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2.48.

2.49.

2.50,

ANALYSIS OF STRESS [CHAP. 2

Sketch the Mohr’s circles and determine the maximum shear stress for each of the following
stress states:

r 7 0 + 0 0
@ o5 = (7 = 0 ® o; = |0 — 0
0 0 0 0 0 —2r

Ans. (a) og =1, (D) og = 37/2

Use the result given in Problem 1.58, page 39, together with the stress transformation law (2.27),
page 50, to show that ejie,qmoipojqory is an invariant.

In a continuum, the stress field is given by the tensor

95? xz (1 — ﬁ?z ).’Ul 0
oy = (L—ad)w; (xf —3x,)/3 0
0 0 2u

Determine (a) the body force distribution if the equilibrium equations are to be satisfied throughout
the field, (b) the principal stress values at the point P(a, 0, 2va), (¢) the maximum shear stress at
P, (d) the principal deviator stresses at P.

Ans. (a) by = —4as, (b) @,—a,8a¢, (¢) =4.5a, (d) —11a/3,—ba/3,16a/3

Chapter 3

Deformation and Strain

3.1 PARTICLES AND POINTS

In the kinematics of continua, the meaning of the word “point” must be clearly under-
stood since it may be construed to refer either to a “point” in space, or to a “point” of a
continuum. To avoid misunderstanding, the term “point” will be used exclusively to
designate a location in fixed space. The word “particle” will denote a small volumetric
element, or “material point”, of a continuum. In brief, a point is a place in space, a particle
is a small part of a material continuum.

3.2 CONTINUUM CONFIGURATION. DEFORMATION AND FLOW CONCEPTS

At any instant of time ¢, a continuum having a volume V and bounding surface S will
occupy a certain region R of physical space. The identification of the particles of the
continuum with the points of the space it occupies at time ¢ by reference to a suitable set of
coordinate axes is said to specify the configuration of the continuum at that instant.

The term deformation.refers-to-a-change in the shape of the continuum between some
initial (undeformed) configuration and a subsequent (deformed) configuration. The emphasis
in deformation studies is on the initial and final configurations. No attention is given to
intermediate configurations or to the particular sequence of configurations by which the
deformation occurs. By contrast, the word flow is used to designate the continuing state
of motion of a continuum. Indeed, a configuration history is inherent in flow investigations
for which the &pecification of a time-dependent velocity field is given.

3.3 POSITION VECTOR. DISPLACEMENT VECTOR

In Fig. 8-1 the undeformed configuration of a material continuum at time ¢=10 is
shown together with the deformed configuration of the same continuum at a later time
t =t. For the present development it is useful to refer the initial and final configurations
to separate coordinate axes as in the figure.

Ta

Fig. 3-1
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A(;cordingly, in the initial configuration a representative particle of the continuum
occupies a point Py in space and has the position vector

X = X1f1 -I-Xzfg—l- Xa?s = XKiK (8.1)

?vith res:pect to the rectangular Cartesian axes OX:X.Xs. Upper-case letters are used as
indices in (3.7) and will appear as such in several equations that follow, but their use as

summation indices is restricted to this section. In the remainder of the book upper-case

subscripts or superscripts serve as labels only. Their use here is to ‘emphasize the connection
of certain expressions with the coordinates (X;X,X,), which are called the material coor-

dinates. In the deformed configuration the particle originally at Py is located at the point
P and has the position vector

X = 931@1 + 11?262 + 35383 = ﬂ?ié\i (32)

when refe-rred to the rectangular Cartesian axes oxiw.xs. Here lower-case letters are used
as subscripts to identify with the coordinates (wiu:w5) which give the current position of
the particle and are frequently called the spatial coordinates.

The relative orientation of the material axes OX,X,X; and the spatial axes oxiwaxs is

specified through direction cosines ,, and «,, which are defined by the dot products of
unit vectors as

e!c.IK = IK.ék = g T apg (3.3)

No summation is implied by the indices in these expressions since % and K are distinet
indices Inasmuch as Kronecker deltas are designated by the equations IK Ip = §xp and
€€ = dip, the orthogonality conditions between gpatial and material axes take the form

Crktrp — “r%g — 8]’:11; Uppyry = gy = gy (3.4)

In Fig. 3-1 the vector u joining the points Py and P (the initial and final positions,

3 ' respectively, of the particle), is known as the displacement vector. This vector may be
expressed as

AR u = ug, (3.5)

A or alternatively as U=U1 (3.6)

W\ KK

in which the components Ux and w. are interrelated through the direction cosmes @

K®
I ) From (1.89) the unit vector & is expressed in terms of the material base vectors Ik as

~

1 o € = aulg (8.7)
Therefore substituting (3.7) into (3.5),

[ u = Ufe,l) = UJd, =T (3.8)

1 from which Up = o, (8.9)

Since the direction cosines «,, are constants, the components of the displacement vector are

observed from (3.9) to obey the law of transformation of first-order Cartesian tensors, as
they should.

The vector b in Fig. 3-1 serves to locate the origin o with respect to 0. From the
I geometry of the figure,

=b+x—X { 13.10)
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Very often in continuum mechanics it is possible to consider the coordinate systems
00X X>X3 and oxi22s superimposed, with b =0, so that (3.10) becomes

u=x—-X (3.11)
In Cartesian component form this equation is given by the general expression
Uy, - akKXK (3.12)

However, for superimposed axes the unit triads of base vectors for the two systems are
identical, which results in the direction cosine symbols «,, becoming Kronecker deltas.
Accordingly, (3.12) reduces to

:wk

u, = o, —X, (3.19)

in which only lower-case subscripts appear, In the remainder of this book, unless specifi-
cally stated otherwise, the material and spatial axes are assumed superimposed and hence
only lower-case indices will be used.

3.4 LAGRANGIAN AND EULERIAN DESCRIPTIONS

When a continuum undergoes deformation (or flow), the particles of the continuum

move along various paths in space. This motion may be expressed by equations of the .

form
xr = .’,l'}i(Xth_,Xa, t) = .’Ei(X, t) or x = X(X, t) (31#)

which give the prgégﬂf flfocation l"z\&:!bgf"the particle that occupied the point (X:1X:X3) at time
t=0. Also, (3.14) may be interpreted as a mapping of the initial configuration into the
current configuration. It is assumed that such a mapping is one-to-one and continuous,
with continuous parf:lal derivatives to whatever order is required. The description of
motion or deformation expressed by (3.14) is known as the Lagrangian formulation.

If, on the other hand the motion or.deformatlon is given through equatlons of the form

X LAY L
g I i H = X(xt) or X = X(x? (3.15)

J
in which the 1ndependent variables are the coordinates x: and t, the description is known
as the Eulerian formulation. This description may be viewed as one which provides a
tracing to its original position of the particle that now occupies the location (1, 2, %s). If
(3.15) is a continuous one-to-one mapping with continuous partial derivatives, as was also
assumed for (3.14), the two mappings are the unique inverses of one another. A necessary
and sufficient condition for the inverse functions to exist is that the Jacobian

[ o l
‘I J — an l: o r;/ \ Q, (3.16)
should not vanish. .‘: z \ ” Ay =
As a simple example, the Lagf‘angian description given by the equations
[ @1 = X1+ Xa(et—1) |
[ = Xulet—-1)+ X, | (8.17)
\ Tz — Xa )‘ %
has the inverse Eulerian formulation,
—x1 + xa(e? — 1)

2 = 1= g—e="
rie”t—1) — =
x, = 2ol (318

X:a:ma
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3.5 DEFORMATION GRADIENTS. DISPLACEMENT GRADIENTS

Partial differentiation of (3.14) with respect to X produces the tensor dx:/0X; which is

called the material deformation gradient. In symbolic notation, dx:/9X; is represented by
the dyadic
F = 0X A 0X A 0X A

= xVx = X, & S E)—Xg,ez i I, & (3.19)
: i . . Jd A . .
in which the differential operator Vg = ax, & 18 applied from the right (as shown

explicitly in the equation). The matrix form of F serves to further clarify this property
of the operator Vx when it appears as the consequent of a dyad. Thus

1 5 i i 0x1/0Xy  oxi/oX. dxi/aXs
Fo=|a [m 39X, 5)?3] = 0x2/0X:  0xo/0Xs 0we/dX; | = [02:i/0X;] (3.20)
X3 6$3/6X1 3&33/6){2 axs/aXa

Partial dif’ft'arentiation of (3.15) with respect to z; produces the tensor aXi/ax; which is
called the spatial deformation gradient. This tensor is represented by the dyadic

X . X A 0X .

H = X = il ]
. Vx 3z, & iz a5 & =+ 9, & , (3.21)
having a matrix form
Xy 5 3 . 0X1/0x:  9Xifox. 0X1/0%s
i = X, I:a—’wﬁ 3 ‘% ) é?:}:l = 0Xofdxy  0Xofdxe 0Xo/0ms = [aXifax,-] (322)
X3 0Xa/ox1  0Xs/oxs 0.X /0

The. "‘Ikrj]at_eri'al and spatial deformation tensors are interrelated through the well-known
chain rule for partial differentiation,

ox: 0X; | X, axy

oX, 0w, om, aX, = B AL (3.23)

|
ol
|

Partial differentiation of the displacement vector w; with respect to the coordinates
prodl_mes either the material displacement gradient 0ui/0X;, or the spatial displacement
gradient dui/dx;. From (3.18), which expresses u: as a difference of coordinates, these tensors
are given in terms of the deformation gradients as the material gradient

Jui 9z

an = an — 8 or J = uVvx = F—1 (3.24)
and the spatial gradient

o aX;

;o8 T 5%, or K=uy, =1—H (8.25)

In the usual manner, the matrix forms of J and K are respectively

“ [ s 5 4 g /Xy  du/oXs dus/oXs
- N I
A = | w [GXI, — BXJ = | we/oX: ows/oX: owaloXs | = [oudaX)| (3.26)
| oty J au;;/aXl BuslaXz au3/6X3
and
L BT PR Ous/dxy  ui/dxs  du/dxs
i, © = [ |l smran] = |owen owie oo | s (s
el | us_| 0us/dx1  us/dxs  dus/dxs
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3.6 DEFORMATION TENSORS. FINITE STRAIN TENSORS

In Fig. 3-2 the initial (undeformed) and final (deformed) configurations of a continuum
are referred to the superposed rectangular Cartesian coordinate axes OX:X>X3 and 0x122%s.
The neighboring particles which occupy points Py and Qo before deformation, move to
points P and Q respectively in the deformed configuration.

X3r X3

Xy, xq

Xl’ Ty
Fig. 3-2

The square of the differential element of length between Po and Qo is

(dX): = dX-dX = dXidX; = 8;dX.idX; (8.28)
From (3.15), the distance differential dX is seen to be
axi = Digy, or dX = Hedx | (3.29)
]

so that the squared length (dX)? in (3.28) may be written

(dX)* = 90X, 0 X dxidz; = Cydaxidx; or  (dX)? = dx-C-dx (3.30)
dx; 0%
in which the second-order tensor
an an,
i = H.*H 3.81
Ui =5 g o . 05N 1)

is known ag Cauchy’s deformation tensor.
In the déformed configuration, the square of the differential element of length between

Faud g2 (da)? = dx-dx = dmda = 8 dwid, (3.32)
From (3.14) the distance differential here is
X
p = - Xy = F-dX 3.33
dx; X, dX; or dx ‘F ax ( )
so that the squared length (dz)? in (3.82) may be written
(da)? = %gi)édxidxj = GydXidX, or (d¢)® = dX-G-dX (3.34)

in which the second-order tensor

Xk 0Tk
= e ——— G = FC *F 3.35
Gy aX; 90X, & ( )

is known as Green's deformation lensor.
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The difference (dz)?>—(dX)? for two neighboring particles of a continuum is used as
the measure of deformation that occurs in the neighborhood of the particles between the
initial and final configurations. If this difference is identically zero for all neighboring
particles of a continuum, a rigid displacement is said to occur. Using (3.84) and (3.28),
this difference may be expressed in the form

(dz)? — (dX) = (‘m e _, em) dX:dX; = 2LydX:dX;

X 0.X;
or (dz)2 — (dX)® = dX-(Fo*F— 1)+ dX = dX-2lg*dX (8.36)
in which the second-order tensor
1 /0xx 0z
Ly = 5 (axa 8)(])' = 3ij> or Le = %(F.-F— 1) (3.87)

is called the Lagrangian (or Green’s) finite strain tensor.

Using (3.32) and (3.30), the same difference may be expressed in the form

Xk 0X .
(doyt — (dXp = (s.-j— = ax) iy = BB ol
or (dz)® — (dX)? = dx*(1—He H):dx = dx*2Es-dx - (3.88)
in which the second-order tensor
. s 1 aX]c, an
By = E(,aij o B:Uj> o8 By = &l =H. M) (5:39)

is called the E@Alerian (or Almansi’s) finite strain tensor.

An especially useful form of the Lagrangian and Eulerian finite strain tensors is that
in which these tensors appear as functions of the displacement gradients. Thus if 92:/9X;
from (3.24) is substituted into (8.87), the result after some simple algebraic manipulations
is the Lagrangian finite strain tensor in the form

= | 1 aui 61,{,3 auk auk _
Ly =3 (aT{, Tox, +a_Xian> or Lo = #(J+dc+derd) (3.40)

In the same manner, if 9Xi/dx; from (3.25) is substituted into (3.39), the result is the
Eulerian finite strain tensor in the form

1 fow | dus  duk du _
E,_} — 2 (axj + Bﬂ:j 693: Tﬂ’},) or EA — ‘%(K + Kr: - Kc £ K) (3«4—1)
The matrix representations of (3.40) and (3.41) may be written directly from (8.26) and
(3.27) respectively.

37 SMALL DEFORMATION THEORY. INFINITESIMAL STRAIN TENSORS

The so-called small deformation theory of continuum mechanics has as its basic condi-
tion the requirement that the displacement gradients be small compared to unity. The
fundamental measure of deformation is the difference (dw)? — (dX)?, which may be expressed
in terms of the displacement gradients by inserting (3.40) and (3.41) into (3.86) and
(3.38) respectively. If the displacement gradients are small, the finite strain tensors in
(8.36) and (3.88) reduce to infinitesimal strain tensors, and the resulting equations represent
gmall deformations.

| |§
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In (3.40), if the displacement gradient components dui/dX; are each small compared to
unity, the product terms are negligible and may be dropped. The resulting tensor is the
Lagrangion infinitesimal strain tensor, which is denoted by

1/ ou; ou;
l-i:.‘- = i((‘TE + ﬁ) or L = %(HVX + qu = %(J+JC) (3’4‘2)

Likewise for dui/ox; € 1 in (8.41), the product terms may be dropped to yield the Eulerian

infinitesimal strain tensor, which is denoted by

1 fow o
ox; 0w

“ = 3 ) or E = $uv, +V, u) = K+K) (3.43)
If both the displacement gradients and the displacements themselves are small, there is
very little difference in the material and spatial coordinates of a continuum particle.
Accordingly the material gradient components ou/0X; and spatial gradient components
awi/dx; are very nearly equal, so that the Eulerian and Lagrangian infinitesimal strain

tensors may be taken as equal. Thus
L. = . or L=E (3.44)

if both the displacements and displacement gradients are sufficiently small.

38 RELATIVE DISPLACEMENTS. LINEAR ROTATION TENSOR.

ROTATION VECTOR

In Fig. 3-3 the displacements of two neighboring
particles are represented by the vectors uP and u{%’
(see also Fig. 3-2). The vector

(@) (Pg)

(3-45)

is called the relative displacement vector of the particle
originally at Qo with respect to the particle originally
at Po. Assuming suitable continuity conditions on the
displacement field, a Taylor series expansion for uFo
may be developed in the neighborhood of Po. Neglect-
ing higher-order terms in this expansion, the relative

displacement vector can be written as Fig. 3-3
du; = (aui/aX,-)po dX, or du = (llvx)Po - dX (343)

Here the parentheses on the partial derivatives are to emphasize the requirement that the
derivatives are to be evaluated at point P,. These derivatives are actually the components
of the material displacement gradient. Equation (8.46) is the Lagrangian form of the
relative displacement vector.

du; = uf® — P or du = w —u

It is also useful to define the wnit relative displacement vector dui/dX in which dX is
the magnitude of the differential distance vector dX;. Accordingly if v, is a unit vector in
the direction of dX, so that dX, =v, dX, then

duti guy dX; 0w du A

or ¥ = uvg'd = 37 (3.47)

dX T X, dX ~ aX; i

Since the material displacement gradient du:/8X; may be decomposed uniquely into a
symmetric and an antisymmetric part, the relative displacement vector du; may be written as
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o [Yfow | ow 1/ow  duy
. = [2 <an + aXi> t3 <a—X, - an>] o
or du = [F(uV, + Vyu) + #uV, — Vy u)] - dX (3.48)

The first term in the square brackets in (3.48) is recognized as the linear Lagrangian strain
tensor l;. The second term is known as the linear Lagramgian rotation lensor and is
denoted by

1/ 0w oy
Wy = E(an _c'?XJ;> or W = ${uvy — Vyu) (8.49)

In a displacement for which the strain tensor l; is identically zero in the vicinity df point
Pu,.t}%e relative displacement at that point will be an infinitesimal rigid body rotation.
This infinitesimal rotation may be represented by the rotalion vector

w, = %siﬂcW

1

or w = 3}VyXu (3.50)

ki
in terms of which the relative displacement is given by the expression

du, = ezw,dX, or du = wXdX : (8.61)
‘ The development of the Lagrangian description of the relative displacement vector, the
linear rotation tensor and the linear rotation vector is paralleled completely by an analogous
development for the Eulerian counterparts of these quantities. Accordingly the Fulerian
description of the relative displacement vector is given by

_ ou;

du; = a—mjda:,- or du = K-dx (8.52)

and the unit relative displacement vector by

g = 8% o du

s ~ O e WWa k= KW (#:58)

Decomposition of the Eulerian digplacement gradient oduwi/dx; results in the expression
dw.  _ [l /dw , ou 1 /0w duy
de [2 <aa:j + axi> t3 (é?; B 6m5>:| e

or du = [$uV, +V,u) + $uv, —V, )" dx (3.54)

The first term in the square brackets of (3.54) is the Eulerian linear strain tensor ¢;. The
second term is the linear Eulerian rotation tensor and is denoted by

W, — 1 %_?j’ﬂ or Q = l(l.lv — X/ u) 3.55
i 2\ow;  aw = Ve — Va (8.55)

From (3.55), the linear Eulerian rotation vector is defined by

w, = %Eijlcwkj or ©0 = %VX X u (3.56)

13

in terms of which the relative displacement is given by the expression

du, = ¢uo,dz,  or du = o Xdx (3.57)

3.9 INTERPRETATION OF THE LINEAR STRAIN TENSORS

For small deformation theory, the finite Lagrangian strain tensor Ly in (3.36) may be
replaced by the linear Lagrangian strain tensor I and that expression may now be written
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(de)? — (dX)? = (dz—dX)(dx +dX) = 21;dX:dX;

or (dz)? — (dX)* = (dz— dX)(dz +dX) = dX-2L-dX (8.58)
Since dx ~ dX for small deformations, this equation may be put into the form

do — dX dX; dX; doe — dX S

—de— = ”_CWE){TJ - Lijvivj or 7EX7 = pieley (359)

The left-hand side of (3.59) is recognized as the
change in length per unit original length of the A5
differential element and is called the normal strain .
for the line element originally having direction
cosines dXi/dX.

When (3.59) is applied to the differential line
element P,Qo, located with respect to the set of
local axes at P, as shown in Fig. 8-4, the result will

Q

be the normal strain for that element. Because dX
PyQq here lies along the X, axis,
dX,/dX = dXs/dX = 0, dX,/dX =1
and therefore (3.59) becomes
doe — dX du
T = Iz = ETXZ; (360) Fig. 3-4

Thus the normal strain for an element originally along the X, axig is seen to be the com-
ponent L. Likewise for elements originally situated along the X; and X, axes, (3.59) yields
normal strain values l;; and lss respectively. In general, therefore, the diagonal terms of
the linear strain tensor represent normal strains in the coordinate directions.

Ty

Fig. 3-5

The physical interpretation of the off-diagonal terms of l; may be obtained by a con-
sideration of the line elements originally located along two of the coordinate axes. In
Fig. 3-5 the line elements PyQy and PoM, originally along the X, and X axes, respectively,
become after deformation the line elements PQ and PM with respect to the parallel set of
local axes with origin at P. The original right angle between the line elements becomes
the angle 4. From (3.46) and the assumption of small deformation theory, a first order
approximation gives the unit vector at P in the direction of @ as
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B = B g §op Big
2 X, & ez BX2e3 (3.61)

and, for the unit vector at P in the direction of M, ag

A - oU1L A Uz A A
ng = 9X, & + ax, & + &3 . (3.62)
A A Uy U ou ou
Therefore cosf = . = L 25 fadac ] ctog
e 0X3 39X, | 0Xs ' 9Xs (2:68)
or, neglecting the product term which is of higher order,
- oUs oUs _
cosf = B_X'a + m = 2523 (364)

Furthermore, taking the change in the right angle between the elements as Yog = T/2— 4,
and remembering that for the linear theory y,, is very small, it follows that

Vo3 =~ SiNy,, = 8in(x/2—6) = cosd = 21, (8.65)

Therefore the off-diagonal terms of the linear strain tensor represent one-half the angle
change between two line elements originally at right angles to one another. These strain
components are called shearing strains, and because of the factor 2 in (8.65) these tensor
components are equal to one-half the familiar “engineering” shearing strains.

A development, essentially paralleling the one just presented for the interpretation of
the components of l; may also be made for the linear Eulerian strain tensor ¢;» The
essential difference in the derivations rests in the choice of line elements, whichJ in the
Eulerian description must be those that lie along the coordinate axes after deformation.
The diagonal terms of ¢; are the normal strains, and the off-diagonal terms the shearing
strains. For those deformations in which the assumption l; =¢; i valid, no distinction
is made between the Eulerian and Lagrangian interpretations.

310 STRETCH RATIO. FINITE STRAIN INTERPRETATION

An important measure of the extensional strain of a differential line element is the
ratio da/dX, known as the stretch or stretch ratio. This quantity may be defined at either
the point Py in the undeformed configuration or at the point P in the deformed configuration.
Thus from (3.84) the squared stretch at point P, for the line element along the unit vector
m = dX/dX, is given by

d$ 2 - 9 _ qu dX 9 A A
(EX)PD = Ay, = Gijﬁﬁf or Ay = me-G-m (3.6'6)
Similarly, from (3.30) the reciprocal of the squared stretch for the line element at P along
the unit vector fi = dx/dx is given by

dX\? - 1 - dx; dmj 1 A A
(d—x>p - Afﬁ) - ij dﬂ:% or Ag’\ = n-C-mn (367)

(n)
For an element originally along the local X, axis shown in Fig. 3-4, m =@, and

therefore dX:/dX = dXs/dX =0, dX»/dX =1 so that (3.66) yields for such an element

2

ANgp, = G2 = 1+ 2Ly, (3.68)

2
N
(eg) ®

Similar results may be determined for Afgl) and A
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For an element parallel to the x» axis after deformation, (3.67) yields the result

1
A2a

(ey)

= 1 - 2E22 (3.69)

with similar expressions for the quantities 1/&?31) and lfkfga). In general, A, is not equal
to Ag,, since the element originally along the X, axis will not likely lie along the z» axis
after deformation.

The stretch ratio provides a basis for interpretation of the finite strain tensors. Thus |

the change of length per unit of original length is
de —dX  dx

dx ax
and for the element PyQ, along the X, axis (of Fig. 3-4), the unit extension is therefore
Loy = Ag,—1 = V1+2La—1 (8.71)

This result may also be derived directly from (3.36). For small deformation theory, (3.71)
reduces to (8.60). Also, the unit extensions L, and L) are given by analogous equations
in terms of Ly and Ls; respectively.

1 = Ags; — 1 (8.70)

For the two differential line elements shown in Fig. 3-5, the change in angle y,, = «/2 — 0
is given in terms of A, and A, by
2Ls3 _ 2L
Ay V1 +2Ls2\/1+ 2Lss

sin Yos3 (3'72 )

When deformations are small, (8.72) reduces to (3.65).

311 STRETCH TENSORS. ROTATION TENSOR

The so-called polar decomposition of an arbitrary, nonsingular, second-order tensor is
given by the product of a positive symmetric second-order tensor with an orthogonal second-
order tensor. When such a multiplicative decomposition is applied to the deformation
gradient F, the result may be written

Fy = . RuSkj = TRy or F=R:‘S =T'R (3.78)
0X;

in which R is the orthogonal rotation tensor, and § and T are positive symmetric tensors
known as the right stretch tensor and left stretch lensor respectively.

The interpretation of (8.73) is provided through the relationship dux:= (92:/6X;) dX;
given by (3.33). Inserting the inner products of (3.78) into (3.33) results in the equations

dz; = RaSkjdX; = TauRydX; or dx = R:$-dX = T-R-dX (3.74)

From these expressions the deformation of dX; into da; as illustrated in Fig. 3-2 may be
given either of two physical interpretations. In the first form of the right hand side of
(8.74), the deformation consists of a sequential stretching (by §) and rotation to be followed
by a rigid body displacement to the point P. In the second form, a rigid body translation
to P is followed by a rotation and finally the stretching (by T). The translation, of course,
does not alter the vector components relative to the axes X; and w:.
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3.12 TRANSFORMATION PROPERTIES OF STRAIN TENSORS

The various strain tensors Li;, Ey;, Iy and ¢; defined respectively by (3.37), (3.39), (3.42)
and (3.43) are all second-order Cartesian tensors as indicated by the two free indices in
each. Accordingly for a set of rotated axes X{ having the transformation matrix [by] with
respect to the set of local unprimed axes X; at point Py, as shown in Fig. 3-6(¢), the com-
ponents of Li; and Ij; are given by

Lij = bibjglps or L& = B:lg*Bc (8.75)
and Ly = bipbidlyg or L =B-L-B. (3.76)
xi -
cos la,
o
coslay,
]
cos laygy
() (b)

Fig. 3-6

Likewise, for the rotated axes a{ having the transformation matrix [e;] in Fig. 3-6(b),
the components of Ej; and efj are given by

E,=oqa0F,  or E=AEA" (8.77)
and ¢ = Q0. or FE = A-E-A (3.78)

By analogy with the stress quadric deseribed in Section 2.9, page 50, the Lagrangian
and Eulerian linear strain quadrics may be given with reference to local Cartegian coor-
dinates 5, and ¢, at the points P, and P respectively as shown in Fig. 3-7. Thus the
equation of the Lagrangian strain quadric is given by

l“'qmj = =h or neley = =h? (3.79)

73 ¥

X, 3

{2

Fig. 3-7
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and the equation of the Fulerian strain quadric is given by
by = *9* or [E-{ = *g? (3.80)
Two important properties of the Lagrangian {Eulerian} linear strain quadric are:

1. The normal strain with respect to the original {final} length of a line element is
inversely proportional to the distance squared from the origin of the quadric Py
{P} to a point on its surface.

2. The relative displacement of the neighboring particle located at Qo {@} per unit
original {final} length is parallel to the normal of the quadric surface at the point
of intersection with the line through PyQ. {PQ}.

Additional insight into the nature of local deformations in the neighborhood of P, is
provided by defining the strain ellipsoid at that point. Thus for the undeformed continuum,
the equation of the bounding surface of an infinitesimal sphere of radius E is given in
terms of local material coordinates by (3.28) as

(dX)? = 8y;dXidX; = B* or (dX)® = dX-1-dX = R? (8.81)
After deformation, the equation of the surface of the same material particles is given by
3.30
(8.50) as (dX): = Cyduida; = B* or (dX)? = dx+C-dx = R? (3.82)

which desecribes an ellipsoid, known as the material strain ellipsoid. Therefore a spherical
volume of the continuum in the undeformed state is changed into an ellipsoid at Po by the
deformation. By comparison, an infinitesimal spherical volume at P in the deformed

‘econtinuum began as an ellipsoidal volume element in the undeformed state. For a sphere

of radius r at P, the equations for these surfaces in terms of local coordinates are given
by (3.32) for the sphere as

(de)? = dydaida; = 12 or  (do)® = dx-l-dx = 12 (8.83)
and by (3.34) for the ellipsoid as
(do): = GydXidX; = r» or (do)? = dX-G-dX = 12 (3.84)

The ellipsoid of (3.84) is called the spatial strain ellipsoid. Such strain ellipsoids as
described here are frequently known as Cauchy strain ellipsoids.

3.13 PRINCIPAL STRAINS. AIN INVARIANTS. CUBICAL DILATATION

— .
The Lagrangian and Eulerian linear strain tensors are symmetric second-order Cartesian

tensors, and accordingly the determination of their principal directions and principal
strain values follows the standard development presented in Section 1.19, page 20.
Physically, a principal direction of the strain tensor is one for which the orientation of an
element at a given point is not altered by a pure strain deformation. The principal strain
value is simply the unit relative displacement (normal strain) that occurs in the principal
direction.

For the Lagrangian strain tensor I, the unit relative-displacement vector is given by
(8.47), which may be written

dui du
ay = (lij—l_Wij)Vj or ax

Calling I.gﬁ’ the normal strain in the direction of the unit vector ni, (3.85) yields for pure
strain (W = 0) the relation

= (L+W)3 (3.85)

I = Lm;  or 1™ = L@ (3.86)
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If the direction n: is a principal direction with a principal strain value [, then
I = Iy = Iy or 1® = I = U-f (3.87)
Equating the right-hand sides of (3.86) and (3.87) leads to the relationship
(Li—8ilym; = 0 or (L—W)-n = 0 (3.88)

which together with the condition #n; =1 on the unit vectors m; provide the necessary
equations for determining the principal strain value [ and its direction cogines n;. Nontrivial
solutions of (8.88) exist if and only if the determinant of coefficients vanishes. Therefore

i—=8d =0 or |L—U =20 (3.89)

which upon expansion yields the characteristic equation of I, the cubic
B—-Ir4+I4]—1I0I, = 0 (3.90)
where I =l = trL, | IL = #(luly—Uly), | IIL = |ly] = detl (8.91)

are the first, second and third Lagrengion strain inveriants respectively., The roots of
(8.90) are the principal strain values denoted by lwy, Lz and L.

The first invariant of the Lagrangian strain tensor may be expressed in terms of the
principal strains as
I = i = b+l + leay (3.92)

and has an important physical interpretation. To see this, consider a differential rec-
tangular parallelepiped whose edges are parallel to the principal strain directions as
shown in Fig. 3-8. The change in volume per unit original volume of this element is called
the cubical dilatation and is given by

AV dX3(1 + L) dXo(1 + L)) dXs(1 + Lsy) — dXidX.dXs

D, = = 3.93
7 dX, X dX,s )
For small strain theory, the first-order approximation of this ratio is the sum
Do = b+l +le = L (8.94)
Xy
dX (1 + L)
dx,
dX,
X2
dX (1 + L)
‘ dX, (141
dx, 1 )
Xi

Fig. 3-8
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Withhregard to the Eulerian strain tensor ¢; and its associated unit relative displacement
vector (™, the principal directions and principal strain values €1y €2y €3 are determined
in exactly the same way as their Lagrangian counterparts. The Eulerian strain invariants
may be expressed in terms of the principal strains as

Ie = gy T €y T €y
ITe = ey T e o (8.95)
I, S €2) €9

The cubical dilatation for the Eulerian description is given by

AVIV = D = €1 + €2y + €3y (3.96)

3.14 SPHERICAL AND DEVIATOR STRAIN TENSORS

The Lagrangian and Eulerian linear strain tensors may each be split into a spherical
and deviafor tengor in the same manner in which the stress tensor decompogition was
carried out in Chapter 2. As before, if Lagrangian and Eulerian deviator tensor com-
ponents are denoted by di; and ey; respectively, the resolution expressions are

[ I(trL
L =dy+8;5 or L=1Ip+ —(3—) (8.97)
and € = €;+ Sﬁ% or E = Ep+ l(t; E) (3.98)

The deviator tensors are associated with shear deformation for which the cubical dilatation
vanishes. Therefore it is not surprising that the first invariants d; and e; of the deviator
strain tensors are identically zero.

3.15 PLANE STRAIN. MOHR’S CIRCLES FOR STRAIN

When one and only one of the principal strains at a point in a continuum is zero, a
gtate of plane strain is said to exist at that point. In the Eulerian description (the
Lagrangian description follows exactly the same pattern), if xs is taken as the direction
of the zero principal strain, a state of plane strain parallel to the z:x, plane exists and the
linear strain tensor is given by

¢ €y O i € 0
Ei.‘i‘ = elz €22 0 or [Eij] = Elz ng_)‘ 0 (3.99)
0 0 0 L0 0 o

When z: and x: are also principal directions, the strain tensor hag the form

ey 0 0 ey O O
€ = 0 €2y 0 or [Ei;i] = 0 €9y 0 (3.100)
0 0 0 Lo 0 o

In many books on “Strength of Materials” and “Elasticity”, plane strain is referred
to as plane deformation since the deformation field is identical in all planes perpendicular
to the direction of the zero principal strain. For plane strain perpendicular to the s axis,
the displacement vector may be taken as a function of x; and x» only. The appropriate
displacement components for this case of plane strain are designated by
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U = %&1(.'131,372)

=
»
|

= %2(.’,151, &72) (3.101)
us = C (a constant, usually taken as zero) '

Inserting these expressions into the definition of ¢, given by (8.43) produces the plane
strain tensor in the same form shown in (3.99).

A graphical description of the state of strain at a point is provided by the Mohr's
circles for strain in a manner exactly like that presented in Chapter 2 for the Mohr’s circles
for stress. For this purpose the strain tensor is often displayed in the form

1
€1 2712 ‘}'}’13
o = | e IV (3.102)
%7'13 %Yza €33

Here the vy, (with i # §) are the so-called “engineering” shear strain components, which are
twice the tensorial shear gtrain components.

The state of strain at an unloaded point on the v/2
bounding surface of a continuum body is locally D
plane strain. Frequently in experimental studies
involving strain measurements at such a surface
point, Mohr’s strain circles are useful for reporting
the observed data. Usually three normal strains are
measured at the given point by means of a strain o I T e
rosette, and the Mohr’s circles diagram constructed
from these. Corresponding to the plane stress
Mohr’s circles, a typical case of plane strain diagram
is shown in Fig. 3-9. The principal normal strains

are labeled as such in the diagram, and the maxi- E
mum shear strain values are represented by points
D and E. Fig. 3-9

3.16 COMPATIBILITY EQUATIONS FOR LINEAR STRAINS
If the strain components ¢, are given explicitly as functions of the coordinates, the six
independent equations (3.43)
_ lfowm  ou
% T 2\8x; @ om

may be viewed as a system of six partial differential equations for determining the three
displacement components %;. The system is over-determined and will not, in general,
possess a solution for an arbitrary choice of the strain components e;. Therefore if the
displacement components u; are to be single-valued and continuous, some conditions must
be imposed upon the strain components. The necessary and sufficient conditions for such
a displacement field are expressed by the equations

92 0%, 9%

0%.. € :
ij km ik jm
S - _ = 0 3.108
0%k 0m 92 0x; 0T 0%m 0% 0%k ( )

There are eighty-one equations in all in (8.108) but only six are distinct. These six written
in explicit and symbolic form appear as
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1 azc11 ‘32‘22 — 62‘-12
" g o} d%1 0%z
2 32e22 62633 _ 62523
" oxp oy 0%z 0%3
3 62533 62511 _ 62‘-31
" B oxs 93 a1 : (#.268
or X E X =0 -
3 de de e 9% Vx Vx
£, o et B =
B ¥ 7 dx1  Odx2 I3 0%s 023
5 (3623 3631 3512 82622
oxz \0¥1 Oxs = O3 T 0xadm
Kl (L B a_) ™
0xs \0x1 0dx2 073 dx1 0%2

Compatibility equations in terms of the Lagrangian linear strain tensor ly may also be
written down by an obvious correspondence to the Eulerian form given above. For plane
strain parallel to the xix» plane, the six equations in (3.104) reduce to the single equation

0%, 32e22 _ 32612
oxs ax? T owioxe
where E is of the form given by (3.99).

or V, XEXVy, =0 (3.105)

Solved Problems

DISPLACEMENT AND DEFORMATION (Sec. 3.1-3.5)

3.1. With respect to superposed material axes X; and spatial axes a;, the displacement
field of a continuum body is given by %1 = X1, x2= X, + AX,, x3= X3+ AX, where
A is a constant. Determine the displacement vector components in both the material
and gpatial forms.

From (3.18) directly, the displacement components in material form are u; = z5n—X, =0,
uy = 5 — X, = AX3, uz=ux3—X;=AX, Inverting the given displacement relations to obtain
X, =, Xy= (vo—Axy)/(1—A?), X;= (v3—Awy)/(1— A2, the spatial components of u are
uy =0, uy = Anwg— Awy)/(1— A2), ug = A(wy— Awg)/(1— A2).

From these results it is noted that the originally straight line of material particles expressed
by X;=0, X,+X3=1/(1+A) occupies the location %, =0, xp+x3=1 after displacement.
Likewise the particle line X; =0, X, = X; becomes after displacement wx; =0, x; = %3 (Inter-
pret the physical meaning of this.)

32. TFor the displacement field of Problem 3.1 determine the displaced location of the
material particles which originally comprise (a) the plane circular gurface X;=0,
X2+ X2=1/(1— A?), (b) the infinitesimal cube with edges along the coordinate axes
of length dX:=dX. Sketch the displaced configurations for (a) and (b) if A =3.

(@) By the direct substitutions X, = (#, — Axy)/(1— A% and X3 = (v3— Ax,)/(1— A?Z), the circular
surface becomes the elliptical surface (1+ A2)x) — 4Awyzs + (1 + 4222 = (1—A2). TFor
A =1, this is bounded by the ellipse 5:::% — Bmows + 5m§ = 3 which when referred to its
principal axes x} (at 456° with x;, ¢ = 2, 8) has the equation :1:;2 -+ 9:1:32 = 3. Tig. 3-10 below
shows this displacement pattern.
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3.3.

3.4.
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X3+ X3 =4/3

Fig. 3-10 Fig. 3-11

(b) From Problem 8.1, the displacements of the edges of the cube are readily calculated. For the
edge X; = X;, X, =X3=0, u;y = uy =u3 = 0. For the edge X, =0 = X, X; = X,,
Uy =ug =0, uy = AX; and the particles on this edge are displaced in the X, direction propor-
tionally to their distance from the origin. For the edge X, =X;=10, X, = X,, u; =uy =0,
ug = AX,. The initial and displaced positions of the cube are shown in Fig, 3-11.

For superposed material and spatial axes, the displacement vector of a body is given
by u = 4X38 + XoX38, + X1 X3¢, Determine the displaced location of the particle
originally at (1,0, 2). :

The original position vector of the particle is X =&, + 28, Its displacement is u = 48, + 478,
and since x =X +u, its final position vector is x = 531 + 6@3.

With respect to rectangular Cartesian ma-
terial coordinates X;, a displacement field is
given by Uy =—-AX,Xs, Us=AX:Xs, Us=0
where A is a constant. Determine the dis-
placement components for cylindrical spatial
coordinates a; if the two systems have a com-
mon origin.

X

From the geometry of the axes (Fig. 3-12) the
transformation tensor e,z = €, * Iy is

cosx, sinx, 0

ap = —sinxy cosxy, 0
0 0 1
and from the inverse form of (3.9) u, = e, Uy. Thus i
since Cartesian and cylindrical coordinates are related Xy
through the equations X; = x; cos a,, X, = x, sinx,,
X3 = @3, equation (8.9) gives Fig. 3-12
Uy = (—cos @) AN, Xy + (sin ) AX X,
= (—cos my)Awywy sin , 4 (sin xy)Axgxy coszy, = 0
Uy = (sin %) AX X3 + (cos x)AX X,
= (sin? wg)Ax xg + (cos? ay)Axws = Awyng
ug = 0

This displacement is that of a circular shaft in torsion.
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3.5.

3.6.

3.7.

3.8.

3.9.

The Lagrangian description of a deformation is given by =1 = X;+ Xs(e?2—1),

22 = Xo 4+ Xs(e?—e72), wxs=e2X3 where e is a constant. Show that the Jacobian
J does not vanish and determine the Eulerian equations describing this motion.

1 0 (e2—1)
From (3.16), J = |0 1 (e2—e 2| = €2 = 0.
00 (e?)

Inverting the equations, X; = x;+ ms(e™2—1), X, =, +x3(e ¢ —1), X3=e 2,

A displacement field is given by u = X:X;8 + X1X»& + X3X3&. Determine inde-
pendently the material deformation gradient F and the material displacement gradient
J and verify (3.24), J=F—L
From the given displacement vector w, J is found to be
X3 0 2XX,
= |2xX, X} 0
0 2Xx, X

ou;

Since x = u+ X, the displacement field may also be described by equations x; = Xy(1 +X§),
x5 = Xy(1+X2), w3 = X,(1+X5) from which F is readily found to be
1+X: 0 2X,X,
2X, X, 1+X7 0
0 2X,X; 1+ X%

da;f0X; =

Direct substitution of the calculated tensors F and J into (2.24) verifies that the equation is satisfied.

A continuum body undergoes the displacement u = (3X,—4Xs)8 + (2X,— X5)&: +
(4X,— X,)es. Determine the displaced position of the vector joining particles A(1, 0, 3)
and B(3, 6, 6), assuming superposed material and spatial axes.

TF'rom (3.18), the spatial coordinates for this displacement are wx; = X, + 3X, —4X;, =z, = 2X, +
Xy —X,, w3 —=—X;+4X,+ X;. Thus the displaced position of particle A is given by =x; = —11,
2y = —1, m3 =2; and of particle B, z; = —3, x, =6, x3; = 27. Therefore the displaced position
of the vector joining A and B may be written V = 88, + 7€, + 25 33.

For the displacement field of Problem 3.7 determine the displaced position of the
position vector of particle C(2,6,3) which is parallel to the vector joining particles
A and B. Show that the two vectors remain parallel after deformation.

By the analysis of Problem 3.7 the position vector of C becomes U = 8%, + 7€, + 25€; which
is clearly parallel to V. This is an example of so-called himogeneous deformation.

The general formulation of homogeneous deformation is given by the displacement
field u; = A;X; where the A;; are constants or at most functions of time. Show that
this deformation is such that (@) plane sections remain plane, (b) straight lines
remain straight.

(a) From (8.13), z, = Xjtu = X+ AyX; = (8;HA4ApX;

U i |

[




Chapter 2

Analysis of Stress

2.1 THE CONTINUUM CONCEPT

The molecular nature of the structure of matter is well established. In numerous
investigations of material behavior, however, the individual molecule is of no concern and
only the behavior of the material ag a whole is deemed important. For these cases the
observed macroscopic behavior is usually explained by disregarding molecular considerations
and, instead, by assuming the material to be continuously distributed throughout its volume
and to completely fill the gpace it occupies. This continuum concept of matter is the
fundamental postulate of Continuum Mechanics. Within the limitations for which the
continuum agsumption is valid, this concept provides a framework for studying the behavior
of golids, liquids and gases alike.

Adoption of the continuum viewpoint as the basis for the mathematical description of
material behavior means that field quantities such as stress and digplacement are expressed
as plecewise continuous functions of the space coordinates and time.

22 HOMOGENEITY. ISOTROPY. MASS-DENSITY

A homogeneous material is one having identical properties at all points. With respect
to some property, a material is isotropic if that property is the same in all directions at a
point. A material is called anisotropic with respect to those properties which are directional
at a point.

The concept of density is developed from
the mass-volume ratio in the neighborhood
of a point in the continuum. In Fig. 2-1 the
mass in the small element of volume AV ig
denoted by AM. The average density of the
material within AV is therefore

T (2.1)
The density at some interior point P of the
volume element AV is given mathematically
in accordance with the continuum concept by
the limit,

)

AM M

p= Emoy = v @8
Mass-density p is a scalar quantity. Fig. 2-1
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2.3 BODY FORCES. SURFACE FORCES

Forces are vector quantities which are best described by intuitive concepts such as push
or pull. Those forces which act on all elements of volume of a continuum are known as
body forces. Examples are gravity and inertia forces. These forces are represented by the
symbol b; (force per unit mass), or as p; (force per unit volume). They are related through
the density by the equation

pbi = Di or pb = p (23)

Those forces which act on a surface element, whether it is a portion of the bounding
surface of the continuum or perhaps an arbitrary internal gurface, are known as surface
forces. These are designated by fi (force per unit area). Contact forces between bodies
are a type of surface forces.

24 CAUCHY’S STRESS PRINCIPLE. -THE STRESS VECTOR

A material continuum occupying the region R of space, and subjected to surface forces
fi and body forces by, is shown in Fig. 2-2. As a result of forces being transmitted from
one portion of the continuum to another, the material within an arbitrary volume V
enclosed by the surface S interacts with the material outside of this volume. Taking n:
ag the outward unit normal at point P of a small element of surface AS of S, let Afi be the
resultant force exerted across AS upon the material within V by the material outside of
V. Clearly the force element Af; will depend upon the choice of AS and upon ni.. It should
also be noted that the distribution of force on AS is not necessarily uniform. Indeed the
force distribution is, in general, equipollent to a force and a moment at P, as shown in
Fig. 2-2 by the vectors Af; and AM;.

xg
()
4 t;

Fig. 2-2 Fig. 2-3

The average force per unit area on AS ig given by Afi/AS. The Cauchy stress principle
asserts that this ratio Afi/As tends to a definite limit dfi;/dS as AS approaches zero at the
point P, while at the same time the moment of Af; about the point P vanisghes in the limiting

process. The resulting vector dfi/dS (force per unit area) is called the siress wector tga)
and is shown in Fig. 2-3. If the moment at P were not to vanish in the limiting process,
a couple-stress vector, shown by the double-headed arrow in Fig. 2-3, would also be defined
at the point. One branch of the theory of elasticity considers such couple stresses but
they are not considered in this text.
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Mathematically the stress vector is defined by

_ oqwe. Afe _ dfy
- STOAS - dS

or to = lim£ = % (2.4)

§ ()
¢ AS—0 AS

The notation £{ (or t®) is used to emphasize the fact that the stress vector at a given
point P in the continuum depends explicitly upon the particular surface element AS chosen
there, as represented by the unit normal n; (or n). For some differently oriented gurface
element, having a different unit normal, the associated stress vector at P will also be
different. The stress vector arising from the action across AS at P of the material within
V upon the material outside is the vector —tgs’. Thus by Newton’s law of action and
reaction, —t,g'?’ _ 73%73) o e = s 5)

The stress vector is very often referred to as the traction vector.

25 STATE OF STRESS AT A POINT. STRESS TENSOR

At an arbitrary point P in a continuum, Cauchy’s stress principle associates a stress
vector tia’ with each unit normal vector n:, representing the orientation of an infinitesimal
surface element having P as an interior point. This is illustrated in Fig. 2-3. The
totality of all possible pairs of such vectors t,fa’ and n; at P defines the state of slress at that
point. Fortunately it is not necessary to specify every pair of stress and normal vectors
to completely describe the state of stress at a given point. This may be accomplished by
giving the stress vector on each of three mutually perpendicular planes at P. Coordinate
transformation equations then serve to relate the stress vector on any other plane at the
point to the given three.

Adopting planes perpendicular to the coordinate axes for the purpose of specifying
the state of stress at a point, the appropriate stress and normal vectors are ghown in
Fig. 2-4.

Fig. 2-4

For convenience, the three separate diagrams in Fig. 2-4 are often combined into a
single schematic representation as shown in Fig. 2-5 below.

Each of the three coordinate-plane stress vectors may be written according to (1.69) in
terms of its Cartesian components as

@ e 4 ep A @A _ plepAa
tled = tI E1+t2 62+t3 ©e3 = t_,,- e
A A A Ao (A]A
tler) = t{lez) e+ tEEEZ) &+ tgez) e = 1, e (26)

& (e3) A (e A (o) A (e
= 3
t(e:;) = t1e3) e + tze“ e + t;a e — t_.; ej
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The nine stress vector components, .
5™ = g (2.7)
are the components of a second-order Cartesian tensor known as the siress tensor. The
equivalent stress dyadic is designated by X, so that explicit component and matrix rep-

resentations of the stress tensor, respectively, take the forms

o

11 12 13 T4 12 13
z = T21 T2 a3 or [og] = P21 T2 s (2.8)
31 P32 Og3 031 U3 Y3

Pictorially, the stress tensor components may be displayed with reference to the
coordinate planes as shown in Fig. 2-6. The components perpendicular to the planes
(041 0950 45) are called normal stresses. Those acting in (tangent to) the planes (o, o5 oy,
Oy Ogyy Og) aTe called shear stresses. A stress component is positive when it acts in the
positive direction of the coordinate axes, and on a plane whose outer normal points in one
of the positive coordinate directions. The component o, acts in the direction of the jth
coordinate axis and on the plane whose outward normal is parallel to the ith coordinate
axis. The stress components shown in Fig, 2-6 are all positive,

2.6 THE STRESS TENSOR — STRESS VECTOR RELATIONSHIP

The relationship between the stress ten-

sor o,; at a point P and the stress vector tlf:)
on a plane of arbitrary orientation at that
point may be established through the force
equilibrium or momentum balance of a small
tetrahedron of the continuum, having its
vertex at P. The base of the tetrahedron
is taken perpendicular to n;, and the three
faces are taken perpendicular to the coor-
dinate planes as shown by Fig. 2-7. Des-
ignating the area of the base ABC as dS, the
areas of the faces are the projected areas,
dS1=dSn: for face CPB, dS:=dSn: for
face APC, dS;=dSn; for face BPA or
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dS: = dS(n-e) = dScos(n, &) = dSm (2.9)

The average traction vectors —t?‘g"’ on the faces and t?‘ﬁ’ on the base, together with the

average body forces (including inertia forces, if present), acting on the tetrahedron are
shown in the figure. Equilibrium of forces on the tetrahedron requires that

EE® 48 — (@ g8 — ¢+ gg, — (3@ g8y + pbFdV = 0 (2.10)

If now the linear dimensiong of the tetrahedron are reduced in a constant ratio to one
another, the body forces, being an order higher in the small dimensions, tend to zero more
rapidly than the surface forces. At the same time, the average stress vectors approach
the specific values appropriate to the designated directions at P. Therefore by this limiting
process and the substitution (2.9), equation (2.10) reduces to

EDdS = t&nidS + P nydS + tnsdS = &P nydS (2.11)

Cancelling the common factor dS and using the identity {* =o,, (2.11) becomes
t® = om, or t® = H-3 (2.12)

Equation (2.12) is also often expressed in the matrix form
[ti?)] = [nm] [‘J'kj] (213)
which is written explicitly
O Ty T

[E5™, 65, 650 = [na, M, ms] | % % e ‘ (2.14)

The matrix form (2.14) is equivalent to the component equations

A
(n) __
™ = N0y T Moy, + Moy,

B = M0y, + Moy, + Ny, (2.15)

A
)
ty" = M0y + Myoyy + N0y,

2.7 FORCE AND MOMENT EQUILIBRIUM. STRESS TENSOR SYMMETRY

Equilibrium of an arbitrary volume V
of a continuum, subjected to a system of
surface forces ¢ and body forces b: (in-
cluding inertia forces, if present) ag shown
in Fig. 2-8, requires that the resultant force
and moment acting on the volume be Zzero.

Summation of surface and body forces
results in the integral relation,

f ™ ds +_fpbidv = 0
5 \4
or (2.16)

ft‘ﬁ)ds+fpbdv = 0
8 v

Replacing ¢i™ here by o;n;, and converting

the resulting surface integral to a volume

integral by the divergence theorem of Gauss Ty

(1.157), equation (2.16) becomes Fig. 2-8
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J:’(gﬁ,jwrpbi)dv = 0 or fv(v-2+pb)dV = 0 (2.17)

Since the volume V is arbitrary, the integrand in (2.17) must vanish, so that
055 + pbi =0 or V:-Z4pb =0 (2.18)
which are called the equilibrium equations.

In the absence of distributed moments or couple-stresses, the equilibrium of moments
about the origin requires that

‘J/; eij.kiﬂjt;‘;") s + I{ e!.jkﬂ?jpbkdv = 0
or (2.19)

Lxxt<9)ds+fx><pbdv = 0
v

in which z; is the position vector of the elgments of gurface and volume. Again, making
the substitution t{™ = o, applying the theorem of Gauss and using the result expressed

in (2.18), the integrals of (2.19) are combined and reduced to

J epondv =0 or S,dV = 0 (2.20)

v

For the arbitrary volume V, (2.20) requires
o — 0 or X, =0 (2.21)
Equation (2.21) represents the equations o, = ¢y, 0,; = 0,,, 0,; = 0,,, Or in all
oy = oy (2.22)

which shows that the stress tensor is symmetric. In view of (2.22), the equilibrium equations
(2.18) are often written

0, +pb, = 0 (2.23)
which appear in expanded form as
do,, 3012 do,
T Coms dmy TP =Y
da,, 60‘22 do,,
T + o - % + pb2 = 0 (2.24)
é’ﬂ'ﬁI 6032 60'33

Er = 022 * dxs

2.8 STRESS TRANSFORMATION LAWS

At the point P let the rectangular Cartesian
coordinate systems Pzix:as and Pzi{zsxs of Fig.
2-9 be related to one another by the table of
direction cosines

'y Ly L3

xy ayy Ao a13
’

Ty @y Qo a3
r

Ty 3y Q39 Q33
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or by the equivalent alternatives, the transformation matrix [@y], or the transformation

dyadlc A = agjéi@; (2.25)

According to the transformation law for Cartesian tensors of order one (1.98), the

components of the stress vector ¢{™ referred to the unprimed axes are related to the primed
axes components ¢;™ by the equation

t;(ﬁ) - aijtﬁ’ or t@™ = A-t™ (2.26)

Likewise, by the transformation law (1.102) for second-order Cartesian tensors, the stress

tensor components in the two systems are related by
¢ = a. 0o or 2 = A-Z-A (2.27)

ij wo1a pe

In matrix form, the stress vector transformation is written

[EP] = o] [t] (2.28)
and the stress tensor transformation as
[‘Tij] = [aip] ["pq] [aq j] (2.29)
Explicitly, the matrix multiplications in (2.28) and (2.29) are given respectively by
t;‘:‘) Qi Oz Q13 tig)
t;(;\" = G211  O22 Q23 téa) : (2.30)
té(:) Os1  Ozz 033 tfgg)
ofy O O Ay Gy Gy || 0y O O || G By Oy
and Ty Ogn Oyy | = | Oay Bgy Oy | Oa O Opp || Fn Bay g (2.81)
o5 Tgy  O5 Qg Ogp Ogg || T3 O3 O3 || Bz ez Oy

29 STRESS QUADRIC OF CAUCHY

At the point P in a continuum, let the stress
tensor have the values o,; when referred to directions
parallel to the local Cartesian axes PZ ¢,¢, shown
in Fig. 2-10. The equation

o8¢, = *k*  (a constant) (2.32)

represents geometrically similar quadric surfaces
having a common center at P. The plus or minus
choice assures the surfaces are real.

The position vector r of an arbitrary point lying $2

on the quadric surface has components ¢ =n,
where n; is the unit normal in the direction of r.
At the point P the normal component o,n, of the

A
stress vector ¢:™ has a magnitude

ay = tia’ni = tW.n = o nn, (2.83) Fig. 2-10
Accordingly if the constant k% of (2.32) is set equal to oy7? the resulting quadric

0,88 = oy (2.84)

CHAP. 2] ANALYSIS OF STRESS 51

is called the stress quadric of Cauchy. Trom this definition it follows that the magnitude
o, of the normal stress component on the surface element dS perpendicular to the position
vector r of a point on Cauchy’s stress quadric, is inversely proportional to 72, i.e. o, = =k?*/72

Furthermore it may be shown that the stress vector t;a’ acting on dS at P is parallel to the
normal of the tangent plane of the Cauchy quadric at the point identified by r.

210 PRINCIPAL STRESSES. STRESS INVARIANTS. STRESS ELLIPSOID
At the point P for which the stress tensor com-

ponents are o, the equation (2.12), tg3> = o;n, as- 417
sociates with each direction = a stress vector t{™. o
Those directions for which ¢{™ and n; are collinear as i
shown in Fig. 2-11 are called principal stress dirvec-
tions. For a principal stress direction, ’p n;

A A d

tf = om or t™ = i (2.85) 2

in which o, the magnitude of the stress vector, is T2

called a principal stress value. Substituting (2.35)
into (2.12) and making use of the identities n, = §,n,
and o, = o, results in the equation_s

i
(0,—8,0m;, =0 or (Z—lo)-0 =0 (2.86) Fig. 2-11

In the three equations (2.36), there are four unknowns, namely, the three direction cosines
n; and the principal stress value o.

For solutions of (2.36) other than the trivial one n; =0, the determinant of coefficients,
|o;; — 80|, must vanish. Explicitly,

Oyl & 19 O3
|c:r1.j — Si].o'l =0 or Ogy Ogp = O Tog = 0 (237)
31 T30 o=

which upon expansion yields the cubic polynomial in o,

=12+ 1le—III; = 0 (2.38)

where I, = o, =1tr (2.89)
II;, = ¥oy0;—0,0,) (2.40)

III; = |o,| = detZ. (2.41)

are known respectively as the first, second and third stress invariants.

The three roots of (2.38), o), 0,,,, o(; are the three principal stress values. Associated
with each principal stress o,,, there is a principal stress direction for which the direction
cosines n'® are solutions of the equations

i

(0= 04y 3y)mi® = 0 or (E—og,) 8% =0 (£=1,23) (2.42)
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In (2.42) letter subscripts or superscripts enclosed by parentheses are merely labels and as
such do not participate in any summation process. The expanded form of (2.42) for the
second principal direction, for example, is therefore

_ @ ) (2 —
(04 — o )M® + oy + oy5hy 0

0-21’!1.?) ¥ (022 - “m)nf) + oyt ém =0 (243)

2) @) _ 2) —
oy, + o, +(a'33 0(2))?1.3 0

Because the stress tensor is real and symmetrie, the principal stress values are also real.

When referred to principal stress directions, the stress matrix [aij] is diagonal,

o4 0 0 o 0 0
[Ui;] = 0 T2y 0 or [O-ijl = 0 b 0 (2.44)
0 0 sy 0 0 oy
in the second form of which Roman numeral o
subscripts are used to show that the princ.ipal y A .
stresses are ordered, i.e. o, > oy > oy Since £

the principal stress directions are coincident
with the principal axes of Cauchy’s stress
quadric, the principal stress values include both
the maximum and minimum normal stress
components at a point.

a(2)

In a principel stress space, ie. a space
whose axes are in the principal stress direc-
tions and whose coordinate unit of measure is

stress (ti’A", t;a’, tff’) as shown in Fig., 2-12,
the arbitrary stress vector ¢ has components Fig. 2-12

tga) = h Ty 50 = oMy (2-45)

m
n
= Uy ty

1 = O

according to (2.12). But inasmuch as (n)® + (n2)? + (ns)? = 1 for the unit vector mi, (2.45)
requires the stress vector ¢;™ to satisfy the equation

oG o N

(“m)2 (‘Tcz))2 (0(3))2

in stress space. This equation is an ellipsoid known as the Lamé stress ellipsoid.

= 1 (2.46)

211 MAXIMUM AND MINIMUM SHEAR STRESS VALUES

If the stress vector tﬁg’ is resolved into orthogonal components normal and tangential to
the surface element dS upon which it acts, the magnitude of the normal_ component may
be determined from (2.33) and the magnitude of the tangential or shearing component 1is
given by
2= g2 (2.47)

Ts

T
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This resolution is shown in Fig. 2-13 where
the axes are chosen in the principal stress ®3
directions and it is assumed the principal
stresses are ordered according to o, > o;; > oy

Hence from (2.12), the components of téﬁ’ are
ti“) = oM

t é“) = oyl (248)

Y
(n) —
by o1t

o1 =
and from (2.38), the normal component mag- ’

nitude is o
oy = crl’n% + cru’)’l-g + G'HI’J’L§ (249) g
Substituting (2.48) and (2.49) into (2.47), the /
squared magnitude of the shear stress as a "
function of the direction cosines n; is given by © Fig.2-13

9 _ 9.9 B0 2 % 2 2 212
og = orNy + oph; + o (UITLI + oyt oM (2.50)

The maximum and minimum values of o, may be obtained from (2.50) by the method of
Lagrangian multipliers. The procedure is to construct the function

F = ¢ — xnmy (2.51)

in which the scalar A is called a Lagrangian multiplier. Equation (2.51) is clearly a function
of the direction cosines ni, so that the conditions for stationary (maximum or minimum)

values of F' are given by dF/on:=0. Setting these partials equal to zero yields the
equations

n{e? — 20‘1(0’1’1’&? +oml+ UIIIﬂ':%) +A} =0 (2.52a)
n{o? — 2(71[(01’!?,% +oyni+ U'IH’ng) +A} =0 (2.52b)
ny{od; — 2oy (o2 + oy m2 + o m2) + 1} = 0 (2.52¢)

which, together with the condition mm: =1, may be solved for A and the direction cosines
M1, Ne, N3, conjugate to the extremum values of shear stress.

One set of solutions to (2.52), and the associated shear stresses from (2.50), are

o= =1, m =0, ns = 0; for which o, =0 (2.53a)
m = 0, neg = *1, nz = 0; for which o, =0 (2.530)
n = 0, ng = 0, ns = *1; for which ¢, =0 (2.53¢)

The shear stress values in (2.58) are obviously minimum values. Furthermore, since (2.35)
indicates that shear components vanish on principal planes, the directions given by (2.53)
are recognized ag principal stress directions.

A second set of solutions to (2.52) may be verified to be given by
=0, n = 12, ms = £1/\/2; for which og= (oy— oy )/2  (2:540)
m = =1/\/2, ns = 0, ns = =1/1/2; for which og = (o —o)/2  (2.54D)
o= *£1/V/2, n = =1/V/2, ns = 0; for which oy = (o, —0,)/2  (2.54c)

Equation (2.54b) gives the maximum shear stress value, which is equal to half the difference
of the largest and smallest principal stresses. Also from (2.54b), the maximum shear stress
component acts in the plane which bisects the right angle between the directions of the
maximum and minimum principal stresses.
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2.12 MOHR’S CIRCLES FOR STRESS e

A convenient two-dimensional graphical
representation of the three-dimensional state
of stress at a point is provided by the well-
known Mohr's stress circles. In developing
these, the coordinate axes are again chosen in
the principal stress directions at P as shown
by Fig. 2-14. The principal stresses are as-
sumed to be distinet and ordered according to

op > oy 2 Oy (2.55)

o5

A
For this arrangement the stress vector ¢{™ has
normal and shear components whose magni-

tudes satisfy the equations Fig. 2-14
oy = ulnf + anﬂrg + o‘IH’ng (255)
cr;{, +o% = o%'nf + oZm: + U%H’ﬂ-g‘ (2.57)

Combining these two expressions with the identity nmi=1 and solving for the direction
cosines ni, results in the equations

2 _ (o —o)(oy — o) + (og)” 2.58
(ﬂrl) o (g-I — aH)(a'I — C’III) ( a)

2 (o = o)loy —op) + (og)* 2.58b
)" = (o — o) (o, — 09) ( :
= oo o) + (o5)” (2.58¢)

(“m - "I) (oya— U[I)
These equations serve as the basis for Mohr’s stress circles, shown in thg “stress plane” of
Fig. 2-15, for which the o, axis is the abscissa, and the o4 axis is the ordinate. .

In (2.58a), since o, —o,; > 0 and o, — o > 0 from (2.55), and since (m1)? is non-negative,
the numerator of the right-hand side satisfies the relationship

(o — c"II)("N — o) + (“s)z = 0 (2.59)
which represents stress points in the (s, o;) plane that are on or exterior to the circle
[og — (o + o)/ 2] + (05)* = [(on— or)/2]? (2.60)

In Fig. 2-15, this circle is labeled Ci.

[

o

o111 o1 o1 N

Fig. 2-15
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Similarly, for (2.58b), since o, ~o,; >0 and o,—o, <0 from (2.55), and since (ns)?

is non-negative, the right hand numerator satisfies
(o — o) oy — o) + (“S)2 =0 (2.61)

which represents points on or interior to the circle
["N - ("'HI +oy)/2] + (05 = (o — op)/2]? (2.62) I

labeled C, in Fig. 2-15. Finally, for (2.58¢), since o, —¢, <0 and oy — oy < 0 from
(2.55), and since (ns)* is non-negative,

(o‘N — U'I)(O‘N == a'H) + (c!rs)2 = ( (2.63)
which represents points on or exterior to the circle
[O'N - (UI + ‘71[)/2]2 : - (05)2 = [(D’I - ‘711)/2]2 (264)

labeled C; in Fig. 2-15.,

Since each “stress point” (pair of values of ¢, and o) in the (o, o;) plane represents a
particular stress vector téa), the state of stress at P expressed by (2.58) is represented in
Fig. 2-15 as the shaded area bounded by the Mohr’s stress circles. The diagram confirms
a maximum shear stress of (o, —o0,;)/2 as was determined analytically in Section 2.11.

Frequently, because the sign of the shear stress is not of critical importance, only the top
half of this symmetrical diagram is drawn.

The relationship between Mohr’s stress diagram and the physical state of stress may
be established through consideration of Fig. 2-16, which shows the first octant of a sphere
of the continuum centered at point P. The normal n: at the arbitrary point @ of the
spherical surface ABC simulates the normal to the surface element dS at point P. Because
of the symmetry properties of the stress tensor and the fact that principal stress axes are
used in Fig. 2-16, the state of stress at P is completely represented through the totality of
locations @ can occupy on the surface ABC. In the figure, circle arcs KD, GE and FH

designate locations for @ along which one direction cosine of 7; has a constant value.
Specifically,

o1r

EP)

Fig. 2-16
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nm = cos¢pon KD, m» = cosfonGE, ms = cosdon FH

and, on the bounding circle arcs BC, CA and AB,
n = cosw/2 = 0 onBC, Mz = cosw/2 = 0 on CA, ng = cosw/2 = 0 on AB

According to the first of these and the equation (2.58a), stress ve_:ctors for Q loce-xted on
BC will have components given by stress points on the cirele Cy in F1-g. 2-15. Likewise, CA
in Fig. 2-16 corresponds to the circle Cs, and AB to the circle Cs in Fig. 2-15.

The stress vector components o, and o4 for an arbitrary location of @ may be deter-
mined by the construction shown in Fig. 2-17. Thus point ¢ may be located on .Ca by
drawing the radial line from the center of Cs at the angle 2,8.‘ Note that angles in tlée
physical space of Fig. 2-16 are doubled in the stress space of Fig. 2.—1’1; (arc AB subtenIs
90° in Fig. 2-16 whereas the conjugate stress points o; and o are 180° apart on Cs). In
the same way, points g, & and f are located in Fig. 2-17 and thev approp?late pairs joined by
circle arcs having their centers on the o, axis. The intersection of circle arcs ge and hf

represents the components o and og of the stress vector ¢{™ on the plane having the normal

direction n; at @ in Fig. 2-16.

}og

o oy ay
o111 II

Fig. 2-17

2.13 PLANE STRESS

In the case where one and only one of the principal stresses if" zero a state of plane
stress is said to exist. Such a situation occurs at an unloaded point on t}.1e free 'surface
bounding a body. If the principal stresses are ordered, the Mohr’s stress circles will have

one of the characterizations appearing in Fig. 2-18.

g
o [ 9 @ [t o1y T oy
orr LT op oy I T y N

ag =0

o =0 o =0

Fig. 2-18
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If the principal stresses are not ordered and the direction of the zero principal stress
is taken as the xs direction, the state of stress is termed plane stress parallel to the zixs
plane. For arbitrary choice of orientation of the orthogonal axes x; and z» in this case,
the stress matrix has the form

["ij] = T19 Ty 0 (2.65)
0 0 0

The stress quadric for this plane stress is a cylinder with its base lying in the 2:2; plane
and having the equation

o, %7 + 2012371:62 + Uzzxg = i (2.66)

Frequently in elementary books on Strength of Materials a state of plane stress is rep-
resented by a single Mohr's circle. As seen from Fig. 2-18 this representation is necessarily
incomplete since all three circles are required to show the complete stress picture. In
particular, the maximum shear stress value'at a point will not be given if the single circle
presented happens to be one of the inner circles of Fig. 2-18. A single circle Mohr's diagram
is able, however, to display the stress points for all those planes at the point P which include
the zero principal stress axis. For such planes, if the coordinate axes are chosen in
accordance with the stress representation given in (2.65), the single plane stress Mohr's
circle has the equation

[crN - (011 4 0'22)/2]2 + (()'S)2 = [(0‘11 == 0'22)/2]2 + (012)2 (2.67)
The essential features in the construction of this circle are illustrated in Fig. 2-19. The
circle is drawn by locating the center C at o, = (o, +0,)/2 and using the radius

R = V[(oy— 0,,)/2]* + (05)* given in (2.67). Point A on the circle represents the stress
state on the surface element whose normal is n; (the right-hand face of the rectangular
parallelepiped shown in Fig. 2-19). Point B on the circle represents the stress state on
the top surface of the parallelepiped with normal n,. Principal stress points ¢, and o, are
go labeled, and points £ and D on the circle are points of maximum shear stress value.

Jl og

¥y

®3

o11 C oy on

Fig. 2-19

2,14 DEVIATOR AND SPHERICAL STRESS TENSORS

It is very often useful to split the stress tensor o, into two component tensors, one of
which (the spherical or hydrostatic stress tensor) has the form
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o 0 O

S, = o = [0 o O (2.68)
0 0 o

where ¢, = —P = ¢,,/3 is the mean normal stress, and the second (the deviator stress tensor)
hag the form

oy T Oy [ [ S11 S1z2 813
£, = Ty Oy — Ty - = S21 S22 Sa3 (2.69)
Oy Ty g3 — Oy 831 832 Sas
This decomposition is expressed by the equations
oy = Si}.crkk/g + Sy or z = a'Ml -+ ZD (270)

The principal directions of the deviator stress tensor s; are the same as those of the
stress tensor o,. Thus principal deviator stress values are _
IR (2.71)
The characteristic equation for the deviator stress tensor, comparable to (2.38) for the
stress tensor, is the cubic
& 4 IIzDS = III:D = 0 or s 4 (SISII + SuSm + SIIISI)S — 81SuSm = 0 (272)

It is easily shown that the first invariant of the deviator stress tensor Iz, is identically
zero, which accounts for its absence in (2.72).

Solved Problems

STATE OF STRESS AT A POINT. STRESS VECTOR.
STRESS TENSOR (Sec. 2.1-2.6)
2.1. At the point P the stress vectors t§3>

and 15?'*’ act on the respective surface
elements n;AS and n¥ AS*. Show that

the component of tgﬁ) in the direction
of n¥ is equal to the component of

t&* in the direction of n,.

A
tgn*)

It is required to show that

(A*) (A) *
— n
"y = 6N

N
From (2.12) t{"n; = oym}n;, and by (2.22)
aji == Tijs so that

FaS
im #  __ ln) % .
amin = (om)n; = ;" n; Fig. 2-20
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2.2. 'The stress tensor values at a point P are given by the array

7 0 -2
z = 0 5 0
-2 0 4

Determine the traction (stress) vector on the plane at P whose unit normal is
n = (2/8)e; — (2/3)€; + (1/3)es.

N
From (2.12), tm =fF. The multiplication is best carried out in the matrix form of (2.13):

7 0 -2
@ ) L — o — |14_2 —10 —4 _ 4
[£3™ 50, 0] [2/3,—2/8,1/8]| 0 & 0 [3 3' 3 '3 13
-2 0 4

2.3. For the traction vector of Problem 2.2; determine (a) the component perpendicular
to the plane, (b) the magnitude of ™, (c) the angle between t™ and .

3
®) [t = 16+ 100/8 = 5.2

N A
(¢) Since tgn)-ﬁ = [t{™| cos 0, coso = (44/9)/6.2 =0.94 and ¢ = 20°.

A
(@) t™-n = (431_13932)' (36— 36+ 18 = 44/9

24. The stress vectors acting on the three coordinate planes are given by tﬁé\‘), tigﬂ’ and tﬁaﬂ’.
Show that the sum of the squares of the magnitudes of these vectors is independent
of the orientation of the coordinate planes.

Let S be the sum in question. Then
A A A A N A
— (e (e (ey) plen) (e3) 2(ea)
S = tiel tiel + tiez tie2 + ties ti 3

which from (2.7) becomes S = oy0q; + 0909; + 0505 = 005, an invariant.

2.5. The state of stress at a point is given by the stress tensor
¢ o beo
U ao o Co
be €0 o

where a, b, ¢ are constants and ¢ is some stress value. Determine the constants a,b

and ¢ so that the stress vector on the octahedral plane (@ = (1//3)&: + (1/V/3)e& +
(1/7/3 )&,) vanishes.

A
. ( .
In matrix form, £ = o;m; must be zero for the given stress tensor and normal vector.

¢ aoc bo 1/\/§ 0 ‘ a+b = —1
as @ ¢Co 1/\/5 = |0 hence a-+4+¢ = —1
bo oo o || 1/V3 0 b+e = —1
Solving these equations, @ = b = ¢ = —1/2. Therefore the solution tensor is
o —a/2 —o/2
o; = —o/2 ¢ —o/2
—a/2 —a/2 &




