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1. Wave Equation. Consider a wave equation with wavefield u(x, t), differential operator £(x, t)
and source s(x,t; m):
Lu=s so LSu=4s and Sdu=L"15s
)

Note that source depends upon model parameters m but the differential operator is independent
of them. A source perturbation dm in model parameters leads to a perturbation §s in the source,
which in turn cases a perturbation in the field:

Su = L 15s

)

2. Frechet derivative of observational error with respect to the source. The observational error is
E = (u —u®,us —u®) = (e©®,e®), where u® is the unperturbed field and e® =
u°?s —u©®, The inner product (.,.) is over time, space and component. The perturbation 6 in
error due to a perturbation in wavefield du is:

SE = —2(e®, 5u)

©)

Inserting (2) into (3) and rearranging using adjoint manipulations yields:
SE = —2(e®,£718s) = —2(£ e®, §s) = (g, 6s)

(4)
where the Frechet derivative g = 8E /&8s of error with respect to source is an adjoint field that
satisfies:

L'I'g = —Ze(o)
()

(3) Parameterized source. Now suppose that the source is parameterized:



M

Js(x, t
6s(m) = z ) édm; =Sém
i=1 om m(®)

(6)
where M is the number of model parameters. The partial derivative of error with respect to
source parameter becomes:

0E = (g,8s) = (g,SSm) = (g,S) m
(7)
By inspection, we find that:
0E
m &9)
(8)

(4) Impulsive source. Consider an impulsive point source of unknown amplitude m; that occurs
at known location xg, time t, and direction t:

s(m) =m;6(x —x; )6(t —t5 )t

(9)
The derivative with respect to the model parameter is:
05 o S(x—x )8t —t, )t
am,
(10)
and
or = (g aa_:l) smy = (g 8(x — x,)8(t — £5)8) Smy = [g(xe L) - t] Smy
(11)

By inspection, the partial derivative of error with respect to source amplitude is:

0E
om, = g(Xs: ts) t



(12)

(4) Double couple source. Consider an impulsive double-couple source of unknown moment M
that occurs at an unknown location x, and an unknown time ¢, (that is, M, x; and t are all model
parameters):

3
ZMU 7 S0 %) 8= t)

j=1
(13)
The partial derivatives of the source with respect to components of the moment tensor are:

aSi _ > aM

oMy, £ aMpqa

6(x X;) 6(t—t5) =
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=—5ip25,qa B =) 8= 1) = ~8p 5 -5 = x) (¢ —t,)

(14)

And the partial derivatives of the error with respect to components of the moment tensor are:
oE < 0s )
8 =

M, oM,

: 9
—foffgi(sip—@(x— x,) 8(t — t,) dt d*x

. 0x4

=1

ffff 9p 6(x—x;) 8(t —ts) dt d’x

(15)

The partial derivatives of the source with respect to components of the source location are:



ds; 0
= ZMUa 6(x xy) 8(t — t, )_ZMUa 7 00 =) 8= 1t5)

(16)

And the partial derivatives of the error with respect to components of the source coordinates are:

0E Js \
6xsp & o, Oxs,)

foffg‘z 5(X xg) 8(t —ty) dt d3x
3
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Finally, the partial derivatives of the source with respect to the origin time are:

asl— zMUa 5(x—x,) 5 6(t—t)—ZMUa 5(x—x) 5 S(t—t)

And the partial derivative of the error with respect to source time is:
aE Os \
at, \Pox,) "
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