspond to an adiabatic regime, while small values oC
correspond to a hydrodynamic regime.33 In our calculations
we add dissipative corrections in Eq.~1!, such that]/]t
→]/]t1m¹'

4 .14

The total energy of the fluctuations is an invariant of t
purely nonlinear electromagnetic equations and is given

E5
1

2E d2x S i¹'fi21n21
1

b̂
i¹'ci2D

5
1

2 (
k

S k2fk
21nk

21
1

b̂
k2ck

2D , ~6!

wherek5Akx
21ky

2. The total fluctuation energy can be use
to define a norm and an inner product on fluctuations.
particular, for any two fluctuationsu5@f,n,c# and u8
5@f8,n8,c8#, the total energy inner product is defined by
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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^u,u8&[
1

2 (
k

S k2fkfk81nknk81
1

b̂
k2ckck8D , ~7!

where ( ) denotes complex conjugate;iui[^u,u& is the
energy of the fluctuationu. Two fluctuationsu and u8 are
orthogonal if^u,u8&50.

III. SPECTRUM AND PSEUDOSPECTRUM OF THE
LINEAR MODEL

Neglecting the nonlinear terms of the electromagne
drift-wave equations and expanding the potential, the den
and the magnetic fluctuations in a double Fourier serie
the nondimensionalized slab variablesx andy gives for each
pair of (kx ,ky) a linear system:

d

dt
uk5Akuk , ~8!

whereuk5@fk ,nk ,ck#T and

Ak5S 2nk'
4 0 2 iK z /b̂

iky 2nk'
4 iK zk'

2 /b̂

2 iK z iK z 2 iky2k'
2 /b̂C2nk'

4 D . ~9!

An eigenvalue problem,

~gI2A!u50 , ~10!

is obtained from assuming an exponential time-depende
;egt for the fluctuations;u is the vector of Fourier compo
nentsuk andA is the block-diagonal matrix with entriesAk .
The spectrum ofA, denotedL(A), consists of the values o
g for which ~10! has a nontrivial solution. The normal mod
growth rateg0 is obtained by finding the eigenvalue ofA
with the largest real part. The dependence of the electrom
netic drift-wave normal modal growth rateg0 on the adiaba-
ticity C and magnetic field strengthb̂ has been previously
calculated.14

If the linear operatorA were normal, or equivalently, i
A had a complete set of orthogonal eigenvectors, the mo
growth rateg0 would give strong conditions on the behavi
of the total fluctuation energyiu(t)i . Namely, one could
conclude that for any initial conditionu(0) with unit initial
energy

iu~ t !i<eg0t , max
1

2

d

dt
iu~0!i<g0 , t>0, ~11!

the upper limits being achieved by takingu(0) to be the
eigenvector ofA whose eigenvalue has real partg0. How-
ever, the electromagnetic drift-wave system does not ha
complete set of orthogonal eigenvectors and for non-nor
dynamics the strongest statements that generally apply a

iu~ t !i<Deg0t , t>0, lim
t→`

1

2

1

t
lniu~ t !i5g0 , ~12!

for a constantD greater or equal to unity. The constantD is
not known from the eigenvalue analysis and the mo
growth rateg0 only limits the long-time growth rate. There
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fore, the linear behavior of a non-normal system is on
weakly determined by the properties of its spectrum.

Some information about the constantD can be found
from thepseudospectrumof A.34 A complex numberz is in
thee pseudospectrum ofA, denotedLe(A), if z is an eigen-
value of (A1E) for iEi<e. Thee-pseudospectral absciss
a(e) defined by

a~e!5 max
zPLe(A)

Re z, ~13!

can be used to boundD from below:34

D>Da[max
e.0

a~e!2a~0!

e
. ~14!

Figure 1~a! shows a Monte Carlo estimate ofDa and the
exact value ofD as a function ofC for b55. ForC!1, Da

and D are considerably greater than unity, indicating t
presence of enhanced nonmodal growth. Similar behavior
C!1 was seen in an electrostatic~i.e., b̂!1) model.27 How-
ever, in the electrostatic model considered in that work, aC
increases nonmodal enhanced growth disappears andDa

'1 for C>1. Here, including moderately strong magne
fluctuations leads toD.1 even for large values of the adia
baticity constantC.

Information about the rate of change of the fluctuati
energy is given by thenumerical rangeof A, denotedW(A)

FIG. 1. ~a! g0 ~solid line!, a Monte Carlo estimate ofDa ~dotted line!, and

D ~dashed line! as functions of the adiabaticity constantC for b̂55. ~b! The
eigenvalues~circles! and the boundary of the numerical range ofA ~dashed

line! for b̂55 andC510.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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and consisting of all complex numbersz such that for some
unit vector u, z5^u,Au&. Since the rate of change of th
energy is given by

1

2

d

dt
iu~ t !i5

1

2

d

dt
^u~ t !,u~ t !&

5
1

2
^u~ t !,Au~ t !&1

1

2
^Au~ t !,u~ t !& , ~15!

where^ , & is the energy inner-product, the maximum ra
of change of the energy is given by thenumerical abscissav
defined by

v5 max
zPW(A)

Re z. ~16!

If A is normal, thenv5g0 . The eigenvalues ofA and the
boundary ofW(A) are shown in Fig. 1~b! for b̂55 andC
510. The time scale suggested by the maximum mo
growth rate g050.0024 is orders of magnitude differen
from that corresponding to the maximum rate of change
energyv53.1. A simple calculation using Eq.~12! shows
that the maximum growth ratev can be maintained for a
time no longer than 0.54.

IV. FLUCTUATION ENERGY GROWTH

Following Ref. 27, the basic quantities used to inves
gate the modal and nonmodal growth of electromagn
drift waves will be the energy growth ratioj(t):

FIG. 2. The growth ratiosj0 ~solid line!, j1 ~dashed line!, j2 ~dotted line!,

j3 ~dash-dot line!, plotted as functions oft for C510 and~a! b̂51023, ~b!

b̂51, and~c! b̂510.
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j~ t !5
iu~ t !i
iu~0!i , ~17!

and its growth rateg(t)5t21 ln j. Different choices of ini-
tial fluctuationu(0) produce different energy growth ratio
We consider four energy growth ratesj i(t), i 50, 1, 2, 3.
The first comes from takingu(0) to be least stable eigenvec
tor of A, giving

j0~ t !5eg0t , ~18!

maximum modal growth. The maximum energy growth ra
j1(t) is

j1~ t !5max
u(0)

iu~ t !i
iu~0!i 5ieAti , ~19!

and does not necessarily correspond to a single initial co
tion, i.e., the initial condition that produces maximu
growth at one instant need not be the same as the in
condition that produces maximum growth at another insta
The quantityj2(t) is defined by using the initial condition
that produces maximum growth in the limit of large tim
The quantityj3(t) is defined by using the initial condition
that produces maximum initial growth. Details regarding t
calculation ofj i 50,1,2,3(t) can be found in the Appendix o
Ref. 27.

If A were normal the growth ratiosj$0,1,2,3% would all
coincide. For non-normal operators the statement that app
generally is thatg0(t),g1(t), andg2(t) are the same in the

FIG. 3. The growth ratesg0 ~solid line!, g1 ~dashed line!, g2 ~dotted line!,

g3 ~dash-dot line!, plotted as functions oft for C510 and~a! b̂51023, ~b!

b̂51, and~c!b̂510.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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limit of large time. Nonmodal growth rates may be larg
than the modal growth rate and involve different wave nu
bers on intermediate time scales. We now examine mo
and nonmodal properties of the electromagnetic drift wa
in different regimes, considering first the adiabatic regi
with C510. Non-normal effects were not observed for t
Hasegawa–Wakatani equations in this regime. We now
magnetic fluctuations and consider electrostatic, interm
ate, and electromagnetic regimes corresponding, res
tively, to b̂51023, b̂51, andb̂510.

Figures 2 and 3 show the time evolution of the ene
growth ratiosj$023%(t) and energy growth ratesg$023%(t)
for these values ofC andb̂. In the electrostatic regime, non
modal effects are only important for very small time sca
@Figs. 2~a! and 3~a!#. In this regime the maximum growth
rate (g1) differs from the modal one only on very short tim
scales, approximately five time units.g1 and g0 then coin-
cide in the electrostatic regime, as shown in Fig. 2~a!. The
initial condition that gives maximum growth does not ma
tain that growth. Asb̂ increases, the nonmodal effects b
come important on longer time scales. Figures 2~b! and 3~b!
show that for the intermediate regime while the modal gr
rate g0 has decreased, the nonmodal growth rates have
creased compared to the electrostatic regime. In the ele
magnetic regime this trend continues with the modal grow
rateg0 approaching zero while the nonmodal growth is e
hanced. Also the time scale on which nonmodal behavio

FIG. 4. The growth ratesg0 ~solid line! andg1(t) for t510 ~dashed line!,
t520 ~dotted line!, andt5100~dash-dot line! plotted as functions ofky , for

C510 and~a! b̂51023, ~b! b̂51, and~c! b̂510.
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important is extended. Although the growth ratesg1(t) and
g2(t) are approaching the modal growth rateg0 there con-
tinue to be oscillations in the energy ratios.

We now examine which wave numbers are respons
for the modal and nonmodal growth. In Fig. 4, the mod
growth rateg0 and the maximum growth rateg1(t) for t
510, 20, 100 are shown as functions ofky for kx50. The
wave number dependence ofg1(t) is different from that of
g0 for small t. As t increases, the wave number dependen
of g1(t) converges to that ofg0. In the electrostatic regime
g0 andg1(t) coincide for all the wave numbers at the tim
shown. For intermediate to strong magnetic fluctuations,
hanced nonmodal growth is seen over a wide range of w
numbers with the maximum initially occurring at long wav
lengths. This growth is larger and takes longer to relax to
modal growth rate as the strength of the magnetic fluct
tions is increased. The wave numbers associated with m
mum nonmodal growth differ substantially from those as
ciated with modal growth.

We now examine the dependence of the growth rates
the adiabiaticity and magnetic fluctuation strength, identi
ing the regimes where nonmodal behavior is important. F
ures 5 and 6 show the dependence of the finite time gro
rate g1(t) and the modal growth rateg0 on C and b̂. Non-
modal growth is important for all values ofb̂ in the hydro-
dynamics limit of smallC, a direct extension of the result
obtained for the Hasegawa–Wakatani system.27 However,
including moderate to strong magnetic fluctuations leads

FIG. 5. The growth ratesg0 ~solid line! andg1(t) for t510 ~dashed line!,
t520 ~dotted line!, andt5100 ~dash-dot line! plotted as functions ofC, for

~a! b̂51023, ~b! b̂51, and~c! b̂510.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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significant nonmodal behavior in the adiabatic regime
well. For tokamaks, the estimated values areC;10 andb̂
;1, and for these values the linear growth would be mu
larger than that given by the modal analysis, especially
small times.

Figure 7 shows the wave numbers corresponding to
growth rates in Fig. 5 as a function ofC. We denote byk0

max

andk1
max(t) the perpendicular wave number corresponding

the growth ratesg0 andg1(t) (t510, t520, andt5100). In
the hydrostatic regime the behavior seen is similar to t
observed in the Hasegawa–Wakatani system.27 There is a
critical valueCcrit(t) of the adiabatic parameter, a decreas
function of time, such that at a particular timet, k1

max(t)
'k0

max for C,Ccrit(t) and k1
max(t)'k1

max(10) for C,Ccrit(t).
For values ofC near the cutoff there is transition connectin
the modal and nonmodal behavior. In the adiabatic regi
moderate to strong magnetics fluctuations produce a se
regime where nonmodal effects are important. As noted
lier, in Ref. 27 the maximum nonmodal growth is associa
with long wavelengths.

V. CONCLUSIONS

We have examined the modal and nonmodal linear
havior of the electromagnetic extension of the Hasegaw
Wakatani model. Nonmodal analysis of the linear behav
of an electromagnetic drift-wave model reveals features
evident from eigenvalue or modal analysis. Nonmodal
havior plays a role in this system because it does not ha

FIG. 6. The growth ratesg0 ~solid line! andg1(t) for t510 ~dashed line!,

t520 ~dotted line!, andt5100 ~dash-dot line! plotted as functions ofb̂, for
~a! C51025, ~b! C51, and~c! C510.
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complete set of orthogonal eigenvectors. Two parameters
termine the importance of the nonmodal effects, the adia
ticity parameterC and the electromagnetic parameterb̂. Ex-
amination of the pseudospectrum shows that while the mo
growth rate goes to zero in the hydrodynamic limit, no
modal growth is still present. Calculation of the numeric
abscissa showed that in the adiabatic regime the insta
neous rate of the change of the energy can be many orde
magnitude larger than the modal growth rate.

In the hydrodynamic regime~small values ofC!, the lin-

ear properties are practically independent ofb̂ and the modal
growth rate gives only poor estimates of the general n
modal behavior. In the adiabatic regime, on the other ha
the nonmodal behavior is important only for large values

b̂ ~electromagnetic limit! and the maximum instantaneou
growth rate is much larger than the modal growth rate.

These conclusions suggest that when studying the
nonlinear simulations of this electromagnetic system a
comparing with the linear properties, it is important to co
sider the non-normal character of the system. As n
normality appears to be generic for multiple-fields models
plasma fluctuations,20 this line of study is important to pur
sue the understanding of transition to turbulence and subm
ginal turbulence in plasmas.

FIG. 7. Values ofk0
max ~solid line! and k1

max(t) for t510 ~dashed line!, t
520 ~dotted line!, andt5100 ~dash-dot line! plotted as functions ofC, for

~a! b̂51023, ~b! b̂51, and~c! b̂510.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



i-
/

es

W
a

k-
.

, F
, O

Z

s

ry

ce

on
on-

pub-

-
998

.

ys.

2855Phys. Plasmas, Vol. 7, No. 7, July 2000 Nonmodal energetics of electromagnetic drift waves
ACKNOWLEDGMENTS

This work was supported by FAPESP~Fundac¸ão de Am-
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