
Diffusion and Diffusion creep... 
1. Introduction: Observations of  textures associated with pressure solution and 
diffusion creep

2. Theoretical description of  Diffusion: 
a. Random walk
b. continuum theory.
  -driven by concentration gradients
  -driven by stress gradients

3. Diffusion Pathways: Diffusivity and Diffusion paths and a word on Grain 
boundaries. 

4. Models for diffusion creep in rocks at high temperature: 
Lattice and grain boundary diffusion creep... 

5. Experimental data: Rheological data for olivine

6. Effects of  Water

7. Effects of  Melt
-Coble Creep, Cooper-Kohlstedt model, Contiguity model



1. Intro: Observations 

from: “Microtectonics”



from: “Microtectonics”



Calcite mylonite
straight boundaries, 
triple and 4 grain jcns
weakly elongated grains
uniform grain size

from:
“Fault-related Rocks: 
A Photographic Atlas”



from:
“Fault-related Rocks: 
A Photographic Atlas”

Mylonite with Ultramylonite (um) derived from granite (S. California):



2. Theoretical descriptions of  diffusion

1. Random walk: diffusion is a random walk process 
(when, in the presence of  a gradient, gives a flux down 
that gradient) 
  
2. Can be described by a continuum behavior: Fick’s first 
law (the delta spike decay). 

3. Fick’s second law (1st Law + continuity eqn) 

4.  Generalized to any gradient ? Stress gradient (or 
electromagnetic, eg)? How does stress drive diffusion ?   



http://www.youtube.com/watch?v=QfQolcXrV1M&NR=1
http://www.youtube.com/watch?v=xDIyAOBa_yU

http://en.wikipedia.org/wiki/Atomic_diffusion

from:Shewmon

on a lattice, these 
jumps are limited 
to “sublattices”

http://www.youtube.com/watch?v=QfQolcXrV1M&NR=1
http://www.youtube.com/watch?v=QfQolcXrV1M&NR=1
http://www.youtube.com/watch?v=xDIyAOBa_yU
http://www.youtube.com/watch?v=xDIyAOBa_yU
http://en.wikipedia.org/wiki/Atomic_diffusion
http://en.wikipedia.org/wiki/Atomic_diffusion


1 Observations: Textures associated with diffusion creep

A general problem in the study of the rheology of earth materials, it is very difficult to observe the

processes in action (at the conditions in the Earth or approximated in experiment). We can observe

only indirectly and/or frozen states, so how do we infer/interpret the predominant mechanisms act-

ing in a material? An important approach is to compare experimental microstructures with natural

microstructures, assuming that the microstructure represents the accumulated consequence of the

processes at hand (steady state makes things easier). Diffusion creep leaves less of an obvious trace

than dislocation creep (except for the lack of dislocations!).

APPROACH: SIMPLE to progressively COMPLEX !

Textural indicators of diffusion creep: Equiaxed grains and straight grain boundaries (some 4

grain junctions indicative of grain switching. Why do we associate these textures with diffusion

creep (as opposed to dislocation creep) ? Grain switching ? Grain boundary sliding ?

Also, strain localization, mylonites and ultramylonites...

Pressure solution: Hickman & Evans , Karz & Scholz.

2 A mathematical picture of diffusion

2.1 Diffusion as a random walk process

Use Shewmon Chapter 2. Copy it... Do the calcs if time... Otherwise, just scan them...

D =
1

c.n.
a2Γ (1)

Γ = XdΓm (2)

Γm = ν exp
(−Gm

RT

)
(3)

D =
1

c.n.
a2ν exp

(−Gm

RT

)
(4)

c.n. is the coordination number. Γ is a probability of migrating. ν is the lattice vibration frequency.

2

Though these equations are general, they are describing diffusion driven by concentration gradi-

ents.

Ji = −Jv (5)

XiDi = XvDv (6)

Xi = 1−Xv ≈ 1 (7)

Di ≈ XvDv (8)

Get to the origin of δD =
√

Dt

2.2 Diffusion as a continuum process

Fick’s First Law:

J = −Di

(
∂ci

∂x

)
(9)

This is fine for steady state flows... if not steady state, need a second equation: first, the “continuity”

or mass conservation equation
∂c

∂t
= −∇J (10)

(J = −D∇x) (11)
∂c

∂t
= −∇ (−D∇x) (12)

∂c

∂t
= D∇2c (13)

Or, in 1-D
∂c

∂t
= Di

(
∂2ci

∂x2

)

(14)

2.3 How to measure D in experiment?

See Demouchy refs... Mackwell paper.

3 Stress-driven diffusion

Lehner, Takei... Schmalzreid paper (find it !) and section in shewmon?? Assume D is not stress

dependent !

3.1 Pathways !

This is the critical concept in Diffusion creep: there are the effects on Diffusivity, but there are also

the critical effects of the diffusion path. Here are some options (Figure): Lattice, Dislocations (Pipe

Diffusion), Grain Boundaries, Fluid phase... draw them !

3

http://staff.aist.go.jp/nomura-k/english/itscgallary-e.htm
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random walk  (Karato, Ch. 8): 

http://staff.aist.go.jp/nomura-k/english/itscgallary-e.htm
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τmax =
µ

2π

b

a
(2.9)

τmax ≈
µ

2π
(2.10)

The slope of the shear stress at the zero crossing gives the shear modulus µ. The implication is
that if you decrease the atomic spacing b, the elastic modulus will increase. This predicts a relationship
between density and shear modulus: a denser material will have a higher shear modulus. To see this
experimentally, see Karato Fig 4.11. The relationship between elastic wave velocity V ∝

√
µ/ρ, therefore

the effect of µ on velocity is greater than that of ρ.

HOWEVER, there is NOT a relationship between activation energy and shear modulus because the
elastic strains are very small, and do not feel the height of the potential well !

2.2 What is a thermally activated process?

k = A exp
−Ea

RT
(2.11)

ln(k) =
(
−Ea

T

)
1
T

+ ln(A) (2.12)

Ea = −R

[
∂ ln k

∂ 1
T

]

P

(2.13)

R = 8.314 kJ/mol

2.3 What are defects, what do they do?

Takei’s thermodynamics (Gibbs), Kohlstedt’s equilibrium concentration of vacancies.

Sconf = −kB lnW (2.14)

where, for a ... no interactions, etc...

W =
[
(N + nv)!

N !nv!

]
(2.15)

G(T, P,N, nv) = G0(T, P ) + nvg
f
v − kBT lnW (2.16)

G(T, P,N, nv) = G0(T, P ) + nvg
f
v − kBT ln

[
(N + nv)!

N !nv!

]
(2.17)

(
∂G

∂nv

)
(T, P ) = gf

v − kBT
∂

∂nv
lnW (2.18)

(
∂G

∂nv

)
(T, P ) = gf

v − kBT
∂

∂nv
ln

[
(N + nv)!

N !nv!

]
(2.19)
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Figure 2.3: LoT-hiT.jpg

with the solution :
(

∂G

∂nv

)

(T,P )

= gf
v − kBT ln

(
nv

N + nv

)
(2.20)

(
∂G

∂nv

)

(T,P )

= gf
v − kBT ln (Xv) (2.21)

the equilibrium concentration occurs where
(

∂G
∂nv

)
= 0

Xeq
v = exp

(
gf
v

kBT

)
(2.22)

2.3.1 What is the equilibrium concentration of point defects?

Karato 5.2 ; Entropy and Free Energy of point defects
configurational entropy and vibrational entropy ;

2.4 What is a working definition of High temperature?

The homologous temperature ! Th = T/Tm. It is where thermally activated processes begin to influence
the strength of the material (toughness, but also the peak stress that a material can support).
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The equilibrium concentration of  vacancies
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Maxwell-Boltzmann
Statistical Thermodynamics:



Though these equations are general, they are describing diffusion driven by concentration gradi-

ents.

Ji = −Jv (5)

XiDi = XvDv (6)

Xi = 1−Xv ≈ 1 (7)

Di ≈ XvDv (8)

Get to the origin of δD =
√

Dt

2.2 Diffusion as a continuum process

Fick’s First Law:

J = −Di

(
∂ci

∂x

)
(9)

This is fine for steady state flows... if not steady state, need a second equation: first, the “continuity”

or mass conservation equation
∂c

∂t
= −∇J (10)

(J = −D∇x) (11)
∂c

∂t
= −∇ (−D∇x) (12)

∂c

∂t
= D∇2c (13)

Or, in 1-D
∂c

∂t
= Di

(
∂2ci

∂x2

)

(14)

2.3 How to measure D in experiment?

See Demouchy refs... Mackwell paper.

3 Stress-driven diffusion

Lehner, Takei... Schmalzreid paper (find it !) and section in shewmon?? Assume D is not stress

dependent !

3.1 Pathways !

This is the critical concept in Diffusion creep: there are the effects on Diffusivity, but there are also

the critical effects of the diffusion path. Here are some options (Figure): Lattice, Dislocations (Pipe

Diffusion), Grain Boundaries, Fluid phase... draw them !
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CONTINUUM VIEW: a tracer between two rods:

Fick’s 1st Law:

Fick’s 2nd Law
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“continuity” eqn: 





~D c!ð Þ ¼ % 1

2t

dx

dc

! "

c!

Zc!

0

zdc; ð18Þ

where t the duration of the diffusion experiment.
The derivative term in Eq. 18 was determined by dif-

ferentiating Eq. 16, while the actual data are used to cal-

culate the integral term, as described in Mackwell et al.
(2005). In this way the entire data set was fit (a ‘‘global

fit’’) by varying ~D0;Q; B and C in the following equation

to define the interdiffusion coefficient (see Schmalzried
1981, p. 38; Mackwell et al. 2005):

~D ¼ ~D0 x
B exp%ðQþC xÞ=RT m2 s%1; ð19Þ

where ~D0 is the pre-exponential term, which includes the

oxygen fugacity and water fugacity dependences, (Q + Cx)
is the composition-dependent activation energy, B and C
are fitting parameters, x is the mole fraction of FeO, T is the

absolute temperature, and R is the gas constant. In this
description, the activation energy was expanded in a Taylor

series to describe its dependence on x. Only the first term of
the expansion is required to fit the experimental data

(Schmalzried 1981, p. 38 ; Zhao et al. 2004; Mackwell

et al. 2005).
Assuming that the oxygen sublattice is immobile com-

pared to the cations in FexMg1–xO (i.e., the Matano inter-

face is coincident with the original interface), the
interdiffusion coefficient can be written as a function of the

self-diffusivities (Di) of the diffusing cations (i = Mg, Fe)

according to the Nernst–Planck relation (Schmalzried
1981, p. 103):
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where x is the mole fraction of FeO. We assume that the
thermodynamic factor is unity, as the (Mg,Fe)O solid

solution is nearly ideal for the composition and conditions

investigated in this study.
Since the cation self-diffusivities are related to the va-

cancy self-diffusivity and its concentration (Nakamura and

Schmalzried 1984) through

Di ' DV ½V00
Me)

tot; ð21Þ

the interdiffusion coefficient for the present study is given

by

~DFe%Mg ¼ DV ½V00
Me)

tot: ð22Þ

Therefore, the dependence of ~DFe%Mg on x and fH2O enters
through the dependence of the total vacancy concentration

in the presence of hydrogen on these quantities.

Results

Fe–Mg interdiffusivity

The transmitted light micrograph in Fig. 1 shows the dif-

fusion zone between MgO and (Mg,Fe)O, as well as the

initial interface in sample PI-1238. The two crystals of the
diffusion couple bonded, during the high-temperature dif-

fusion anneals at temperatures over 1,100!C. The cracks

did not modify the concentration profiles, indicating that
they formed either during the quench or during the prep-

aration of the sample for microprobe analyses.

An interdiffusion profile for a sample annealed for 2 h at
1,200!C as well as the fit to Eq. 16 is shown in Fig. 2.

Although the interdiffusion profile is clearly asymmetric, it

is fit well by this equation. Using this fitted curve in

Fig. 2 Concentration profile (x = Fe/(Fe + Mg)) of a sample (PI-
1240), annealed at 300 MPa, 1,250!C for 2 h, as a function of the
position in the diffusion couple perpendicular to the original interface.
Initial interface is set at z = 0. The solid line shows the non-linear
least square fit to the data

Fig. 1 Photomicrograph of a diffusion couple after a interdiffusion
experiment (PI-1238) at 1,200!C
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Abstract Interdiffusion of Fe and Mg in (Mg,Fe)O has

been investigated experimentally under hydrous condi-
tions. Single crystals of MgO in contact with

(Mg0.73Fe0.27)O were annealed hydrothermally at 300 MPa

between 1,000 and 1,250"C and using a Ni–NiO buffer.
After electron microprobe analyses, the dependence of the

interdiffusivity on Fe concentration was determined using a

Boltzmann–Matano analysis. For a water fugacity of
~300 MPa, the Fe–Mg interdiffusion coefficient in

FexMg1–xO with 0.01 £ x £ 0.25 can be described by
~D ¼ ~D0xB exp"ðQþCxÞ=RT with ~D0 ¼ ð5& 1Þ ' 10"4 m2 s"1;
Q ¼ 270& 20 kJmol"1;B ¼ 0:8& 0:1; and C = –80 ±

10 kJ mol–1. For x = 0.1 and at 1,000"C, Fe–Mg interdif-

fusion is a factor of ~4 faster under hydrous than under
anhydrous conditions. This enhanced rate of interdiffusion

is attributed to an increased concentration of metal

vacancies resulting from the incorporation of hydrogen.
Such water-induced enhancement of kinetics may have

important implications for the rheological properties of the

lower mantle.

Keywords Periclase ( Fe–Mg interdiffusion ( Hydrogen (
Earth’s mantle

Introduction

Periclase1 and perovskite are the principal minerals of the
lower mantle. Perovskite is the most abundant mineral

(~80% by volume), followed by periclase (~15% by vol-

ume) with a composition of Mg1–xFexO with x between 0.1
and 0.2 (Ito and Takahashi 1987; Ringwood 1991; Guyot

et al. 1988; Fiquet et al. 1998). Although periclase is un-

likely to form an interconnected phase in the lower mantle,
it is still one of the most abundant minerals inside the

Earth, and its physical and chemical properties are of major

interest for understanding the dynamics of the deep Earth
(e.g., convection, chemical homogenization, rheological

properties).

Previous studies on Fe–Mg interdiffusion in periclase
(and iron-containing periclase) examined the effects of

temperature, pressure and oxygen fugacity (Yamazaki and

Irifune 2003; Holzapfel et al. 2003; Mackwell et al. 2005).
Under dry conditions, Fe–Mg interdiffusion rates increase

with increasing iron content and increasing oxygen

fugacity, but decrease with increasing pressure by ~2.5
orders of magnitude from one atmosphere to 23 GPa

(Mackwell et al. 2005).

Nominally anhydrous minerals of Earth’s mantle (olivine
and its high pressure polymorphs, as well as pyroxenes and

garnet) incorporate water as hydrogen in conjunction with

intrinsic point defects in their structure (Kohlstedt et al.
1996; Kohlstedt and Mackwell 1998; Ingrin and Skogby

2000; Bolfan-Casanova 2005). The presence of hydrogen in

nominally anhydrous silicate minerals, even at very low
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for many years.
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Stress-driven diffusion

Though these equations are general, they are describing diffusion driven by concentration gradi-

ents.

Ji = −Jv (5)

XiDi = XvDv (6)

Xi = 1−Xv ≈ 1 (7)

Di ≈ XvDv (8)

Get to the origin of δD =
√

Dt

2.2 Diffusion as a continuum process

Fick’s First Law:

J = −Di

(
∂ci

∂x

)
(9)

or, in general, J = −D∇c. This is fine for steady state flows... if not steady state, need a second

equation: first, the “continuity” or mass conservation equation

∂c

∂t
= −∇J (10)

(J = −D∇c) (11)
∂c

∂t
= −∇ (−D∇c) (12)

∂c

∂t
= D∇2c (13)

Or, in 1-D
∂c

∂t
= Di

(
∂2ci

∂x2

)

(14)

2.3 How to measure D in experiment?

See Demouchy refs... Mackwell paper.

3 Stress-driven diffusion

µi = µ0
i (T ) + Ωiσn (15)

∇µi = Ωi∇σn (16)

∇σn ≈ (σ11 − σ33)/l = σ′/l (17)

so the flux then is

J = −D∇µ ≈ −DΩi∇σ (18)
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stress effect on chemical potential:

vacancies 
created on 
face in tension

vacancies 
consumed on 
face in compression

atom flux in opposite direction 
as vacancy flux:





3. Diffusion pathways  

grain 
matrix

grain boundary

dislocations

3.1 Pathways !

This is the critical concept in Diffusion creep: there are the effects on Diffusivity, but there are also

the critical effects of the diffusion path. Here are some options (Figure): Lattice, Dislocations (Pipe

Diffusion), Grain Boundaries, Fluid phase... draw them !

Dgb >> Ddis > Dgm

Vgm >> Vgb > Vdis

4 Rheological Data and Flow Laws

Kohlstedt’s way of writing constitutive equations in the treatise... explain it, as alternative to the

way you see written everywhere. Mechanistic, to explain the physics... Whereas this is the empirical

way, defining the factors that we can isolate by curve fitting.

ε̇ = Adfσ0d−p exp
(−Qdf

RT

)
(19)

5 Effects of water, melt and GB crud
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represents the concentration if the solute were confined entirely to
the grain-boundary plane. This concentration may, in fact, rep-
resent the real grain-boundary concentration, as observed for
segregation of Ca towithin a single atomic plane at grain boundaries
in Ca-doped MgO (ref. 15).
In Fig. 2, Ca monolayer coverage is plotted versus grain-matrix

Ca concentration (molar occupancy of octahedral M sites), XCa
GM,

for the samples described above combined with the results from
samples of two natural peridotites, a fine-grained lherzolite and an
olivine phenocryst-bearing basaltic rock, as well as a synthetic
olivine þ diopside aggregate1. Individual data points represent
the coverage from a single grain boundary in the samples. The
observed variation in Ca coverage among grain boundaries in a
given sample can be explained by the variation of grain-boundary
structure for different misorientations between neighbouring
grains and grain-boundary orientation. However, the plots demon-
strate that (1) the concentration of Ca at the grain boundaries
increases with increasing concentration in the olivine grains, (2) the

partition coefficient, DCa
GM=GB ¼ XCa

GM=X
Ca
GB, decreases with decreas-

ing temperature, and (3) DCa
GM=GB increases with increasing Ca

concentration in the matrix. All of these features are predicted by
equation (1).

Strain energy minimization and space charge compensation are
two important thermodynamic driving forces for segregation to
grain boundaries16. A survey of all elements measured in the grain-
boundary profiles indicates an enrichment of Ca, K, Cr, Ti, Al and
occasionally Fe, depletion of Mg and occasionally Si, and no
detectable enrichment or depletion of Mn and Ni at the grain
boundaries1,11 (T.H., unpublished work). These observations
suggest that differences in ionic radius and valence state from that
of host cations (that is, Mg and Si) control the enrichment of
elements at grain boundaries. Divalent cations such as Ca2þ, which
are enriched at grain boundaries, have much larger ionic radii
(0.100 nm) than those of the host isovalent cations
(Mg2þ ¼ 0.072 nm and Fe2þ ¼ 0.078 nm). In contrast, Mn2þ and
Ni2þ, which do not segregate, have ionic radii (Mn2þ ¼ 0:083nm
and Ni2þ ¼ 0:069nm) close to those of the host cations. For these
isovalent cations, we conclude that segregation is controlled by
differences in ionic radius. Similar partitioning behaviour takes
place between coexisting minerals (for example, olivine, pyroxenes
and plagioclase) and between minerals and melt17,18.

Aliovalent elements such as K, Cr, Al and Ti can segregate to grain
boundaries to compensate space charge. Al commonly segregates to
olivine grain boundaries and occasionally exceeds the amount of Ca,
as shown in Fig. 1a. Because Si and Fe concentrations are constant in
the profile, Al must substitute for Mg at the grain boundaries. The
solubility of Al in olivine grains is below the detection limit of
EPMA, indicating that it partitions more strongly to grain bound-
aries than does Ca, even though the ionic radius of Al3þ (0.054 nm)
is closer than that of Ca to the value of either the radii of host cations
or the theoretical strain-free radius discussed later. Likewise the
ionic radius of Cr3þ (0.062 nm) is approximately equal to the
theoretical strain-free radius for M2 sites in olivine, yet segregation
to olivine grain boundaries was detected1. These observations
indicate that aliovalency is also a strong driving factor for partition-
ing to grain boundaries. However, the combination of strain and
valence factors complicates the development of a quantitative
model for predicting the partitioning of aliovalent ions.

The partition coefficients for isovalent elements are well
explained by the strain energy, U, caused by the misfit of trace

 

Figure 2 Calcium concentrations in olivine grain boundaries versus concentration in

olivine grain matrices. Open symbols, olivine only; grey symbols, olivine þ anorthite;

black symbols, olivine þ diopside. Theoretical curves are shown for four temperatures

from equations (1) and (2).

Figure 1 Chemistry and structure of olivine-olivine grain boundaries in a sample of
olivine þ anorthite annealed at 1,473 K. a, X-ray intensity profile from STEM/EDX

analysis for elements in the vicinity of the grain boundaries. The profile is the sum of

profiles measured from five grain boundaries. The negative compositional values of trace

elements with low concentrations in the olivine grains are indicative of the statistical

scatter in the spectral-fitting procedure. b, HREM image and diffraction pattern of the

olivine grain-boundary area.
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The concentrations and locations of elements that strongly partition into the fluid phase in rocks provide essential constraints on
geochemical and geodynamical processes in Earth’s interior. A fundamental question remains, however, as to where these
incompatible elements reside before formation of the fluid phase. Here we show that partitioning of calcium between the grain
interiors and grain boundaries of olivine in natural and synthetic olivine-rich aggregates follows a thermodynamic model for
equilibrium grain-boundary segregation. The model predicts that grain boundaries can be the primary storage sites for elements
with large ionic radius—that is, incompatible elements in the Earth’s mantle. This observation provides a mechanism for the
selective extraction of these elements and gives a framework for interpreting geochemical signatures in mantle rocks.

Segregation of incompatible elements results in a marked difference
between the composition of the interiors and the boundaries of
grains within the rocks that comprise the Earth’s mantle1. At
chemical equilibrium, the molar concentrations of solutes in
grain matrices, XGM, and the grain boundaries, XGB, can be related
through the grain-boundary segregation energy, g:

XGB

XGB0 2XGB
¼ XGM

12XGM
exp

g

RT

! "
ð1Þ

where XGB0 is the saturation level of XGB, R is the gas constant, and
T is the temperature2. This thermodynamic model has not been
applied to grain boundaries in Earth materials; grain boundaries
have simply been treated as possible sinks for impurities in rocks.
Many studies that have inferred the presence of trace elements at
grain boundaries in rocks attributed their observations to secondary
effects such as contamination in intergranular regions introduced
by a melt, an aqueous fluid or a gas phase3–10.

To test whether this thermodynamic model describes segregation
to grain boundaries in mantle rocks, we fabricated aggregates of
olivine, olivine þ anorthite (10 vol.%), and olivine þ diopside
(10 vol.%). Powders of San Carlos olivine (Mg1.8Fe0.2SiO4) with
or without synthetic anorthite or synthetic diopside glass (crystal-
lized at 1,373 K) were isostatically hot-pressed at 1,473 K and
300MPa for 4–7 h in a gas-medium apparatus. The aggregates
were then annealed at 1,373, 1,473 or 1,523 K for ,250 h at a
total pressure of one atmosphere with the oxygen fugacity fixed near
the Ni/NiO buffer. Finally, the samples were quenched in water.
Cracks formed owing to thermal shock, especially along some of the
grain boundaries; however, many boundaries remained closed. The
1–20 mm grains are polygonal in shape. Avery small amount of melt
(,1 vol.%) formed in some samples. By using different mineral
assemblages and annealing temperatures, we obtained a series of
aggregates with different concentrations of Ca in the olivine grains
as determined by electron probe microanalysis (EPMA).

Grain-boundary compositional profiles were acquired by STEM/
EDX (scanning transmission electronmicroscopy/energy dispersive
X-ray) spectrum profiling, as detailed elsewhere1,11. The incident
electron probe comprised ,1.5 nA of 200-keV electrons in an
incident probe of ,1.4 nm full-width at half-maximum
(FWHM). For each boundary, multiple profiles were acquired in

succession and visually inspected to ensure the absence of beam
damage. These profiles were then summed to obtain composite
profiles with a total acquisition time of 2.5 s per pixel. Characteristic
X-ray intensities were calculated by fitting reference spectra for
families of elemental lines to these composite spectra.
A grain-boundary profile characteristic of the olivine þ

anorthite sample is shown in Fig. 1a. All profiles exhibit segregation
of Ca and concomitant depletion of Mg at the olivine grain
boundaries. In contrast, the prominent Al segregation shown in
Fig. 1a was observed only in the olivine þ anorthite specimen.
Similar enrichments at olivine grain boundaries have been reported
previously1,7,11–13. The width of the peaks (,5 nm FWHM) is
characteristic of electron-beam spreading in the specimen; smaller
widths were observed for data acquired from thinner regions of the
specimen. Also, the change in composition at the grain boundary
does not indicate the presence of a second phase. Thin intergranular
amorphous films with thicknesses of 0.5 to 10 nm observed in some
polycrystalline oxides are not present at olivine grain boundaries in
these specimens, as demonstrated by the lattice fringe image using
high-resolution electron microscopy (HREM) in Fig. 1b (ref. 11).
Concentrations of Ca were extracted from measurements of

characteristic X-ray counts above background using the standard
Cliff–Lorimer14 approach. For this method, sensitivity factors for
the major elements were determined using the matrix as a standard,
with the composition as determined by EPMA. Comparable sensi-
tivity factors for Ca were taken as the mean of the factors for Si and
Fe, effectively a linear interpolation of the factors for these major
elements versus atomic number. The accuracy of this interpolation,
which yielded kCaSi ¼ 1.17 ^ 0.08 for all measurements, was
deemed adequate given the statistical limitations of the measure-
ment of the low Ca X-ray intensities. To compare the degree of
segregation among specimens, the total excess Ca integrated
through the width of the profile was determined and converted to
effective monolayers at the boundary. The procedure for this
calculation is well described in ref. 1. Because the profiles indicate
that Ca substitutes for Mg at the boundary, the grain-boundary
coverage of Ca is expressed as molar occupancy of octahedral M
(M1 and M2) regular lattice sites, XCa

GB: This measure provides an
upper bound for the grain-boundary concentration, because it
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grain boundaries in rocks attributed their observations to secondary
effects such as contamination in intergranular regions introduced
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The concentrations and locations of elements that strongly partition into the fluid phase in rocks provide essential constraints on
geochemical and geodynamical processes in Earth’s interior. A fundamental question remains, however, as to where these
incompatible elements reside before formation of the fluid phase. Here we show that partitioning of calcium between the grain
interiors and grain boundaries of olivine in natural and synthetic olivine-rich aggregates follows a thermodynamic model for
equilibrium grain-boundary segregation. The model predicts that grain boundaries can be the primary storage sites for elements
with large ionic radius—that is, incompatible elements in the Earth’s mantle. This observation provides a mechanism for the
selective extraction of these elements and gives a framework for interpreting geochemical signatures in mantle rocks.

Segregation of incompatible elements results in a marked difference
between the composition of the interiors and the boundaries of
grains within the rocks that comprise the Earth’s mantle1. At
chemical equilibrium, the molar concentrations of solutes in
grain matrices, XGM, and the grain boundaries, XGB, can be related
through the grain-boundary segregation energy, g:

XGB

XGB0 2XGB
¼ XGM

12XGM
exp

g

RT

! "
ð1Þ

where XGB0 is the saturation level of XGB, R is the gas constant, and
T is the temperature2. This thermodynamic model has not been
applied to grain boundaries in Earth materials; grain boundaries
have simply been treated as possible sinks for impurities in rocks.
Many studies that have inferred the presence of trace elements at
grain boundaries in rocks attributed their observations to secondary
effects such as contamination in intergranular regions introduced
by a melt, an aqueous fluid or a gas phase3–10.

To test whether this thermodynamic model describes segregation
to grain boundaries in mantle rocks, we fabricated aggregates of
olivine, olivine þ anorthite (10 vol.%), and olivine þ diopside
(10 vol.%). Powders of San Carlos olivine (Mg1.8Fe0.2SiO4) with
or without synthetic anorthite or synthetic diopside glass (crystal-
lized at 1,373 K) were isostatically hot-pressed at 1,473 K and
300MPa for 4–7 h in a gas-medium apparatus. The aggregates
were then annealed at 1,373, 1,473 or 1,523 K for ,250 h at a
total pressure of one atmosphere with the oxygen fugacity fixed near
the Ni/NiO buffer. Finally, the samples were quenched in water.
Cracks formed owing to thermal shock, especially along some of the
grain boundaries; however, many boundaries remained closed. The
1–20 mm grains are polygonal in shape. Avery small amount of melt
(,1 vol.%) formed in some samples. By using different mineral
assemblages and annealing temperatures, we obtained a series of
aggregates with different concentrations of Ca in the olivine grains
as determined by electron probe microanalysis (EPMA).

Grain-boundary compositional profiles were acquired by STEM/
EDX (scanning transmission electronmicroscopy/energy dispersive
X-ray) spectrum profiling, as detailed elsewhere1,11. The incident
electron probe comprised ,1.5 nA of 200-keV electrons in an
incident probe of ,1.4 nm full-width at half-maximum
(FWHM). For each boundary, multiple profiles were acquired in

succession and visually inspected to ensure the absence of beam
damage. These profiles were then summed to obtain composite
profiles with a total acquisition time of 2.5 s per pixel. Characteristic
X-ray intensities were calculated by fitting reference spectra for
families of elemental lines to these composite spectra.
A grain-boundary profile characteristic of the olivine þ

anorthite sample is shown in Fig. 1a. All profiles exhibit segregation
of Ca and concomitant depletion of Mg at the olivine grain
boundaries. In contrast, the prominent Al segregation shown in
Fig. 1a was observed only in the olivine þ anorthite specimen.
Similar enrichments at olivine grain boundaries have been reported
previously1,7,11–13. The width of the peaks (,5 nm FWHM) is
characteristic of electron-beam spreading in the specimen; smaller
widths were observed for data acquired from thinner regions of the
specimen. Also, the change in composition at the grain boundary
does not indicate the presence of a second phase. Thin intergranular
amorphous films with thicknesses of 0.5 to 10 nm observed in some
polycrystalline oxides are not present at olivine grain boundaries in
these specimens, as demonstrated by the lattice fringe image using
high-resolution electron microscopy (HREM) in Fig. 1b (ref. 11).
Concentrations of Ca were extracted from measurements of

characteristic X-ray counts above background using the standard
Cliff–Lorimer14 approach. For this method, sensitivity factors for
the major elements were determined using the matrix as a standard,
with the composition as determined by EPMA. Comparable sensi-
tivity factors for Ca were taken as the mean of the factors for Si and
Fe, effectively a linear interpolation of the factors for these major
elements versus atomic number. The accuracy of this interpolation,
which yielded kCaSi ¼ 1.17 ^ 0.08 for all measurements, was
deemed adequate given the statistical limitations of the measure-
ment of the low Ca X-ray intensities. To compare the degree of
segregation among specimens, the total excess Ca integrated
through the width of the profile was determined and converted to
effective monolayers at the boundary. The procedure for this
calculation is well described in ref. 1. Because the profiles indicate
that Ca substitutes for Mg at the boundary, the grain-boundary
coverage of Ca is expressed as molar occupancy of octahedral M
(M1 and M2) regular lattice sites, XCa

GB: This measure provides an
upper bound for the grain-boundary concentration, because it
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represents the concentration if the solute were confined entirely to
the grain-boundary plane. This concentration may, in fact, rep-
resent the real grain-boundary concentration, as observed for
segregation of Ca towithin a single atomic plane at grain boundaries
in Ca-doped MgO (ref. 15).
In Fig. 2, Ca monolayer coverage is plotted versus grain-matrix

Ca concentration (molar occupancy of octahedral M sites), XCa
GM,

for the samples described above combined with the results from
samples of two natural peridotites, a fine-grained lherzolite and an
olivine phenocryst-bearing basaltic rock, as well as a synthetic
olivine þ diopside aggregate1. Individual data points represent
the coverage from a single grain boundary in the samples. The
observed variation in Ca coverage among grain boundaries in a
given sample can be explained by the variation of grain-boundary
structure for different misorientations between neighbouring
grains and grain-boundary orientation. However, the plots demon-
strate that (1) the concentration of Ca at the grain boundaries
increases with increasing concentration in the olivine grains, (2) the

partition coefficient, DCa
GM=GB ¼ XCa

GM=X
Ca
GB, decreases with decreas-

ing temperature, and (3) DCa
GM=GB increases with increasing Ca

concentration in the matrix. All of these features are predicted by
equation (1).

Strain energy minimization and space charge compensation are
two important thermodynamic driving forces for segregation to
grain boundaries16. A survey of all elements measured in the grain-
boundary profiles indicates an enrichment of Ca, K, Cr, Ti, Al and
occasionally Fe, depletion of Mg and occasionally Si, and no
detectable enrichment or depletion of Mn and Ni at the grain
boundaries1,11 (T.H., unpublished work). These observations
suggest that differences in ionic radius and valence state from that
of host cations (that is, Mg and Si) control the enrichment of
elements at grain boundaries. Divalent cations such as Ca2þ, which
are enriched at grain boundaries, have much larger ionic radii
(0.100 nm) than those of the host isovalent cations
(Mg2þ ¼ 0.072 nm and Fe2þ ¼ 0.078 nm). In contrast, Mn2þ and
Ni2þ, which do not segregate, have ionic radii (Mn2þ ¼ 0:083nm
and Ni2þ ¼ 0:069nm) close to those of the host cations. For these
isovalent cations, we conclude that segregation is controlled by
differences in ionic radius. Similar partitioning behaviour takes
place between coexisting minerals (for example, olivine, pyroxenes
and plagioclase) and between minerals and melt17,18.

Aliovalent elements such as K, Cr, Al and Ti can segregate to grain
boundaries to compensate space charge. Al commonly segregates to
olivine grain boundaries and occasionally exceeds the amount of Ca,
as shown in Fig. 1a. Because Si and Fe concentrations are constant in
the profile, Al must substitute for Mg at the grain boundaries. The
solubility of Al in olivine grains is below the detection limit of
EPMA, indicating that it partitions more strongly to grain bound-
aries than does Ca, even though the ionic radius of Al3þ (0.054 nm)
is closer than that of Ca to the value of either the radii of host cations
or the theoretical strain-free radius discussed later. Likewise the
ionic radius of Cr3þ (0.062 nm) is approximately equal to the
theoretical strain-free radius for M2 sites in olivine, yet segregation
to olivine grain boundaries was detected1. These observations
indicate that aliovalency is also a strong driving factor for partition-
ing to grain boundaries. However, the combination of strain and
valence factors complicates the development of a quantitative
model for predicting the partitioning of aliovalent ions.

The partition coefficients for isovalent elements are well
explained by the strain energy, U, caused by the misfit of trace

 

Figure 2 Calcium concentrations in olivine grain boundaries versus concentration in

olivine grain matrices. Open symbols, olivine only; grey symbols, olivine þ anorthite;

black symbols, olivine þ diopside. Theoretical curves are shown for four temperatures

from equations (1) and (2).

Figure 1 Chemistry and structure of olivine-olivine grain boundaries in a sample of
olivine þ anorthite annealed at 1,473 K. a, X-ray intensity profile from STEM/EDX

analysis for elements in the vicinity of the grain boundaries. The profile is the sum of

profiles measured from five grain boundaries. The negative compositional values of trace

elements with low concentrations in the olivine grains are indicative of the statistical

scatter in the spectral-fitting procedure. b, HREM image and diffraction pattern of the

olivine grain-boundary area.
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deformation regimes are first introduced. Then, the
influence on rheological behavior of two important
fluids, water and melt, are discussed.

2.14.3.1 Constitutive Equations

2.14.3.1.1 Diffusion creep
Diffusion creep can be divided into two regimes, one
in which diffusion through the interiors of grains con-
trols the rate of deformation (Nabarro, 1948; Herring,
1950) and the other in which diffusion along grain
boundaries governs the rate of deformation (Coble,
1963). The relative importance of these two mechan-
isms depends primarily on grain size and temperature.

2.14.3.1.1.(i) Grain matrix diffusion The rate
of deformation in the Nabarro–Herring creep regime
in which diffusion through grain interiors limits the
rate of creep is described by the relation (Nabarro,
1948; Herring, 1950)

_"NH ¼ !NH
"Vm

RT

Dgm

d 2
½33#

where !NH is a geometrical term and Dgm is the
diffusion coefficient for the slowest species diffusing
through the grain matrix (gm), that is, the grain
interior. The important points to note are that strain
rate is linearly proportional to the differential stress,
inversely proportional to the square of the grain size,
and exponentially dependent on temperature and
pressure through the diffusion coefficient since

Dgm ¼ Do
gmexp –

!Egm þ P!Vgm

RT

! "

¼ Do
gmexp –

!Hgm

RT

! "
½34#

where Dgm
o is a material-dependent parameter and

!Egm, !Vgm, and !Hgm are the activation energy,
activation volume, and activation enthalpy for grain
matrix diffusion, respectively.

2.14.3.1.1.(ii) Grain-boundary diffusion A
similar expression applies in the Coble creep regime
in which the creep rate is limited by diffusion
through grain boundaries (Coble, 1963):

_"C ¼ !C
"Vm

RT

#Dgb

d 3
½35#

where !C is a geometrical term, # is the diffusion
width of the grain boundary, which is approximately
equal to the structural width of%1 nm (e.g., Atkinson,
1985; Carter and Sass, 1981; Ricoult and Kohlstedt,

1983a, 1983b), and Dgb is the diffusion coefficient for
the slowest species diffusing along the boundaries.
For grain boundaries

Dgb ¼ Do
gbexp –

!Egb þ P!Vgb

RT

! "

¼ Do
gbexp –

!Hgb

RT

! "
½36#

where Dgb
o is a material-dependent parameter and

!Egb, !Vgb, and !Hgb are the activation energy,
activation volume, and activation enthalpy for grain-
boundary diffusion, respectively. Again, the strain rate
increases linearly with increasing differential stress
and increases exponentially with inverse temperature
while decreasing exponentially with increasing pres-
sure. However, in contrast to the Nabarro–Herring
case, strain rate for Coble creep varies inversely as
the cube, rather than the square, of the grain size.

Comparison of eqn [33] with eqn [35] reveals the
following points: (1) Both creep mechanisms give rise
to Newtonian viscous behavior ( _" _ "1) with viscos-
ity, $ X"/ _", independent of stress. (2) As long as the
grain size is small enough that diffusion creep dom-
inates over dislocation creep, Nabarro–Herring
creep ( _" _ 1/d 2) is more important than Coble
creep ( _" _ 1/d 3) at larger grain sizes. (3) Nabarro–
Herring creep dominates at higher temperatures
and Coble creep at lower temperatures because
!Hgb <!Hgm.

The analyses of Nabarro (1948) and Herring
(1950) and of Coble (1963) strictly apply to deforma-
tion of a single spherical grain. Subsequent analyses
pointed out the necessity of grain-boundary sliding
in diffusion creep of polycrystalline materials
(Liftshitz, 1963; Raj and Ashby, 1971). The fact
that grains tend to be equiaxed in samples deformed
in the diffusion creep field indicates that grain-
boundary sliding and grain rotation are crucial. The
creep process is essentially that of grain-boundary slid-
ing accommodated by diffusion both through grain
interiors and along grain boundaries, if grain boundaries
are too weak to a support shear stress. For this case,
!NH¼ 14 and !C ¼ 14%. Since grain-boundary and
grain-matrix diffusion are independent/parallel
processes, eqn [33] and [35] can be combined to give

_"diff ¼ 14
"Vm

RT

! "
Dgm þ

%#Dgb

d

! "
1

d 2

! "
½37#

In general, this deformation mechanism is referred to
simply as diffusion creep.
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activation volume, and activation enthalpy for grain
matrix diffusion, respectively.

2.14.3.1.1.(ii) Grain-boundary diffusion A
similar expression applies in the Coble creep regime
in which the creep rate is limited by diffusion
through grain boundaries (Coble, 1963):

_"C ¼ !C
"Vm

RT

#Dgb

d 3
½35#

where !C is a geometrical term, # is the diffusion
width of the grain boundary, which is approximately
equal to the structural width of%1 nm (e.g., Atkinson,
1985; Carter and Sass, 1981; Ricoult and Kohlstedt,

1983a, 1983b), and Dgb is the diffusion coefficient for
the slowest species diffusing along the boundaries.
For grain boundaries

Dgb ¼ Do
gbexp –

!Egb þ P!Vgb

RT

! "

¼ Do
gbexp –

!Hgb

RT

! "
½36#

where Dgb
o is a material-dependent parameter and

!Egb, !Vgb, and !Hgb are the activation energy,
activation volume, and activation enthalpy for grain-
boundary diffusion, respectively. Again, the strain rate
increases linearly with increasing differential stress
and increases exponentially with inverse temperature
while decreasing exponentially with increasing pres-
sure. However, in contrast to the Nabarro–Herring
case, strain rate for Coble creep varies inversely as
the cube, rather than the square, of the grain size.

Comparison of eqn [33] with eqn [35] reveals the
following points: (1) Both creep mechanisms give rise
to Newtonian viscous behavior ( _" _ "1) with viscos-
ity, $ X"/ _", independent of stress. (2) As long as the
grain size is small enough that diffusion creep dom-
inates over dislocation creep, Nabarro–Herring
creep ( _" _ 1/d 2) is more important than Coble
creep ( _" _ 1/d 3) at larger grain sizes. (3) Nabarro–
Herring creep dominates at higher temperatures
and Coble creep at lower temperatures because
!Hgb <!Hgm.

The analyses of Nabarro (1948) and Herring
(1950) and of Coble (1963) strictly apply to deforma-
tion of a single spherical grain. Subsequent analyses
pointed out the necessity of grain-boundary sliding
in diffusion creep of polycrystalline materials
(Liftshitz, 1963; Raj and Ashby, 1971). The fact
that grains tend to be equiaxed in samples deformed
in the diffusion creep field indicates that grain-
boundary sliding and grain rotation are crucial. The
creep process is essentially that of grain-boundary slid-
ing accommodated by diffusion both through grain
interiors and along grain boundaries, if grain boundaries
are too weak to a support shear stress. For this case,
!NH¼ 14 and !C ¼ 14%. Since grain-boundary and
grain-matrix diffusion are independent/parallel
processes, eqn [33] and [35] can be combined to give

_"diff ¼ 14
"Vm

RT

! "
Dgm þ

%#Dgb

d

! "
1

d 2

! "
½37#

In general, this deformation mechanism is referred to
simply as diffusion creep.
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to describe experimental results. A general form of
this flow law is

_" ¼ A
!n

dm
f pO2

f qH2O
exp –

Qcr

RT
½43#

where A is a material-dependent parameter and Qcr is
the activation energy (strictly, enthalpy) for creep.
The power-law form of the creep equation arises by
considering the role of dislocation climb and grain-
boundary sliding in the deformation process.

The potential importance of dislocation climb as
the rate-controlling step of high-temperature,
steady-state creep was suggested in the early 1950s
by Mott (1951, 1953, 1956). Subsequently, several
climb-controlled creep models were developed that
relate strain rate to differential stress and tempera-
ture, the latter though the self-diffusivity (for reviews
see, e.g., Weertman (1978), Poirier (1985, pp. 94–144),
Cannon and Langdon (1988), Evans and Kohlstedt
(1995), and Weertman (1999)). The rate of climb of
edge dislocations depends directly on diffusive fluxes
of ions (e.g., Hirth and Lothe, 1968, pp. 506–519;
Poirier, 1985, pp. 58–62). The justification
for emphasizing the importance of climb in high-
temperature (T> (2/3)Tm, where Tm is the melting
temperature) deformation of crystalline materials is
the observed one-to-one correlation between the
activation energy for creep and the activation energy
for self-diffusion of the slowest ionic species. This
correlation has been observed for a large number
of metallic and ceramic materials (e.g., Dorn,
1956; Sherby and Burke, 1967; Mukerjee et al., 1969;
Takeuchi and Argon, 1976; Evans and Knowles,
1978) as well as for olivine (Dohmen et al., 2002;
Chakraborty and Costa, 2004; Kohlstedt, 2006).

Two climb-based models of dislocation creep
merit particular attention because of their pioneering
contributions in this area and because they incorpo-
rate most of the elements found in subsequent
models. Weertman (1955, 1957a) developed a flow
law for steady-state dislocation creep in which dis-
location glide produces the strain but dislocation
climb controls the stain rate. In this model, a disloca-
tion source generates a dislocation loop that expands
by gliding until it encounters an obstacle such as a
dislocation loop that was generated on a parallel glide
plane. The two dislocations interact to form a
dipole that prevents further glide until the two dis-
locations comprising the dipole climb to annihilate
one another. Once the dipole is annihilated, the dis-
location sources produce new dislocation loops
(i.e., dislocation multiplication) to continue the

deformation process. If glide is rapid and climb is
slow then the average dislocation velocity is

!v ¼
,g þ ,̇c
tg þ tc

%
,g
,c

vc ½44#

where ,g is the glide distance, ,c is the climb distance,
and vc is the climb velocity (Poirier, 1985, p. 110;
Weertman, 1999). The climb velocity, which is deter-
mined by diffusion of the slowest atomic/ionic
species, is given by the expression (Hirth and
Lothe, 1968, pp. 506–519)

vc ¼ 2"
!Vm

RT

D

b

1

ln Ro=r cð Þ
½45#

where the average spacing between dislocations, Ro,
is usually written in terms of the dislocation density
as Ro % 1=

ffiffiffi
#

p
, and the inner cutoff (core) radius, rc, is

generally set at rc% b. A flow law is then obtained by
inserting eqn [40] and [45] into the Orowan equation,
eqn [42], to yield (Weertman, 1999)

_" ¼ 2"
GVm

RT

!

G

" #3 D

b2
1

ln G=!ð Þ
,g
,c

½46#

Nabarro (1967) formulated a model for steady-
state dislocation creep based solely on dislocation
climb. Bardeen–Herring sources (Bardeen and
Herring, 1952) generate dislocations that form a net-
work and continuously climb. Dislocation
multiplication occurs by operation of dislocation
sources thus increasing their density, while climb of
dislocations of opposite sign toward one another
results in annihilation thus decreasing their density.
A balance between multiplication and annihilation
results in steady-state creep described by the flow
law (Nabarro, 1967; Nix et al., 1971)

_" ¼ 2
GVm

RT

!

G

" #3 D

b2
1

ln 4G="!ð Þ
½47#

Although the steady-state strain rates obtained
from the models developed by Weertman and
Nabarro, eqns [47] and [46], respectively, differ in
magnitude, these flow laws share fundamental ele-
ments. Both yield a cubic dependence of strain rate
on differential stress and a linear dependence of
strain rate on diffusivity. That is, both result in
power-law equations similar to that given in eqn
[43] with m¼ 0. The exponential dependence of
strain rate on temperature enters through D as does
at least part of the dependence of strain rate on
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lattice 
(Nabarro (1948) Herring(1950):

grain boundary
Coble (1963):

combined:

empirical: 

4. Models for diffusion creep at high T
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and the shape of the grains themselves, change in a 

way described by pij Fig. l(b)]. Flow by dislocation 

glide or by ~slocation creep show these two charaeter- 

istics. So also do Nabarro-Herring and Coble creep 

(although in the case of these two diffusional flow 

processes a grid scribed onto a single grain would show 

no distortion). The important points are: (a) flow 

by any one of these mechanisms causes the grai?aa to 

e~~ga~e (strictly, to suffer the same shape transforma- 

tion as the specimen itself) ; (b) grains z&c& are nearest 

neighbors remain nearest neighbors; (c) the number of 

grains across the cross-section of the specimen 

remains constant.* 

The mechanism described below is one of non- 

uniform flow. The grains do not suffer the same shape 

t t t 

4 I I 

(0) (bl 

Fro. 1. Quasi-uniform flow. A grain suffers roughly 
the same shape change as the specimen as a whole and 
does not switoh its neighbors. Dislocation creep, Nabarro- 
Herring and Coble creep all have these characteristics. 

change as the specimen, and grains switch their 

neighbors. It is most easily described and studied by 

using an oil-emulsion analog, made as follows. If 

mineral oil is shaken with a dyed detergent (15% 

ammonium lauryl sulphate) and the emulsion is 

centrifuged, a structure consisting of “grains” of oil 

separated by very thin “gram boundaries” of deter- 

gent solution results, Its deformation can be studied 

by causing it to %ow through a channel between two 

glass plates (Fig. 2). The arrangement simulates 

the topology (though not the mechanics) of flow 

in polycrystalline or polyphase materials made up 

of incompressible grains which can slide at their 

boundaries. 

Figure 3 shows what happens when the emul- 

sion deforms. Pairs of grains-those marked by 

! Since completing this study, a paper by Cannonu’ has 
appeared which emphasizes this, and certain of the other, 
geometric properties described in this section. 

TWO CLASS PLATES 

SEPARATED BY SPACER 

OIRECTIO~  OF FLOW 

FIG. 2. The oelI in which the oil emulsion was deformed. 
The channel has the shape of a logarithmic spiral. 

diamonds-which were not previously nearest neigh- 

bors come together, forcing apart two others at right 

angles. This neighbor-s~tching event is the main 

feature of the flow. 

In flowing through the channel, theemulsionsuffered 

a total strain of about 10. After an initial strain of 

0.5 during which some grain-elongation occurred,* 

the grains ceased to elongate even though the sample 

as a whole continued to deform. St~ct~~ly speaking, 

the %ow reached a steady state, in which unlimited 

deformation could occur with no further grain elonga- 

tion. The sample strain was then entirely due to the 

relative translations of grains past each other in such 

a way that the number of grains along one dimension 

of the specimen increased and that along a direction 

at right angles decreased. 

An idealization of this is shown in Fig. 4. During a 

neighbor-switching event, like that shown here, adjacent 

grains follow perpendicular trajectories. In reality 

grains are not all the same size and even in two 

dimensions do not usually form a perfectly hexagonal 

Fro. 3. A sequence of photographs of grains in the oil- 
emulsion showing the deformation mechanism. The 
sample had suffered a total strain of order 8 before these 
photographs were taken; the grains show their steady- 
state strain of 0.3. Between states (a) and (b) the 
sample has suffered a further small increment of strain. 
The grams translate past each other: the two marked 
by diamonds have become nearest neighbors, separating 
the two marked by dots. The double print (c) gives 

some idea of the local strain. 

* The steady-state grain elongation depended on grain 
size and was between 0 and 0.5. 
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FIG. 4. The unit step of the defo~ati~ process. A group of four grains moves from the initial, through the inter- 
mediate state to the final state. The initial and final states of the polycrystal are thermodynamically identical, 
although it has suffered a true strain so = 0.65. In so doing, the grains suffer accommodation strains and translate 

past each other by sliding at their boundaries. 

array. Then the translations of the grains involve 

also their rotation. The rotation is not linked in any 

simple way to the translation, but is related to the 

probability of one gram being surrounded by others of 

particular sizes and in particular angular positions. 

Figure 5 shows a larger area of the deforming emul- 

sion. Switching events like the one idealized in Fig. 4 

ooeur locally, producing a local stram of about 0.55. 

The surrounding structure relaxes to transmit the 

strain to the specimen surfaces. After a strain in the 

specimen of 0.55 all grains have participated in one 

switching event, on the average. At smaller strains, 

a correspondingly smaller fraction of grains have 

switched neighbors.* 

One way of identifying this sort of flow behavior is 

to map the trajectories of the grain centers as thespeoi- 

men deforms. Figure 6(a) shows schematically the 

movement of grain-centers during quasi-uniform flow. 

The trajectories are locally parallel everywhere; if 

equation (1) is obeyed within the specimen, this must 

be so. By contrast, during non-uniform flow the 

trajectories of grains which undergo the switching 

events are locally ~eT~~~d~c~T (Fig. 4). Figure 6(b) 

is an actual tracing of grain trajectories in the oil- 

emulsion model, spanning a strain of about 0.1. 

Five switching events are ringed: within the rings, 

grains have moved on orthogonal paths. Our oil- 

emulsion model is a two-dimensional one; in the 

deformation of a three-dimensional structure, sub- 

surface grains can appear at the surface or surface 

grams can disappear into the interior. But no new 

phenomena are involved-the essential step in the 

flow is still that shown in Fig. 4. 

* In pm&ice, a strain of order 0.5 is probably needed to 
change the structure from its equilibrium state in the absence 
of flow to its steady state while deforming. This point is 
discussed further in Section 4(c). 

The fundamental topological feature of this non- 

uniform flow is that grains in the aggregate change 

their neighbors ; this permits a large, permanent, 

shape-change of the specimen without requiring any 

large change in shape of its grains. This fact was first 

recognized by Raohinger’s) in a paper which has been 

FIQ. 5. Photographs (a)-(e) form a sequenae in order of 
increasing strain. weigher-dishing events have occur- 
red in the areas printed with high contrast. The surround- 
ings relax, transmitting the loaally generated strain to 

the specimen surfaces. 

DIFFUSION-ACCOMMODATED FLOW AND SUPERPLASTICITY* 

M. F. ASHBYt and R. A. VERRALLt 

Polycrystalline matter c8n deform to large strains by grain-boundary sliding with diffusional eocommo- 
detion. A new mechanism for this sort of deformation is described end modelled. It differs fundamentally 
from Nabarm-Herring and Cable creep in 8 topological sense: grains switch their neighbors 8nd do not 
elongate significantly. A constitutive equation describing the mechanism is derived from the model. 
The strain-rate may be diffusion controlled, in which case the constitutive equation resembles the 
Naberro-Herring-Coble equation but predicts strain-rates which are roughly 8n order of magnitude 
faster. Or it may be controlled by 8n interfece reaction-roughly speaking, by the restricted ability 
of a boundary to act 8a a sink or source for point defects, or by its restricted ebility to slide. 

The flow behavior of superplastic alloys css be explained 8s the superposition of this mechanism and 
ordinary power-law creep (“dislocation creep”). The combined mechanisms appear to be cspable of 
explaining not only the observed relation between strein-rate and stress, but most of the microstructural 
and topological fe8tures of superplastic flow 8s w6ll. 

SUPERPLASTICITE ET PLASTICITE AVEC ACCOMMODATION PAR DIFFUSION 

La mati& polycristalline peut p&enter des d6formations t&s important@ par glissement 8ux 
joints de grains avec 8ocommodetion par, diffusion. Un nouveau m6canisme pour cett.e sorte de dbfor- 
mation est dbcrit et un modAle est p&sent& 11 dil%re fondamentelement du fluage de Nabarro-Herring 
et Coble au se118 topologique: les grains bousculent leurs voisins, et ne subissent p&s d’allongement 
sign&&if. Une 6quetion decrivant le m6c8nisme est d&iv& du modble. La vitesse de dbformstion peut 
6tre contr616e par la diffusion, auquel c&s 1’6quation ressemble B 1’Bquation de Nabarm-Herring-Coble 
mais pr6voit des vitesses de d6formetion plus &levbs d’environ un fectaur dix. Elle peut dtre aussi 
contr&l& par une r&&ion d’interfeca, approximativement, par l’aptitude limit6e d’un joint 8, agir 
comme un puits ou une source pour les d6feuts ponctuels, ou par son aptitude limit& B, glisser. 

Le comportement plaatique des &ages superplastiques peut 6tre expliqub comme r6sultant de la 
superposition de ce m6cenisme et du fluage chbssique (“fluage de dislocations’ ). Les deux m6canismes 
combin6s semblent Btre cap8bles d’expliquer non suelement la relation observ6e entre 18 vitesse de 
d6formetion et 18 contrainte, mais aussi l8 plupart des caractbres topologiques et de microstructures 
de 18 superpl8sticit.6. 

DIFFUSIONSAKKOMODIERTES FLIEDEN UND SUPERPLASTIZIT~T 

Man kann polykrist8llines Materid aufgrund von Korngrenzengleiten (Akkomodetion durch Diffusion) 
his zu groDen Abgleitungen verformen. Fiir diese Art der Verformung wird ein neuer Mechenismus 
besahrieben. Er unterscheidet sich in topologischem Sinn fundamental von Nabarm-Herring-und 
Coble-Krieohen: Kijrner &ndern ihre Nachbarn und erleiden keine wesentliche Verltigerung. Aus 
dem Modell wird eine Materialgleichung abgeleitet, die den Mechanismus beschreibt. Die Abgleitung 
kenn diffusions-kontrolliert sein; in diesem Fall gleicht die Materialgleichung der Naberro-Herring- 
Coble-Gleiahung, eagt aber Abgleitgeschwindigkeiten voraus, die etwa eine GrBDenordnung hiiher sind. 
Die Abgleitung kann such durch eine Grenzfl&chenreaktion kontrolliert eein-grob gesprochen aufgrund 
der begrenzten Fi%higkeit einer Korngrenze aIs Punktdefektsenke oder-quelle zu wirken oder zu gleiten. 

Das l?lieBverhslten superpl86scher Legierungen kenn 8ls Superposition dieses Mechanismus mit 
gewiihnlichem Kriechen (“Versetzungskriechen”) erkl&t werden. Die kombinierten Mechanismen 
kijnnen nicht nur den beobachteten Zusammenhang zwischen Abgleitgeschwindigkeit und Spannung 
sondem such die Gefiige- und topologischen Eigensohaften des superplestiechen FlieBens e&l&en. 

1. INTRODUCTION 

This paper describes a deformation mechanism for 

polycrystalline matter which has not previously been 

modelled in detail. It is based on grain-boundary 

s&&g with diffu-sional aomnmdation, and is impor- 

tant when temperatures are high enough to permit 

diffusion, end when strains are large (as in superplastic 

flow). The mechanism is described by a model, from 

which an approximate constitutive equation (a re- 

lation between strain-rate, stress and temperature) is 

derived. The characteristics of the mechanism 

resemble those observed during superplastic flow. 

2. QUASI-UNIFORM AND NON- 
UNIFORM FLOW 

When a polycrystalline specimen is deformed in 

tension (to take a simple example), the grains within 

! Received June 23, 1972; revised November 13, 1972. 
t Division of Engineering and Applied Physics, Harvard 

University, Cambridge, Mctsaahusetts. 

it usually suffer roughly the same strain as that 

imposed on the specimen as a whole (Fig. 1). All 

well-eccepted deformation mechanisms lead to this 

quasi-uniform deformation: “quasi” because, on a 

scale comparable with the spacing of slip lines, the 

deformation is not uniform, but on a scale comparable 

with the size of grains, it is. 

This sort of deformation could be defined more 

exactly as follows. Suppose the external shape 

change of the specimen is described by the deformation 

matrix Bij, defined by 

Xi’ = BiiXi 

where xi, a point on the specimen surface before 

deformation, transforms to xj’ after deformation. 

Then, if the deformation is quasi-uniform, all points 

within the crystal suffer the same transformation, at 

least approximately. In particular, the coordinates of 

the centers-of-mass of the grains (crosses on Fig. l), 
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diffusion, end when strains are large (as in superplastic 

flow). The mechanism is described by a model, from 
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derived. The characteristics of the mechanism 

resemble those observed during superplastic flow. 
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tension (to take a simple example), the grains within 
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it usually suffer roughly the same strain as that 

imposed on the specimen as a whole (Fig. 1). All 

well-eccepted deformation mechanisms lead to this 

quasi-uniform deformation: “quasi” because, on a 

scale comparable with the spacing of slip lines, the 

deformation is not uniform, but on a scale comparable 

with the size of grains, it is. 

This sort of deformation could be defined more 

exactly as follows. Suppose the external shape 

change of the specimen is described by the deformation 

matrix Bij, defined by 

Xi’ = BiiXi 

where xi, a point on the specimen surface before 

deformation, transforms to xj’ after deformation. 

Then, if the deformation is quasi-uniform, all points 

within the crystal suffer the same transformation, at 

least approximately. In particular, the coordinates of 

the centers-of-mass of the grains (crosses on Fig. l), 
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FIG. 4. The unit step of the defo~ati~ process. A group of four grains moves from the initial, through the inter- 
mediate state to the final state. The initial and final states of the polycrystal are thermodynamically identical, 
although it has suffered a true strain so = 0.65. In so doing, the grains suffer accommodation strains and translate 

past each other by sliding at their boundaries. 

array. Then the translations of the grains involve 

also their rotation. The rotation is not linked in any 

simple way to the translation, but is related to the 

probability of one gram being surrounded by others of 

particular sizes and in particular angular positions. 

Figure 5 shows a larger area of the deforming emul- 

sion. Switching events like the one idealized in Fig. 4 

ooeur locally, producing a local stram of about 0.55. 

The surrounding structure relaxes to transmit the 

strain to the specimen surfaces. After a strain in the 

specimen of 0.55 all grains have participated in one 

switching event, on the average. At smaller strains, 

a correspondingly smaller fraction of grains have 

switched neighbors.* 

One way of identifying this sort of flow behavior is 

to map the trajectories of the grain centers as thespeoi- 

men deforms. Figure 6(a) shows schematically the 

movement of grain-centers during quasi-uniform flow. 

The trajectories are locally parallel everywhere; if 

equation (1) is obeyed within the specimen, this must 

be so. By contrast, during non-uniform flow the 

trajectories of grains which undergo the switching 

events are locally ~eT~~~d~c~T (Fig. 4). Figure 6(b) 

is an actual tracing of grain trajectories in the oil- 

emulsion model, spanning a strain of about 0.1. 

Five switching events are ringed: within the rings, 

grains have moved on orthogonal paths. Our oil- 

emulsion model is a two-dimensional one; in the 

deformation of a three-dimensional structure, sub- 

surface grains can appear at the surface or surface 

grams can disappear into the interior. But no new 

phenomena are involved-the essential step in the 

flow is still that shown in Fig. 4. 

* In pm&ice, a strain of order 0.5 is probably needed to 
change the structure from its equilibrium state in the absence 
of flow to its steady state while deforming. This point is 
discussed further in Section 4(c). 

The fundamental topological feature of this non- 

uniform flow is that grains in the aggregate change 

their neighbors ; this permits a large, permanent, 

shape-change of the specimen without requiring any 

large change in shape of its grains. This fact was first 

recognized by Raohinger’s) in a paper which has been 

FIQ. 5. Photographs (a)-(e) form a sequenae in order of 
increasing strain. weigher-dishing events have occur- 
red in the areas printed with high contrast. The surround- 
ings relax, transmitting the loaally generated strain to 

the specimen surfaces. 

160 ACTA METALLURGICA, VOL. 21, 1973 

and the shape of the grains themselves, change in a 

way described by pij Fig. l(b)]. Flow by dislocation 

glide or by ~slocation creep show these two charaeter- 

istics. So also do Nabarro-Herring and Coble creep 

(although in the case of these two diffusional flow 

processes a grid scribed onto a single grain would show 

no distortion). The important points are: (a) flow 

by any one of these mechanisms causes the grai?aa to 

e~~ga~e (strictly, to suffer the same shape transforma- 

tion as the specimen itself) ; (b) grains z&c& are nearest 

neighbors remain nearest neighbors; (c) the number of 

grains across the cross-section of the specimen 

remains constant.* 

The mechanism described below is one of non- 

uniform flow. The grains do not suffer the same shape 

t t t 

4 I I 

(0) (bl 

Fro. 1. Quasi-uniform flow. A grain suffers roughly 
the same shape change as the specimen as a whole and 
does not switoh its neighbors. Dislocation creep, Nabarro- 
Herring and Coble creep all have these characteristics. 

change as the specimen, and grains switch their 

neighbors. It is most easily described and studied by 

using an oil-emulsion analog, made as follows. If 

mineral oil is shaken with a dyed detergent (15% 

ammonium lauryl sulphate) and the emulsion is 

centrifuged, a structure consisting of “grains” of oil 

separated by very thin “gram boundaries” of deter- 

gent solution results, Its deformation can be studied 

by causing it to %ow through a channel between two 

glass plates (Fig. 2). The arrangement simulates 

the topology (though not the mechanics) of flow 

in polycrystalline or polyphase materials made up 

of incompressible grains which can slide at their 

boundaries. 

Figure 3 shows what happens when the emul- 

sion deforms. Pairs of grains-those marked by 

! Since completing this study, a paper by Cannonu’ has 
appeared which emphasizes this, and certain of the other, 
geometric properties described in this section. 

TWO CLASS PLATES 

SEPARATED BY SPACER 

OIRECTIO~  OF FLOW 

FIG. 2. The oelI in which the oil emulsion was deformed. 
The channel has the shape of a logarithmic spiral. 

diamonds-which were not previously nearest neigh- 

bors come together, forcing apart two others at right 

angles. This neighbor-s~tching event is the main 

feature of the flow. 

In flowing through the channel, theemulsionsuffered 

a total strain of about 10. After an initial strain of 

0.5 during which some grain-elongation occurred,* 

the grains ceased to elongate even though the sample 

as a whole continued to deform. St~ct~~ly speaking, 

the %ow reached a steady state, in which unlimited 

deformation could occur with no further grain elonga- 

tion. The sample strain was then entirely due to the 

relative translations of grains past each other in such 

a way that the number of grains along one dimension 

of the specimen increased and that along a direction 

at right angles decreased. 

An idealization of this is shown in Fig. 4. During a 

neighbor-switching event, like that shown here, adjacent 

grains follow perpendicular trajectories. In reality 

grains are not all the same size and even in two 

dimensions do not usually form a perfectly hexagonal 

Fro. 3. A sequence of photographs of grains in the oil- 
emulsion showing the deformation mechanism. The 
sample had suffered a total strain of order 8 before these 
photographs were taken; the grains show their steady- 
state strain of 0.3. Between states (a) and (b) the 
sample has suffered a further small increment of strain. 
The grams translate past each other: the two marked 
by diamonds have become nearest neighbors, separating 
the two marked by dots. The double print (c) gives 

some idea of the local strain. 

* The steady-state grain elongation depended on grain 
size and was between 0 and 0.5. 
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GRAIN 1 

/ 

I 

K EiDUNDARl 

OlffUSlVE FLUX 

FIG. 7. The accommodation strains required when grains 

move from the initial to the intermediate states. These 
may be obtained by bulk diffusion and by boundary diffu- 
sion. Not,e that the flow, particularly in grain 2, is local, 

confined to the surface regions of the grain. 

allowing the external stress to do work. The work 

done per second on the group is 

where u is the tensile stress, g the tensile strain-rate 

and V the volume of the group. 

This work drives four irreversible processes. They 

are : 

1. The diffusive process by which the grains tem- 

porarily change shape, suffering accommodation 

strains. The volume of matter which must be moved 

can be obtained by superimposing, as shown in Fig. 7, 

the centers of mass of a grain in two states and exam- 

ining the local readjustments which must be made in 

its shape. (Straightforward geometry shows that the 

average volume of matter moved/grain per unit step 

is 0.075d3, and that the weighted-mean distance over 

which this transport occurs is 0.3d.) This diffusive 

process, which may occur either by bulk or by grain- 

boundary transport, inserts or removes material into 

the boundary separating two grains: that is, it 

produces normal displacements there. It requires a 

di@.sive current, I, to flow from one set of sites on the 

boundaries of the grains, to another set, as shown in 

Fig. 7. The quantity I is the total number of atoms or 

vacancies flowing/second, from sources to sinks within 

the group of four grains. If the (average) chemical 

potential difference between a sink and source is Ap. 

then the power dissipated by this process is simply 

IA/L 

2. The interface reaction. Grain or phase bound- 

aries may be imperfect sinks or sources for point 

defects. When this is so, an interface barrier exists 

when a vacancy is removed from, or added to, the 

boundary. In principle, the magnitude of this chemi- 

cal potential barrier* may differ at the source and the 

sink, but we shall assume it to be the same at both, 

* Further discussion of the problem is given by Ashby.‘6.r’ 

and of magnitude Api. Then, since the current I 

originates at a source and flows into a sink, the power 

dissipated in driving the boundary as a source or sink 

is 21Apui. 

3. Grain boundary sliding. As well as the normal 

displacements which diffusion produces, shear dis- 

placements occur in the boundary plane. It is these 

which permit the grams to translate past each other. 

Their magnitude can be seen by examining the motion 

of grains relative to a fixed origin-say the center of 

mass of grain 1, as shown in Fig. 8. Work is done 

against the boundary viscosity when sliding occurs, 

leading to a second, independent, irreversible process. 

If the local shear stress which appears in the boundar! 

plane is 7, and a total area A of boundary slides with a 

relative velocity ti, this process dissipates power equal 

to rAti. Simple geometry shows that the total sliding 

displacement at each of the four sliding boundaries of 

Fig. 4(a), during a unit step, is u = 0.46d, and that the 

net sliding area A is ,d 3 2. These large sliding displace- 

ments are an essential part of the model; they are 

larger than those which accompany Nabarro-Herring 

or Coble creep. In spite of this, the power dissipated 

in driving them is surprisingly small-indeed, it is 

almost always negligible. This point is discussed 

further in the Appendix. 

4. Fluctuations of boundary area. The final pro- 

cess is less-obviously an irreversible one. The grub 

boundary area increases as the cluster of four grains 

moves from the initial to the intermediate state, 

storing free energy in the system. As the cluster 

moves from the intermediate to the final position the 

boundary area decreases again, releasing the energy. 

There is no way in which this energy can be made 

\ 

GRAIN I 

/ \ 

GRAIN 3 

/ 

FIG. 8. The relative shear translations of grain boundary 
sliding. These transformations are a fundamental feature 
of the model. Because of them, the total diffusional 
transport/unit strain is lower than in classical treat- 
ments of Nabarro-Herring creep and the diffusional flow 

becomes merely an accommodating mechanism. 

previous models are 
uniform flow

this is 
non-uniform flow



5. Experimental data (and empirical flow laws)
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dependence of viscosity on water fugacity or water concen- 

tration must be quantified. Second, the mechanism by which 
water weakens olivine must be identified. Both are treated as 

primary goals of this study so that laboratory results can be 

extrapolated to mantle conditions. To attain these goals, a 

sample assembly was designed to maintain water-saturated 

conditions during a deformation experiment. Water fugacity 

was systematically varied by changing the confining pres- 

sure in order to quantify the relationship between creep rate 
and water fugacity. These data impose constraints on the 

point defect mechanism by which water weakens olivine. 

The present paper reports the influence of water on diffusion 

creep of olivine. Results on the effect of water on dislocation 

creep are reported in the companion paper by Mei and 
Kohlstedt [this issue]. 

2. Experimental Details 

2.1. Specimen Preparation 

2.1.1. Starting material. To minimize the presence of 

spinel inclusions in our samples, grains of San Carlos olivine, 

(Mg0.91Fe0.09)2SiO4, ~3 to 6 mm in maximum dimension were 
hand-picked before grinding to a f'me powder in a fluid 

energy mill. This material was stokes settled in distilled water 

to obtain a powder with particle sizes ranging from 2 to 

18 ktm. The particle size distribution is shown in Figure 1. 

The powder was then stored in a vacuum drying oven at 
425 K. 

2.1.2. Sample fabrication. Mixtures of olivine plus 5% 

enstatite powder were cold pressed into nickel cans 26 mm in 

length, 11.6 mm in outer diameter, and 10 mmin inner diame- 

ter. The enstatite limits grain growth during hot pressing and 

deformation, and it buffers the silica activity of the olivine. 

The cold pressing was performed layer by layer in ~2 mm 

increments at a pressure of ~200 MPa so that the initial 

porosity was homogeneously distributed throughout the 

sample The skin of each layer was carefully removed with a 
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Figure 1. Particle size distribution of the starting powder. 
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Figure 2. Transmitted plane light photomicrographs of hot- 
pressed samples: (a) dry sample and (b) wet sample. Scale 
bar represents 20/•m. These micrographs are from polished 
and etched sections cut normal to the long axes of the 
samples. 
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indicates that the temperature fluctuates by no more than 

_+2 K in the hot zone and varies by <2 K along the length of 
the sample. Deformation experiments were conducted at 

temperatures between 1473 and 1573 K, confining pressures 
in the range 100 to 450 MPa, differential stresses of 20 to 300 
MPa, and axial strain rates from 7.0x10 '? to 1.2x10 '4 sq. 

In Figure 1 of Mei and Kohlstedt [this issue], raw data are 

plotted in the form of load versus time and displacement 
versus time for one experiment. The load, which was moni- 

tored by an internal load cell, was held constant in each 

deformation step by means of a servo-controlled motor. 

Differential stresses were determined by dividing load by the 
instantaneous area of the deformed sample. Reported values 

for differential stress are accurate to _+2 MPa. Creep data 
were obtained by varying the stress in a stepwise fashion at 
constant temperature and pressure; the sample was unloaded 

between each step. For most samples, steady state deforma- 

tion was achieved by --0.5% strain for diffusion creep and 1% 

strain for dislocation creep. To preserve the deformation- 

induced microstructure, deformed samples were cooled under 
differential stress at a rate of--2 K/s to 900 K; this decrease 

in temperature resulted in a decrease in pressure of--50 MPa 
as the gas confining medium cooled. The load was then 

removed, and the samples were brought to ambient condi- 

tions at a cooling rate of ~ 1 K/s and a depressurization rate 
of ~ 1 MPa/s. 

After removal from the apparatus, the sample jackets were 

dissolved using aqua regia (50% HC1 + 50% HNO3). The 
specimens were cut into sections foi analysis of the 
microstructure and determination of the water concentration. 

2.4. Water Concentration Analyses 

The concentration of water-related species in olivine prior 

to and after deformation was determined using Fourier 

transform infrared (FTIR) spectroscopy. Spectra in the 

wavenumber range 2000 to 4000 cm 4 were collected with a 
Nicolet- 100 high-resolution micro-FTlR spectrometer. Room 

temperature absorption spectra were measured on doubly 

polished sections (150 pm thick, 3 mm diameter). On the 

basis of previous studies [Beran and Puthis, 1983,' Miller et 
al., 1987; Bell and Rossman, 1992; Libowitzky and Beran, 

1995], infrared absorption bands between 3300 and 3700 cm 4 
result from the stretching vibrations of O-H bonds. The 

hydroxyl concentration was calculated from infrared spectra, 
after making a background correction using a third-order 

polynomial fit to the background absorbency by integrating 

across the hydroxyl bands. Hydroxyl concentration was 
determined from the relation [Paterson, 1982] 

_ f K(v) dv (1) Cøn 1507 3780 -v ' 

where Con is molar hydroxyl concentration, K (v) is the 
absorption coefficient (in cm q) at wave number v (in cm'•), 
and y is an orientation factor accounting for the distribution 

of the OH groups. For the isotropic broad absorption bands 
found in polycrystalline samples, a value of ! = 1/3 was used; 

for the anisotropic sharp bands from single crystals, a value 
of ! = 1/2 was taken for the infrared beam parallel to the [010] 
direction. 

To verify that the water fugacity was properly buffered, it 

was important to determine if the sample was water saturated. 

To test this point, oriented single crystals of olivine 

~3x3xl mm were embedded in three of the polycrystalline 

samples to act as indicators for water content, since OH 

solubility in olivine crystals as a function of water fugacity 

has previously been quantified [e.g., Kohlstedt et al., 1996]. 
After a deformation experiment the water contents in both the 

single crystal and the polycrystalline aggregate were deter- 
mined by FTIR spectroscopy. 

2.5. Data Analysis 

Strain rate versus stress results were calculated from the 

recorded load and displacement versus time data. Differential 

stress was corrected for the strength of the Fe jacket, Ni 
sleeve, and talc sleeve as well as for the change in cross- 
sectional area of the sample during deformation. To make 
these corrections, the flow laws for Fe and Ni were taken from 

Frost and Ashby [1982], while the strength of talc was 
determined in our laboratory [Mei, 1999]. The sleeves 

supported ~3 to 20% of the largest and smallest applied 
loads, respectively. 

The deformation results were analyzed in terms of a flow 
law of the form 

•(o,d,T,P, fi_t2o) - A fI•2O exp Q + PV d e RT ' (2) 

where • is axial strain rate, o is differential stress, d is grain 
size, A is a materials parameter, O is activation energy, P is 

confining pressure, V is activation volume, T is absolute 

temperature, and R is the gas constant. The activation 

energy and activation volume terms include contributions 

from the effect of temperature and pressure, respectively, on 

hydroxyl solubility as well as on point defect (e.g., silicon 

vacancy or interstitial) concentration and mobility. For 

diffusion creep the stress exponent n = 1. If grain matrix 

diffusion dominates, the grain size exponent p = 2, and if 

grain boundary difthsion dominates, p = 3. For dislocation 

creep, n = 3-4 for olivine. In our experiments the transition 

from diffusion creep (n = 1) to dislocation creep (n • 3) 

occurs at a differential stress of ~100 MPa. In this paper, 

only the difthsion creep data were selected from each 

experiment. The dislocation creep results are discussed by 
Mei and Kohlstedt [this issue]. 

3. Experimental Results 

3.1. Mechanical Data 

3.1.1. Creep results. Diffusion creep results (for 

differential stresses z 100 MPa) from more than 60 creep tests 

conducted on 14 samples are summarized in Table 1 of Mei 
and Kohlstedt [this issue]. Strain rate versus stress results 

from deformation experiments conducted under hydrous 

conditions at three different confining pressures are plotted 

in Figure 5 on log-log axes. Data were corrected to a common 

grain size of 15 •m using a grain size exponent of 3. A least 

squares linear regression analysis of the data at each confin- 

ing pressure yields a stress exponent of n = 1.1 _+ 0.2 at all 

three pressures (water fugacities), demonstrating that 
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Table 1. Water Fugacity Exponent, s in Equation (11), Describing the Dependence of the Concentrations 
of Intrinsic Point Defects in Olivine on Water Fugacity for Various Charge Neutrality Conditions 

Charg e-Neutrality Diffusi on Species 
Conditions // 

[VMe ] [Me['] IVy'] [Oi//] rv////1 '--si' [ Sii""] [ e/] [h'] 

[(OH)•] // : 2 [VMc] 1/3 - 1/3 - 1/3 1/3 2/3 -2/3 1/6 - 1/6 

[(OH)•] = [e/] 1/2 -1/2 -1/2 1/2 1 -1 1/4 -1/4 

[(OH)•] = [H / Me] 0 0 0 0 0 0 0 0 

[Fe•=] ' = [H M=] - 1/2 1/2 1/2 - 1/2 - 1 1 - 1/4 1/4 

[Fe•] = 3 [H///• si• - 1/4 1/4 1/4 - 1/4 - 1/2 1/2 - 1/8 1/8 

[Fe•] = 2[(2H)s//i] -2/3 2/3 2/3 -2/3 -4/3 4/3 -1/3 1/3 
[Fe•c] = [(3H)/si] -3/2 3/2 3/2 -3/2 -3 3 -3/4 3/4 

rpl///1 0 0 0 0 0 0 0 0 

[(OH)•] - 2[(2H)s//,] -1/3 1/3 1/3 -1/3 -2/3 2/3 -1/6 1/6 
[(OH)•]: [(3H)'s•] -1 1 1 -1 -2 2 -1/2 1/2 

diffusion creep is the dominant mechanism of deformation 
when differential stress • 100 MPa. 

To evaluate the effect of pressure on creep rate, three 

experiments were conducted under anhydrous conditions in 
the diffusion creep regime. One sample was deformed at two 
confining pressures, 100 and 300 MPa, while two samples 
were deformed at a single conEming pressure, 300 MPa. 

Because results from a single sample provide optimal resolu- 

tion, creep data for the sample deformed at both 100 and 
300 MPa are shown in Figure 6. On the basis of these results, 
the activation volume is 15 _+ 5x10 '6 m3/mol. A linear least 
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Figure 5. A log-log plot of strain rate versus stress for 
samples deformed at three conEming pressures under 
hydrous conditions. Data are from samples PI-107 (open 
circles), PI-184 (solid circles), PI-295 (pluses), PI-308 (solid 
stars), PI-333 (open squares), PI-351 (open stars), PI-507 
(crosses), PI-568 (solid squares) and PI-569 (asterisks). The 
straight lines are linear least squares fits to the data from PI- 
107, PI-184, and PI-569. 

squares fit to the data yields n = 1.1 _+ 0.1, in good agreement 
with the value obtained for samples deformed under hydrous 
conditions. 

3.1.2. Grain size dependence. Since the rate of diffusion 

creep depends strongly on the grain size of the sample, the 
effect of grain size on creep rate was measured. The average 
grain sizes of a sample before and after deformation were 
determined from optical micrographs using the line intercept 
method with a correction factor of 1.5 [Gij'kins, 1970]. The 

grain size of a sample at a particular time during an experiment 
was estimated from the initial and final grain sizes of the 

specimen using the grain growth law [e.g., Karato et al., 
1986; Hirth and Kohlstedt, 1995] 

dt 2 - di 2 - k t , (3) 
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Figure 6. A log-log plot of strain rate versus stress for 
sample PI-220 deformed under anhydrous conditions at two 
confining pressures, 100 (open squares) and 300 MPa (solid 
circles). Linear least-squares fits to the data yield n = 1.1 for 
the stress exponent. 
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Abstract. The influence of water on diffusion creep of olivine aggregates was investigated 

by performing high-temperature creep experiments under both hydrous and anhydrous 
conditions. Deformation experiments were conducted on fine-grained samples using a gas- 

medium apparatus at confining pressures of 100 to 450 MPa and temperatures between 
1473 and1573 K. Water was supplied by the dehydration of talc, which occurs near 

1075 K. Water fugacities of-85 to 520 MPa were obtained by varying the confining 

pressure under water-saturated conditions. Under both hydrous and anhydrous conditions 
deformation was dominated by grain boundary diffusion. At a water fugacity of -300 MPa, 
samples crept -5 times faster than those deformed under anhydrous conditions at similar 
differential stresses and temperatures. Within the range of water fugacity investigated, the 
strain rate is proportional to water I•gacity to the 0.7 to 1.0 power, assuming values for the 
activation volume of 0 to 20xl 0 '6 m3/mol, respectively. We propose the following point 
defect model to explain this water-weakening effect: In going from an anhydrous to a 

hydrous environment the charge neutrality condition changes from[ Fete ] -- 2 [ VM//e ] to 
[Fete] - [H•e ]. As a consequence, for olivine aggregates the concentration of silicon 
interstitials, the rate of silicon diffusion, and therefore the rate of diffusion creep increase 

systematically with increasing water fugacity (i.e., OH concentration). 

1. Introduction 

The plastic deformation behavior of olivine, the most 

abundant component of the Earth's upper mantle, plays an 
important role in determining the dynamics of the Earth's 
interior. To develop an understanding of the creep behavior 
of olivine at conditions appropriate for the Earth's mantle, 
numerous studies have been conducted since the early 1970s 

in order to quantify the high-temperature and high-pressure 
rheological properties of this major rock-forming mineral 
[Kohlstedt and Goetze, 1974; Durham and Goetze, 1977; 

Chopra and Paterson, 1981; Kohlstedt and Hornack, 1981; 

Karato and Ogawa, 1982; Poumellec and Jaoul, 1984; 
Ricoult and Kohlstedt, 1985; Borch and Green, 1989; Bai et 

al., 1991; Bai and Kohlstedt, 1992a, 1992b]. Through these 

studies, the dependence of the creep rate of olivine on 
temperature, confining pressure, flow stress, partial pressure 
of oxygen, and activity of a constituent oxide phase has been 
determined experimentally. 

By comparison, current understanding of the influence of 
water on the creep behavior of olivine is very limited. In this 
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study, water refers to any water-related species detected as 
O-H stretching bands with an infrared spectrometer. Al- 
though it has been established that even a trace amount of 
water weakens olivine [Carter and Avd Lallemant, 1970; 

Chopra and Paterson, 1984; Mackwell et al., 1985; Karato 
et al., 1986], the relationship between creep rate and water 

fugacity or water concentration has never been quantified for 
olivine. In addition, the mechanism responsible for water 

weakening in olivine has not yet been identified. 
Recent analyses of the water content in mantle-derived 

rocks demonstrate that water content can vary significantly 
from one environment to the next. For example, it has been 

estimated that olivine grains in rocks at a depth of ~ 120 km 
beneath a mid-ocean ridge are ~20% saturated with OH 
[Hirth and Kohlstedt, 1996]. In contrast, Sobolev and 
Chaussidon [1996] argued that nominally anhydrous minerals 
such as olivine are fully saturated with water in the mantle 
wedge above a subducting slab. Infrared (IR) spectroscopy 
analysis of major minerals in mantle xenoliths reveals that 
water concentration in olivine ranges from about 10 to 2000 
H/10 s Si [Bell and Rossman 1992]. Since water has a pro- 
nounced effect on creep rate, the mechanical behavior of 
olivine in the upper mantle may vary significantly from one 
location to the next. 

To understand the influence of water on the creep behav- 

ior of olivine, two topics have to be investigated. First, the 
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abundant component of the Earth's upper mantle, plays an 
important role in determining the dynamics of the Earth's 
interior. To develop an understanding of the creep behavior 
of olivine at conditions appropriate for the Earth's mantle, 
numerous studies have been conducted since the early 1970s 

in order to quantify the high-temperature and high-pressure 
rheological properties of this major rock-forming mineral 
[Kohlstedt and Goetze, 1974; Durham and Goetze, 1977; 

Chopra and Paterson, 1981; Kohlstedt and Hornack, 1981; 

Karato and Ogawa, 1982; Poumellec and Jaoul, 1984; 
Ricoult and Kohlstedt, 1985; Borch and Green, 1989; Bai et 

al., 1991; Bai and Kohlstedt, 1992a, 1992b]. Through these 

studies, the dependence of the creep rate of olivine on 
temperature, confining pressure, flow stress, partial pressure 
of oxygen, and activity of a constituent oxide phase has been 
determined experimentally. 

By comparison, current understanding of the influence of 
water on the creep behavior of olivine is very limited. In this 
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study, water refers to any water-related species detected as 
O-H stretching bands with an infrared spectrometer. Al- 
though it has been established that even a trace amount of 
water weakens olivine [Carter and Avd Lallemant, 1970; 

Chopra and Paterson, 1984; Mackwell et al., 1985; Karato 
et al., 1986], the relationship between creep rate and water 

fugacity or water concentration has never been quantified for 
olivine. In addition, the mechanism responsible for water 

weakening in olivine has not yet been identified. 
Recent analyses of the water content in mantle-derived 

rocks demonstrate that water content can vary significantly 
from one environment to the next. For example, it has been 

estimated that olivine grains in rocks at a depth of ~ 120 km 
beneath a mid-ocean ridge are ~20% saturated with OH 
[Hirth and Kohlstedt, 1996]. In contrast, Sobolev and 
Chaussidon [1996] argued that nominally anhydrous minerals 
such as olivine are fully saturated with water in the mantle 
wedge above a subducting slab. Infrared (IR) spectroscopy 
analysis of major minerals in mantle xenoliths reveals that 
water concentration in olivine ranges from about 10 to 2000 
H/10 s Si [Bell and Rossman 1992]. Since water has a pro- 
nounced effect on creep rate, the mechanical behavior of 
olivine in the upper mantle may vary significantly from one 
location to the next. 

To understand the influence of water on the creep behav- 

ior of olivine, two topics have to be investigated. First, the 
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Figure 7. A log-log plot of strain rate versus grain size for 
PI-507. 

where d i and d t are grain size at the start (initial) of and at 
some time t during the experiment, respectively. The con- 

stant k has the form k: k•exp(-Eo/RT), where Eg is the 
activation energy for grai• growth * and k ø is a material 
parameter. A value of Eg = 160 kJ/mol was used based on 
published results for grain growth in olivine aggregates 

[Karato, 1989a], and k ø: 3.8x10 -9 m2/s was obtained from our 
data. 

The dependence of strain rate on grain size is shown in 

Figure 7. A least squares fit of the data yields a grain size 
exponent of ~3, indicating that deformation involves grain 
boundary diffusion, often referred to as Coble [1963] creep. 

3.1.3. Activation energy for creep. Two experiments were 

conducted to constrain the activation energy for diffusion 

creep under hydrous conditions. In Figure 8 the results from 
an experiment that was conducted at a confining pressure of 
100 MPa and temperatures from 1493 to 1573 K (PI-568) 
illustrate the effect of temperature on strain rate. Data 
obtained at differential stresses near 60 MPa were normalized 

to a single differential stress of 60 MPa using a stress 
exponent of n = 1. A linear least squares fit to the data yields 

Q = 300 kJ/mol. Data from an experiment that was conducted 

at a confining pressure of 400 MPa at temperatures from 1473 
to 1533 K (PI-544) are also plotted in Figure 8. Creep data 
were normalized to a single differential stress of 27 MPa 
using n = 1. These data yield an activation energy of O = 290 
kJ/mol. No correction was made to the strain rate for the 

change in water fugacity with change in temperature; this 
correction would increase the calculated activation energy by 
< 10 kJ/mol. Likewise, no correction was made for the change 

in strain rate due to the increase in oxygen fugacity with 

increasing temperature; in this case, the dependence of strain 

rate on oxygen fugacity is not known for hydrous conditions. 
If the creep rate increases as oxygen fugacity to the l/6th 

power as it does under anhydrous conditions, then quoted 
values for activation energy overestimate the true values by 
~25%. 

3.2. Water Content of Deformed Samples 

FTIR spectra obtained from olivine single crystals embed- 
ded in polycrystalline aggregates deformed under hydrous 
conditions at P = 100, 300, and 450 MPa are presented in 
Figure 9a. The spectrum from a relatively dry, as-received 
undeformed single crystal is included for comparison. The 
hydroxyl concentrations of the four crystals are around 110, 
260, 380, and <10 H/106Si, respectively. On the basis of 
published results for water solubility in olivine as a function 
of water fugacity (confining pressure at fixed oxygen fugaci- 
ty) [Bai and Kohlstedt, 1992c], our samples were fully 
saturated with water. 

Infrared spectra from four deformed olivine aggregates are 
presented in Figure 9b on an absorption coefficient versus 
wavenumber plot. One sample was deformed under anhy- 
drous conditions and three under hydrous conditions. 
Hydroxyl concentrations in the samples from hydrous 
experiments are approximately 2100, 4300, and 5800 H/106 Si, 
for confining pressures of 100, 300, and 450 MPa, respec- 
tively. Under "dry" conditions, the hydroxyl concentration 
is <100 H/106 Si. These values are 15-20 times higher than the 
concentrations in the single crystals, indicating that a large 
portion of the water resides in grain boundaries and fluid 
inclusions. 

4. Discussion 

4.1. Dependence of Creep Rate on Water Fugacity 

As illustrated in Figure 5, the creep rate of samples 
deformed under hydrous conditions depends strongly on 
confining pressure. At the same differential stress and 
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Figure 8. Arrhenius plot of strain rate versus inverse 
temperature for sample PI-568 (solid circles) and PI-544 (open 
circles) deformed under hydrous conditions at P = 100 and 
400 MPa, respectively.. 



6. Effects of  water 





7. Effects of  melt

Figure 5. Schematic illustration showing the significant difference in the diffusion paths between
(a) CKmodel and (b) contiguity model, under shear deformation shown by 3-D arrows. Thick arrows show
the quasi-2-D approximation of the 3-D diffusion paths.

Figure 6. One quarter of a circular grain domain with four pores in the directions of (a) q = p/4, 3p/4,
5p/4, and 7p/4, and (b) q = 0, p/2, p, 3p/2. Tractions under a given shear strain rate ( _exxf = ! _eyyf = _e(>0))
calculated from the contiguity model (thick line), from the CK model (thin line), and from Coble creep
(dashed line) are shown as functions of position q (0 "q " p/2) on the grain surface. The traction and
shear viscosity calculated from the contiguity model are significantly different between Figures 6a and 6b.
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and Af are on the spherical grain surface. P is mapped to P0

on the circular plane, where P0 is in the same plane as
triangle OAfP and the length of line segment AfP0 is taken
to be equal to the length of segment AfP along the great
circle (Figure 7b). Radial velocity at the spherical surface,
_ur(P), is mapped to the circular plane by _uz(P

0) = _ur(P),

where z direction is taken to be normal to the circular
plane. Then, fz

0(P0) satisfying equations (26) and (27) is
solved analytically on this circular plane and is again
mapped to the contact patch on the spherical surface by
f 0r(P) = f 0z(P

0). In this manner, at procedure B in Figure 1,
fr
0(rR) at XC(rR) = 1 is obtained analytically from _ur(r

R)
at XC(rR) = 1.
[37] Unit vectors for the spherical coordinate system

(q, f, r) at Af are written as eq
f , ef

f and er
f , detailed

descriptions for which are presented in Appendix B.
Position P0 on the circular plane is represented by polar
coordinate (0 ! r ! 1, 0 ! F ! 2p); the length of line
segment AfP0 is represented by afr, where af represents the
radius of the circular plane, and the angle between vectors
AfP0 and eq

f is represented by F. The af and wf are related by
af = R cos"1(1 " 2wf). For P

0 represented by (r, F), outward
unit normal to the spherical grain at the corresponding
position P is written as

nf r;Fð Þ ¼ cos
af r
R

! "

e f
r þ sin

af r
R

! "

cosF e f
q þ sinF e f

f

! "

: ð38Þ

For areal segment rdrdF on the circular plane, the
corresponding area on the spherical grain is b(r)rdrdF,
where b(r) is given by

b rð Þ ¼ R

af r

# $

sin
af r
R

! "

: ð39Þ

[38] Cijkl is obtained by following procedures A–C in
Figure 1 in clockwise order. At procedure C, the integral in
equation (29) over the spherical grain is converted to the
integral over the circular plane by using equations (38) and
(39). Then, the solution for Cijkl can be written as

Cijkl ¼
3NAkTR

3

32DWd

X

nf

f¼1

af
R

! "4 "4

p2

Z 1

r¼0

Z 2p

F¼0

Z 1

r0¼0

Z 2p

F0¼0

n
f
i r;Fð Þn f

j r;Fð Þnf
k r0;F0ð Þnf

l r0;F0ð ÞG r;F; r0;F0ð Þ
' b rð Þ r r0 dr dF dr0 dF0; ð40Þ

Figure 4. Solutions for the 2-D model. (a) Radial velocity
at the contact face (XC(q) = 1) under a given shear strain rate
( _exxf = " _eyyf = _e(>0)) versus position q along the 2-D grain
surface for 1/4 of a circle (0 ! q ! p/2). (b) Differential
traction on the grain surface calculated from the CK model
at various values of 82D and from the Coble creep model at
82D = 1. Arrows show the direction of matter flux. Top gray
and white bars show the regions acting as matter source and
sink, respectively. Positions qm (m = 1–4) are shown for the
case of 82D = 0.92. (c) Differential traction on the grain
surface calculated from the contiguity model at various
values of 82D (bold solid lines) and from the Coble creep
model at 82D = 1 (dotted line). Top gray and white bars show
the regions acting as matter source and sink, respectively, for
the case of 82D = 0.92. (d) Flux of component A at the
contact face (XC(q) = 1) calculated from the contiguity model
(bold lines) and from the CK model (thin lines).
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circle (Figure 7b). Radial velocity at the spherical surface,
_ur(P), is mapped to the circular plane by _uz(P

0) = _ur(P),

where z direction is taken to be normal to the circular
plane. Then, fz

0(P0) satisfying equations (26) and (27) is
solved analytically on this circular plane and is again
mapped to the contact patch on the spherical surface by
f 0r(P) = f 0z(P

0). In this manner, at procedure B in Figure 1,
fr
0(rR) at XC(rR) = 1 is obtained analytically from _ur(r

R)
at XC(rR) = 1.
[37] Unit vectors for the spherical coordinate system

(q, f, r) at Af are written as eq
f , ef

f and er
f , detailed

descriptions for which are presented in Appendix B.
Position P0 on the circular plane is represented by polar
coordinate (0 ! r ! 1, 0 ! F ! 2p); the length of line
segment AfP0 is represented by afr, where af represents the
radius of the circular plane, and the angle between vectors
AfP0 and eq

f is represented by F. The af and wf are related by
af = R cos"1(1 " 2wf). For P

0 represented by (r, F), outward
unit normal to the spherical grain at the corresponding
position P is written as
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R
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R
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cosF e f
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f

! "

: ð38Þ

For areal segment rdrdF on the circular plane, the
corresponding area on the spherical grain is b(r)rdrdF,
where b(r) is given by

b rð Þ ¼ R

af r

# $

sin
af r
R

! "

: ð39Þ

[38] Cijkl is obtained by following procedures A–C in
Figure 1 in clockwise order. At procedure C, the integral in
equation (29) over the spherical grain is converted to the
integral over the circular plane by using equations (38) and
(39). Then, the solution for Cijkl can be written as

Cijkl ¼
3NAkTR
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Figure 4. Solutions for the 2-D model. (a) Radial velocity
at the contact face (XC(q) = 1) under a given shear strain rate
( _exxf = " _eyyf = _e(>0)) versus position q along the 2-D grain
surface for 1/4 of a circle (0 ! q ! p/2). (b) Differential
traction on the grain surface calculated from the CK model
at various values of 82D and from the Coble creep model at
82D = 1. Arrows show the direction of matter flux. Top gray
and white bars show the regions acting as matter source and
sink, respectively. Positions qm (m = 1–4) are shown for the
case of 82D = 0.92. (c) Differential traction on the grain
surface calculated from the contiguity model at various
values of 82D (bold solid lines) and from the Coble creep
model at 82D = 1 (dotted line). Top gray and white bars show
the regions acting as matter source and sink, respectively, for
the case of 82D = 0.92. (d) Flux of component A at the
contact face (XC(q) = 1) calculated from the contiguity model
(bold lines) and from the CK model (thin lines).
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Summary
1. Diffusion is a random walk process of  vacancies, coupled to atoms. To 
change the shape of  a grain, the diffusion is driven by stress gradients. 

2. The rate (kinetics) of  shape change depend on the diffusion path and its 
diffusivity that contribute to the flux of  atoms. The diffusivity depends strongly 
on T (the thermally activated process is the jump frequency). 

3. Diffusion Creep, from models and experimental result has a non-linear 
dependence on grain size (d^(-2-3)) and a linear dependence on stress. 

4. High strains are achieved by grain switching, requiring grain boundary 
sliding and less strain per grain (can be referred to as “superplasticity”).  

5. Water aids diffusion by weakening bonds and/or by increasing the number of  
vacancies. 

6. Melt aids diffusion by reducing diffusion path lengths if  the porosity is 
connected.  



3 Calculations: 3-D contiguity and diffusion creep model

Overview of the calculation:
1. Calculate Cijkl from geometry of faces.
2. Strain rate applied to Cijkl to get stress.
3. Calculate tractions on each face of grain.

3.1 The calculation of Cijkl

YT’s notes explain the derivation of the viscosity tensor. The big Cijkl tensor:

Cvi
ijkl =

(1− φ)3RT (d/2)3

32DδΩ

nf∑

f=1

(
af

d/2

)4

nf
i nf

j nf
knf

l (14)

nf is the number of the face. We are using a 14-face model. d is grain size, af is the area of the contact patch,
which will be calculated with some function of the contiguity tensor (ϕij) and position, D is diffusivity, etc.

In my code, the file containing the angular locations of each face is read in: angles 14.dat. The face radii,
af , are calculated with a subroutine called radius iso 14.m for isotropic and radius aniso 14.m for anisotropic
model (variable called ALP). This model introduces a factor that is a ratio between large and small faces:

Then calculate scalar contiguity for isotropic is

ϕ =
1
4

∑nf
f=1 a2

f

4π(d/2)2
(15)

and contiguity tensor for anisotropic,

ϕij =
3
4π

∫

r=R
Xc(rR)ninjds ≈ 3

4

nf∑

f=1

af
2

d/2
nf

i nf
j (16)

Also, for the an isotropic model, the effective shear viscosity (scalar) is

η = Cvi(1, 2, 1, 2) (17)

and bulk viscosity is
ξ = (Cvi(1, 1, 1, 1) + Cvi(1, 1, 2, 2) + Cvi(1, 1, 3, 3))/3 (18)

For an anisotropic model, one needs the full Cijkl, but is there some way to calculate a scalar that would be a
meaningful indicator of an effective viscosity (or a minimum), one of the norms?
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The clockwise path: strain to stress    (Elastic case)

Figure 1:

Figure 2:

4

and the local displacement vector at each point on grain-grain contact surface:

ui(rR) = εf
ijr

R
j at XC(rR) = 1 YT98 eqn(11) (2)

Path B. Grain-scale governing equations
The equilibrium condition:

∂τij

∂xj
= 0 at r < R i.e. τij,j = 0) (3)

The constitutive relation (elastic):

τij = λ

(
∂up

∂xp
δij

)
+ µ

(
∂ui

∂xj
+

∂uj

∂xi

)
or τij = λup,pδij + µ(ui,j + uj,i) at r < R (4)

and λ is the Lamé constant (?) and µ the shear modulus. The bulk modulus k = 3λ+2µ
3 and Poisson’s ratio

ν = 3k−2µ
6k+2µ .

Path C. Grain-scale stress to macroscopic framework(?) stress

σS
ij =

1
Vs

∫

r<R
τij(r)dV (5)

where Vs is the volume of the spherical grain (?), dV = R2 sin θdθdφ. fi(rR) is a traction applied on the grain
surface. τijnj = fi at r = R. From the equilibrium condition () and this definition of fi,

σS
ij =

1
2Vs

∫

r=R
(fir

R
j + fir

R
i )dS (6)

To solve this path, boundary conditions are mixed! Where XC = 1, displacement is constrained; when XC = 0,
traction (i.e. pressure in the fluid) is constrained. These mixed boundary conditions mean that this path must
be solved numerically for the elastic case. The viscous case is different because of the different constraints due
to GBS?

symbol
J matter flux (mol/m2/s)
Jv vacancy flux (mol/m2/s)
Cv mole fraction of vacancies in grain boundary (GB).
Ω molar volume of matter or vacancy (m3/mol)
P normal traction on the surface, compression positive (Pa)
∆P variation from P ◦

Nv number of vacancies by mole per unit volume of GB (mol/m3)
Uv formation energy of a vacancy (J/mol)
N number of matter (atoms) in moles per unit volume of GB (mol/m3)
Nv = NCv, number of moles of vacancies
Dv diffusivity of vacancy (m2/s)
D = CvDv, diffusivity of matter (m2/s)

Table 2: For diffusion creep constitutive relation

4

3.2 Stress calculation

The constitutive relation is
σS

ij + pLδij = [Cvi
ijkl]ε̇kl (19)

Sign convention is tension = positive, compression = negative for stress and strain rate, and the opposite for
the fluid pressure, pL.
Strain rates:
Pure Shear, Plane Strain: 


ε̇11 0 0
0 0 0
0 0 ε̇33



 (20)

where ε̇11 = −1 and ε̇33 = 1.
Pure Shear, 3-D: 


ε̇11 0 0
0 ε̇22 0
0 0 ε̇33



 (21)

where ε̇11 = − 1
2 ε̇22 = − 1

2 and ε̇33 = 1.
Compression axes rotated 45◦, Plane strain:




ε̇11 0 0
0 ε̇22 0
0 0 ε̇33



 (22)

where ε̇11 =?, ε̇22 =? and ε̇33 =?, which then gets rotated by the rotation matrixes, C and D (used in rotating
the faces in the code).
(etc... eventually, measure total strain rate tensors for experiments and apply to these).

3.2.1 Displacements on each face

How to calculate displacements on each face:
From page 1/6 of YT’s notes, the velocity on each face f , u̇f

i , is

u̇f
i = ε̇F

ijr
f
j (23)

where the superscript F indicates framework (or global) strain rate, and rf
j is the position vector connecting

the center of the sphere to the center of the face f defined as rf
j = (d/2)nf

j . When grain boundary sliding
is incorporated, the tangential displacements are all accommodated by GBS and so don’t cause any stress,
i.e. decoupling occurs between the faces, so the tangential part cannot be determined uniquely relative to the
macroscopic strain rate. Thus, the previous equation is dotted with the normal vector,

u̇f
r = ε̇F

ijr
f
j nf

i (24)

which, substituting for rf
j , gives a scalar value for the magnitude of the normal component of the velocity:

u̇f
r = (d/2)ε̇F

ijnjni (25)

The tangential component is not expressed so easily, because it has components itself, but

u̇t
i = u̇f

i − u̇f
r nf

i (26)
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A new model for grain-boundary diffusion creep with melt
Takei and Holtzman, 2009a., (based on Cooper-Kohlstedt model)

now in 
steady state,
small strain

limit



Grain Boundary Diffusion creep (from Cooper-Kohlstedt / Coble creep model)

and the local displacement vector at each point on grain-grain contact surface:

ui(rR) = εf
ijr

R
j at XC(rR) = 1 YT98 eqn(11) (2)

Path B. Grain-scale governing equations
The equilibrium condition:
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∂xi

)
or τij = λup,pδij + µ(ui,j + uj,i) at r < R (4)

and λ is the Lamé constant (?) and µ the shear modulus. The bulk modulus k = 3λ+2µ
3 and Poisson’s ratio

ν = 3k−2µ
6k+2µ .

Path C. Grain-scale stress to macroscopic framework(?) stress

σS
ij =

1
Vs

∫

r<R
τij(r)dV (5)

where Vs is the volume of the spherical grain (?), dV = R2 sin θdθdφ. fi(rR) is a traction applied on the grain
surface. τijnj = fi at r = R. From the equilibrium condition () and this definition of fi,

σS
ij =

1
2Vs

∫

r=R
(fir

R
j + fir

R
i )dS (6)

To solve this path, boundary conditions are mixed! Where XC = 1, displacement is constrained; when XC = 0,
traction (i.e. pressure in the fluid) is constrained. These mixed boundary conditions mean that this path must
be solved numerically for the elastic case. The viscous case is different because of the different constraints due
to GBS?

symbol
J matter flux (mol/m2/s)
Jv vacancy flux (mol/m2/s)
Cv mole fraction of vacancies in grain boundary (GB).
Ω molar volume of matter or vacancy (m3/mol)
P normal traction on the surface, compression positive (Pa)
∆P variation from P ◦

Nv number of vacancies by mole per unit volume of GB (mol/m3)
Uv formation energy of a vacancy (J/mol)
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Nv = NCv, number of moles of vacancies
Dv diffusivity of vacancy (m2/s)
D = CvDv, diffusivity of matter (m2/s)

Table 2: For diffusion creep constitutive relation

4

2.2 Diffusion creep model

1. No melt
This is basically the Coble Creep model for diffusion through grain boundaries being the rate-limiting step.
Mass conservation

−∇ · J =
u̇r

δΩ
(7)

Mass balance
J = −Jv (8)

Vacancy flux
Jv = −Dv ·∇Nv (9)

and the definition of N

Nv = NCv = N exp
(
−Uv + PΩ

RT

)
(10)

for pressure driven diffusion. Combining the first three gives

∇ ·∇Nv = − u̇r

δΩDv
(11)

Substitute in for Nv from equation XX and linearize the exponential term (by a method I’m not fully clear on)
such that Cv = C◦

v (1− ∆PΩ
RT ) and C◦

v = exp−(Uv+P◦Ω
RT ), and get to the result

∇ ·∇P =
RT

NCvΩ2δDv
u̇r (12)

This is the constitutive relation, relating a strain rate (i.e. velocity divided by some length (δ)) to a pressure.
???????

In the 2-D case, this reduces to..

In the case with melt, these equations do not change, only the diffusion lengths do, as I understand it at
the moment (and possibly the boundary conditions driving the diffusion).

2.3 Geometry

2.3.1 The relation between contiguity and melt fraction

When surface tension is satisfied and a static equilibrium melt configuration is reached, contiguity can be
calculated in terms of melt fraction (ε(φ)) and vice versa.

c(1− ϕ) = φn1 ϕ = −
(

φn1

c
− 1

)
(13)

where c is some constant that depends on the wetting angle θw and n1 ≈ 0.5 for θw < 60◦. Here, c = 0.54. For
olivine-basalt system, θw ≈ 30− 45.
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The ratio of tangential to normal displacement:

TNf
u =

u̇f
i nf

i

|u̇f
i |

(27)

3.3 Tractions on each face

Traction is the vector describing how the stress acts on each face. With the assumption that grain boundaries
are inviscid and thus GBS relaxes all the tangential component, the only stress acting on a face is the normal
component ( plus the assumptions that go into the clockwise trajectory through the derivation, i.e. starting
with velocities and assuming continuity only in the normal component, then the value of interest is the integral
of the magnitudes of all the normal components across the face, which is a scalar value

∆F f = −
(

πRT

8DδΩ

)
u̇f

r (af )4 (28)

Physically, this ∆F is the difference between the integral of the normal components and the melt pressure,
∆F = P − PL. See Page 4/6 of YT’s Notes.
Or, in the normalized version,

∆F f = −u̇f
r (af )4 (29)

Plot this value as the color value on each face, using the same scale as present...

3.4 What do we vary?

contiguity (isotropic)
contiguity (anisotropic)
geometry of strain

8

The ratio of tangential to normal displacement:

TNf
u =

u̇f
i nf

i

|u̇f
i |

(27)

3.3 Tractions on each face

Traction is the vector describing how the stress acts on each face. With the assumption that grain boundaries
are inviscid and thus GBS relaxes all the tangential component, the only stress acting on a face is the normal
component ( plus the assumptions that go into the clockwise trajectory through the derivation, i.e. starting
with velocities and assuming continuity only in the normal component, then the value of interest is the integral
of the magnitudes of all the normal components across the face, which is a scalar value

∆F f = −
(

πRT

8DδΩ

)
u̇f

r (af )4 (28)

Physically, this ∆F is the difference between the integral of the normal components and the melt pressure,
∆F = P − PL. See Page 4/6 of YT’s Notes.
Or, in the normalized version,

∆F f = −u̇f
r (af )4 (29)

Plot this value as the color value on each face, using the same scale as present...

3.4 What do we vary?

contiguity (isotropic)
contiguity (anisotropic)
geometry of strain

8

The ratio of tangential to normal displacement:

TNf
u =

u̇f
i nf

i

|u̇f
i |

(27)

3.3 Tractions on each face

Traction is the vector describing how the stress acts on each face. With the assumption that grain boundaries
are inviscid and thus GBS relaxes all the tangential component, the only stress acting on a face is the normal
component ( plus the assumptions that go into the clockwise trajectory through the derivation, i.e. starting
with velocities and assuming continuity only in the normal component, then the value of interest is the integral
of the magnitudes of all the normal components across the face, which is a scalar value

∆F f = −
(

πRT

8DδΩ

)
u̇f

r (af )4 (28)

Physically, this ∆F is the difference between the integral of the normal components and the melt pressure,
∆F = P − PL. See Page 4/6 of YT’s Notes.
Or, in the normalized version,

∆F f = −u̇f
r (af )4 (29)

Plot this value as the color value on each face, using the same scale as present...

3.4 What do we vary?

contiguity (isotropic)
contiguity (anisotropic)
geometry of strain

8


