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Systematic and Random Errors in GPS

• Model for the observables

y = f(x)+ ε ∆y = y−f(x◦) = A(x−x◦) = A∆x

• f is a known mathematic relationship between pa-
rameters x (values unknown) and observations y

• The values ε are “observational error:”

– Random, values unknown

– Zero-mean

– Gaussian
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Systematic and Random Errors in GPS

• For GPS, the observational errors ε represent an

accumulation of errors introduced into the system,

including:

– Inherent noise in signal

– Ambient RFI, including atmospheric blackbody

radiation and cosmic background

– Instrumental noise in signal detection & phase

measurement
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Measuring GPS receiver system noise

• The challenge in estimating the observational noise
standard deviation σε is that there are so many other
unknowns to be estimated

– Clocks

– Atmosphere

– Position

– Orbits

• Most of these unknowns can be eliminated through
zero-baseline measurements
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Zero-Baseline Measurements

http://http://xenon.colorado.edu
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Zero-Baseline Receiver Measurements

• Geometric term of the single difference phase (∆φ(t) =
φA(t)− φB(t)) for small baselines is

∆ρ(t) ' ~b · ê(t)
where ê is the unit topocentric vector from the site
to the satellite

• This ignored the difference in the observation epoch
t due to the fact that the two receivers’ clocks are
unsynchronized

• That is, single difference should be ∆φ(t) = φA(t+
δtA)− φB(t+ δtB) where δts are clock error
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Zero-Baseline Receiver Measurements

• If we account for this we have

∆ρ(t) ' −~b · ê(t) + ρ̇(t)∆T

with ∆T difference in clock errors

• In the zero-baseline measurement, the two receivers
are connected to the same external clock, so the
clock variations are identical

• Nevertheless, it is impossible to exactly make the
two electrical paths identical, so ∆T is a constant
(or very slowly varying)
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Zero-Baseline Receiver Measurements

• In the zero-baseline measurement, ~b = 0

• The single-difference phase between receivers A and
B is therefore:

∆φAB(t) '
1

λ
ρ̇(t)∆T + ∆φ◦+ ∆ε(t)

• ∆φ◦ is a constant phase offset that includes the
initial ambiguity

• ∆ε is the difference between observational noise val-
ues
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Zero-Baseline Receiver Measurements

• Zero-baseline measurements are used to estimate
∆T and ∆φ◦ as well as σ2

∆ε = 2σ2
ε

• Results of Park et al. [2004] are (L1) σε . 0.15 mm '
7.4× 10−4 cycles ' 0.27◦
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Systematic and Random Errors in GPS

• If σε = 0.2 mm, then we could estimate (static) site

positions with σ < 0.1 mm from 24 hours of data

• More common to take σε ' 10 mm

• Systematic errors occur when model f(x) has er-

rors

• Systematic errors are not necessarily statistical in

nature, although we sometimes deal with them as

though they were
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Assessing systematic errors

• To assess a systematic error E = f − ftrue, simulate

a set of observations using ∆y = E and perform a

least-squares solution

• This will yield ∆x(E), the error in the parameter

adjustments (and hence the parameter estimates)

due to E

• Simplified observing scenarios and models can often

be used in this simulation
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Mapping function errors

• Atmospheric mapping function for elevation angle ε

m(ε) =
1

sin ε+
a

sin ε+ · · ·
with a ' 0.01

• What is impact of error in a?

∆m '
∂m(ε)

∂a
∆a ' −m(ε)2

[
∆a

sin ε

]
' −

∆a

sin3 ε

• The systematic error will be

E(ε) = −
τz◦

sin3 ε
∆a τz◦ = 2.3 m
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Mapping function errors

• Simplified single-difference phase observation equa-
tion (prefit residual)

∆φ = −∆~b · ê+ ∆τ ·m(ε) + ∆φ◦

• If we hold one site fixed and estimate other site’s
position, then expressed in local horizontal coordi-
nates

∆~b · ê = ∆n cosA cos ε+ ∆e sinA cos ε+ ∆u sin ε

• For the simulation, we can argue ∆n '∆e ' 0 due
to symmetry of observations
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Mapping function errors

• Simplified simulation:

−
τz◦

sin3 ε
∆a = −∆u sin ε+ ∆τ csc ε+ ∆φ◦

• Use least squares to estimate ∆u, ∆τ , and ∆φ◦ for

given ∆a

• We’ll assume we have observations at ε = 90◦,89◦, . . . , εmin

• εmin is called the elevation-angle cutoff
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Mapping Function Errors
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Mapping Function Errors
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Impact of Elevation Weighting on Standard
Deviations
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Antenna Directionality

Some applications require antennas with significant di-
rectivity

Green Bank Telescope (NRAO)

18



Antenna Gain Pattern (High Directivity)
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GPS Antenna Gain Pattern
(little directivity)

scaled aircraft. For each angle the calibrated probe was used 
to collect near field amplitude and phase information as it 
was moved in half wavelength intervals parallel to the 
rotational axis over the 6 feet square scanning aperture. The 
collected near field data was then transformed to the angular 
space of the far field pattern using appropriate Fourier 
transform techniques. 

 
Antenna patterns were measured at three different antenna 

locations on top of the scale model for the Beechcraft  
1900 C aircraft to evaluate the effects of antenna location on 
radiation pattern below the aircraft fuselage. The three 
selected antenna locations, shown in Fig. 7. are: 1) Aft 
Antenna Location where the GPS antenna is well aft of the 
wings but before the vertical and horizontal stabilizers;  
2) Mid Antenna Location where the GPS antenna is 
located directly over the wings; 3) Forward Antenna 
Location where the antenna location is where the wings 
meet the main body of the fuselage. 

 

III. SCALE MODEL MEASUREMENTS ON THE 
BEECHCRAFT 1900 C AT 11.76 GHZ − THE 10:1 

SCALED CENTER FREQUENCY OF THE L5-BAND 

The electric field components Eĳ and Eș for the measured 
roll plane, pitch plane and yaw plane scale model patterns at 
11.76 GHz (10 times the center frequency 1.176 GHz of  
L5-Band) is shown in Figs. 5a, 5b and 5c, respectively. The 
electric field components Eĳ and Eș are respectively 
perpendicular and parallel to the longitudinal axis of the 
aircraft in the roll and pitch plane patterns. In the yaw plane 
the electric fields Eĳ and Eș are respectively parallel and 
perpendicular to the longitudinal axis of the aircraft.  
 
IV. SCALE MODEL MEASUREMENTS AT 15.754 GHZ 
– THE 10:1 SCALED CENTER FREQUENCY OF THE  

L1-BAND 

The measured patterns corresponding to a frequency of  
15.75 GHz (10 times the center frequency 1.5754 GHz of 
the L1-Band) are shown in Figs. 6a, 6b, and 6c, respectively.  

 
Eĳ (dB) – Vertical Polarization 

Eș (dB) – Horizontal Polarization 
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Fig. 5a. Roll Plane Patterns at the Aft, Mid, and Forward Antenna Locations on the Scale Model Aircraft Measured  

at 11.76 GHz (10:1 Scaling of the Center Frequency in the L5 Band) 
 

Eĳ (dB) – Vertical Polarization 
Eș (dB) – Horizontal Polarization 
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Fig. 5b. Pitch Plane Patterns at the Aft, Mid, and Forward Antenna Locations on the Scale Model Aircraft Measured  

at 11.76 GHz (10:1 Scaling of the Center Frequency in the L5 Band) 
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Multipath

http://earthmeasurement.com
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Phase Multipath Geometry
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Phase Multipath

• Consider signal at antenna as sum of direct (unre-
flected) and reflected signals:

S(t) = U(t) + αR(t)

α accounts for gain and reflectance

• Unreflected signal is

U(t) = U◦e−2πft

• Reflected signal is

R(t) = U

(
t−

S1 + S2

c

)
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Phase Multipath

• Then total signal is

S(t) = U◦e−2πft
(
1 + αe2πi(S1+S2)/λ

)

• Write as change in amplitude and phase wrt U(t)

S(t) = βU(t)eiδφ

• Then

tan δφ =
α sinψ(ε)

1 + α cosψ(ε)
β2 = 1 + α+ 2α cosψ(ε)

with ψ(ε) = 4π(H/λ) sin ε
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Phase Multipath

tan δφ =
α sinψ(ε)

1 + α cosψ(ε)
β2 = 1 + α2 + 2α cosψ(ε)

ψ(ε) = 4π(H/λ) sin ε

• Multipath affects both phase and amplitude (i.e.,
SNR) of received signal

• Although multipath represents an electrical path
length increase, because it comes in as a phasor
δφ may be positive or negative

• As α→ 0, δφ→ 0 and β → 1
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LC Phase Multipath

(a) H = 0.15 m; (b) H = 0.6 m; (c) H = 1 m
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GPS Multipath

• Except for simple cases, attempts to model multi-
path in GPS have not been successful

• Multipath remains one of the most significant error
sources

• Silver lining: The amplitude of the multipath, through
the reflectance α, tells us something about the re-
flector

• GPS is being used to estimate soil moisture, ground
snow, and vegetation
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Snow depth from SNR

Larson et al. [2009]
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GPS Multipath: Sidereal filtering

• Multipath error repeats with ∼1 sidereal day repeat
time for satellite geometry

• Error Mx in position x due to multipath:

Mx(t) =
1

2

[
x(t) + x(t+ 1 day)

]

• Position after sidereal filtering:

xs(t) = x(t)−Mx(t)

• This technique is used in GPS seismology
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Sidereal filtering

Choi et al. [2004]
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Phase-Center Variations

• A perfect, isotropic transmitting antenna would ra-

diate energy in a vacuum such that surfaces of equal

phase were spheres centered at a point

• This point is called the phase center

• If such an antenna were used to receive signals, then

signals emanating from different points on a sphere

would all be received with the same phase
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Phase Center

R

e2πiR/λ
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Phase-Center Variations

• For an imperfect (i.e., realistic) transmitting an-

tenna, the surfaces of equal phase are not spheres

• In effect, there is not a single point that can be

called the phase center, and the phase-center is said

to vary with direction
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Realistic Phase Front
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Realistic Phase Front

e2πiR/λ

e2πiR/λ

e2πiR/λ

e2πiR/λ
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Phase-Center Variations

• A single phase center is what we’d like with GPS

so that we can related the change of phase to the

distance the signal has traveled

• For a GPS antenna receiving a signal from azimuth

A and elevation ε there is a contribution to the

phase δφpc(A, ε) due to the phase-center variation

• The phase-center variation depends on frequency

(i.e., L1 is different than L2)
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Example PCVs (LC)

Bock et al. [2011]

37



GPS Satellite Model Errors

• GPS satellite phase center offset (i.e., nominal phase center
is different from center of mass)

• GPS satellite phase-center variations

• Solar radiation
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Other sources of systematic errors

• Signal scattering from antenna mount

• Snow and ice on antenna

• These all impact vertical more than horizontal
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GPS position accuracy: Summary

• The “accuracy” of GPS is highly dependent on the

application, meaning:

– Timespan of data used to make estimates

– Accessibility to reference frame

– Kinematics of antenna

– Data combination (e.g., accelerometer)

– Analysis methods
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GPS position accuracy: Summary

• “Accuracy” has more than one meaning in literature

1. How accurate is position estimate at a particular

epoch?

2. How accurate are estimates of, e.g., deformation

parameters

3. Repeatability vs. “truth” (comparisons of results

from multiple geodetic measurement systems)

41



GPS position accuracy: Summary

• Improvements in accuracy over last 2–3 decades:

1. IGS leads to better clocks and orbits

2. Filling out constellation

3. Improvements in models, analysis techniques, bias

fixing

4. Continuity of observations

5. Improvements/standardization of tracking equip-

ment

42


