Lecture 8

The Principle of Maximum Likelihood
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Syllabus

Describing Inverse Problems

Probability and Measurement Error, Part 1

Probability and Measurement Error, Part 2

The L, Norm and Simple Least Squares

A Priori Information and Weighted Least Squared

Resolution and Generalized Inverses

Backus-Gilbert Inverse and the Trade Off of Resolution and Variance
The Principle of Maximum Likelihood

Inexact Theories

Nonuniqueness and Localized Averages

Vector Spaces and Singular Value Decomposition

Equality and Inequality Constraints

L, , L, Norm Problems and Linear Programming

Nonlinear Problems: Grid and Monte Carlo Searches

Nonlinear Problems: Newton’s Method

Nonlinear Problems: Simulated Annealing and Bootstrap Confidence Intervals
Factor Analysis

Varimax Factors, Empircal Orthogonal Functions

Backus-Gilbert Theory for Continuous Problems; Radon’s Problem
Linear Operators and Their Adjoints

Fréchet Derivatives

Exemplary Inverse Problems, incl. Filter Design

Exemplary Inverse Problems, incl. Earthquake Location
Exemplary Inverse Problems, incl. Vibrational Problems



Purpose of the Lecture

Introduce the spaces of all possible data,
all possible models and the 1dea of likelihood

Use maximization of likelihood as a guiding principle for
solving inverse problems



Part 1

The spaces of all possible data,

all possible models and the 1dea of
likelihood



viewpoint

the observed data 1s one point in the space of all
possible observations

or

d°bs is a point in S(d)



plot of dobs
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plot of dobs
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NOW SUppose ...

the data are independent
each 1s drawn from a Gaussian distribution
with the same mean m, and variance ¢”

(but m, and ¢ unknown)

N

p(d) = o7V (2m) N 2exp —1/20'_22[(15 —m, |*

=1







plot of p(d)
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now interpret ...

p(dobs)

as the probability that the observed data was in
fact observed

L =log p(d°bs)
called the likelihood



find parameters in the distribution

maximize

D (dobs)

with respect to m, and o

maximize the probability that the observed data
were 1n fact observed

the
Principle of Maximum Likelihood



Example

N

p(d) = o7V (2m)~"/Zexp —%J_ZZ[dE —my ]

=1

N
L = log(p(d°")) = ~Nlog(e) - oo™ ) (dF>* = m, )’
i=1

dL
am,

N
=0 = Yo~ %2m, Z(dfbs —my)
=1

N

dl N _ 2

3o = 0= g o7 Q= m)
i=1



solving the two equations

1 v -
7 (e - ml)z]
=1

N
1
mest — dpbs and Uest —
1 N L
i=1




solving the two equations

almost the usual

formula for the

sample standard
deviation

usual formula
for the sample
mean



these two estimates linked to the assumption of the
data being Gaussian-distributed

1+ -
DYCER
=1

N
1
mest — dpbs and Uest —
1 N L
i=1

might get a different formula for a different p.d.f.



example of a likelthood surface
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likelihood maximization process will
fail 1f p.d.f. has no well-defined peak

(A) (B)




Part 2

Using the maximization of
likelihood as a guiding principle for
solving inverse problems



linear iverse problem for
with Gaussian-distibuted data
with known covariance [cov d]

ASSUINC

Gm=d
gives the mean d

p(d) « exp|—22(d — Gm)T[Cov d]~*(d — Gm)]



principle of maximum likelihood

maximize L = log p(d°Ps)

minimize
(d°Ps — Gm)[cov d]~1(d°" — Gm)

with respect to m



principle of maximum likelihood

maximize L = log p(d°Ps)

minimize
E = (d°P — Gm)T[COV d|~1(d°" — Gm)

X

This 1s just weighted least squares



principle of maximum likelithood

when data Gaussian-distributed
solve Gm=d with weighted least squares

with weighting of

[covd]™?



special case of uncorrelated data
each datum with a different variance
[covd]; = O-diz

minimize



special case of uncorrelated data
each datum with a different variance
[COV d] i O-diz

minimize

=1 \ errors
weighted by

their certainty



but what about a prior1 information?



probabilistic representation of a priori
information

probability that the model parameters are
near m

given by p.d.f.

py(m)



probabilistic representation of a priori
information

probability that the model parameters are
near m

given by p.d.f.

m
pA( ) \ centered at a
prior1 value

<m>



probabilistic representation of a priori
information

probability that the model parameters are
near m

given by p.d.f.

p,y(m)
variance reflects
uncertainty in a

priori information



<m,>

certain
<m,>

uncertain

<m,>




<m,>

<tur>



linear relationship approximation with Gaussian
<m,>

m,

<m,>




p=constant

p=0




assessing the information content
n p,(m)

Do we know a little about m
or
a lot about m ?



Information Gain, S

pa(m)
py(m)

Slpam)] = [ pam)log| 2 2 a¥m

-S called Relative Entropy,



Relative Entropy, S
also called Information Gain

stpam)] = [ m(m)lﬂg Mm

null p.d.f.
state of no knowledge



Relative Entropy, S
also called Information Gain

sTpatm)] = [ pamlog d“m

uniform p.d.f. might
work for this



probabilistic representation of data

probability that the data are
near d

given by p.d.f.

py(d)



probabilistic representation of data

probability that the data are
near d

given by p.d.f.

p(d)
\ centered at
observed data

dobs



probabilistic representation of data

probability that the data are
near d

given by p.d.f.

p(d) |
variance reflects
uncertainty in

measurements



probabilistic representation of both
prior information and observed data

assume observations and a priori
information are uncorrelated

pa(m,d) =p,(m)p,(d)



Example of p,(m,d) =p,(m)p,(d)

ap

model, m

dobs

datum, d



the theory
d = g(m)

1s a surface 1n the combined space of
data and model parameters

on which the estimated model
parameters and predicted data must lie



the theory
d = g(m)

1s a surface 1n the combined space of
data and model parameters

on which the estimated model
parameters and predicted data must lie

for a linear theory
the surface 1s planar



the principle of maximum likelithood says

maximize pPs(m,d) =p,(m)p,(d)

on the surface d=g(m)



d
or Z’obs

datum, d

b

(A)

model, m




pre dObS

d

p(s) datum, d

model, m

d=g(m)

m

~m,),

est

Smax position along curve, s



(A) model, m

position along curve, s
max



principle of maximum likelithood
with
Gaussian-distributed data
Gaussian-distributed a priori information

minimize ¢(m) = L(m) + E(m) withrespecttom with

L(m) = (m — (m))"[cov m]3*(m — (m))

E(m) = (Gm — d“hS)T[cnv d]~(Gm — d°"®)



this 1s just weighted least squares
with

e‘W,. = [covm]|™' and W, = [covd]™?

so we already know the solution



solve Fm=f with simple least squares

[covd] G

B —1
[covm]; 1

and f =

|covml]j,

1/2(

[cov d]~72d°Ps

m)



when [covd]=044] and [covm]=0 _°]

[covd] G [cov d]~72d°Ps
F=|. 1y and =] Y
[covm], 1 |covm|,”*(m)]
obs ,«_-;.-2
F = ’G] and f = ’d } with ¢2=-4%
€l e(m) O



this provides and answer to the question

What should be the value of €
in damped least squares?

The answer
2
2 Od
&£ = 5
g}'ﬂ.

1t should be set to the ratio of variances of
the data and the a prior1 model parameters



if the a prior1 information 1s

Hm=h

with covariance [cov h],
then the Fm=f becomes

[covd]™ "G

[cov h];*H

and f =

[cov d]~72d°Ps
" [covh];”h




the most useful formula 1n inverse theory

Gm=d°bs with covariance [cov d]
Hm=h with covariance [cov h],

mest = (FTF)-lFTdobs
with

[covd]™"*G [cov d]~72d°Ps
1y and f = 1
[covh]|,7"H| - [covh]|,”h




