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Today:

Heat flow: Cooling

- of a house

- of a dike

- of the ground
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house

air

wind wind



outside air isothermal due to wind
∆𝑇 = 0

inside air isothermal due to fan

temperature ∆𝑇 𝑡

Initial temperature of the house
∆𝑇 𝑡 = 0 = ∆𝑇0

house cools by conduction through walls 
with total area, 𝐴

fan

house

air

wind wind



Conservation of energy

change in heat in house 
with time

=

heat loss thru walls

inside air

outside air



Conservation of energy

𝜌𝑐𝑝𝑉
𝑑∆𝑇

𝑑𝑡

=

−𝐴𝑞

inside air

outside air



fan

house

inside air

Conservation of 
energy

𝜌𝑐𝑝𝑉
𝑑∆𝑇

𝑑𝑡

=

−𝐴𝑞

= −
𝐴𝑘

𝑤
∆𝑇

outside air

𝑤

assume equilibrium
∆𝑇 linear in wall
𝑑∆𝑇

𝑑𝑥
=
∆𝑇 − 0

𝑤
=
∆𝑇

𝑤

∆𝑇 0



Conservation of energy

𝜌𝑐𝑝𝑉
𝑑∆𝑇

𝑑𝑡

=

−𝐴𝑞

= −
𝐴

𝑅
∆𝑇

with R=w/k

Ever hear of an R-Value
in connection with home 
insulation?

fan

house

air

wind wind



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

with

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

fan

house

air

wind wind



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

with

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇

time, 𝑡

∆𝑇0

What do think colling curve looks  like?

0



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

with

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇

time, 𝑡

∆𝑇0

0



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

with

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇

time, 𝑡

∆𝑇0

0

∆𝑇 = ∆𝑇0 𝑒−𝑎𝑡

unknown constant



“Exponential” function

𝑒𝑡 = 2.71⋯ 𝑡 = exp 𝑡

𝑑

𝑑𝑡
𝑒𝑡 = 𝑒𝑡 derivative is itself

𝑑

𝑑𝑡
𝑒−𝑎𝑡 = −𝑎𝑒𝑡



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

∆𝑇

time, 𝑡

∆𝑇0

0

∆𝑇 = ∆𝑇0 𝑒−𝑎𝑡
compatible 
with 
equation?

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇 = ∆𝑇0 𝑒−𝑎𝑡

𝑑∆𝑇

𝑑𝑡
= −𝑎∆𝑇0 𝑒−𝑎𝑡



Conservation of energy

𝑑∆𝑇

𝑑𝑡
= −𝑐∆𝑇

∆𝑇

time, 𝑡

∆𝑇0

0

∆𝑇 = ∆𝑇0 𝑒−𝑎𝑡

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇 = ∆𝑇0 𝑒−𝑎𝑡

𝑑∆𝑇

𝑑𝑡
= −𝑎∆𝑇0 𝑒−𝑎𝑡

yes if   𝑎 = 𝑐

compatible 
with 
equation?



∆𝑇

time, 𝑡

∆𝑇0

0
big c

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉

∆𝑇 = ∆𝑇0 𝑒−𝑐𝑡

small c
small c

small, 𝐴

small, 𝑘

big 𝑤

big 𝑉

big c

big, 𝐴

big, 𝑘

small 𝑤

small 𝑉



∆𝑇

time, 𝑡

∆𝑇0

0
big c

∆𝑇 = ∆𝑇0 𝑒−𝑐𝑡

small c small c

small, 𝐴

small, 𝑘

big 𝑤

big c

big, 𝐴

big, 𝑘

small 𝑤characteristic time, 𝑡0 =
1

𝑐
=
𝑤𝜌𝑐𝑝𝑉

𝐴𝑘

𝑐 =
𝐴𝑘

𝑤𝜌𝑐𝑝𝑉



∆𝑇

time, 𝑡

∆𝑇0

0
big c

small c
𝐴 = 5 × 3 × 10 = 150 𝑚2

𝑘 = 0.2
𝐽

𝑠𝑚℃
(wood)

𝑤 = 0.2 𝑚
𝑉 = 3 × 10 × 10 = 300 𝑚3

𝑐𝑝 = 700
𝐽

𝑘𝑔℃
𝜌 = 1.3

𝑘𝑔

𝑚3

characteristic time, 𝑡0 =
𝑤𝜌𝑐𝑝𝑉

𝐴𝑘



∆𝑇

time, 𝑡

∆𝑇0

0
big c

small c
𝐴 = 5 × 3 × 10 = 150 𝑚2

𝑘 = 0.2
𝐽

𝑠𝑚℃
(wood)

𝑤 = 0.2 𝑚

characteristic time, 𝑡0 =
1

𝑐
=
𝑤𝜌𝑐𝑝𝑉

𝐴𝑘
=
0.2 × 1.3 × 700 × 300

150 × 0.2

𝑚 𝑘𝑔 𝐽𝑠𝑚℃

𝑚3𝑘𝑔℃𝑚2𝑚𝐽

𝑉 = 3 × 10 × 10 = 300 𝑚3

𝑐𝑝 = 700
𝐽

𝑘𝑔℃
𝜌 = 1.3

𝑘𝑔

𝑚3

= 1820
𝑚 𝑘𝑔 𝐽𝑚3𝑠𝑚℃

𝑚3𝑘𝑔℃𝑚2𝐽
= 1820𝑠

characteristic time, 𝑡0 =
𝑤𝜌𝑐𝑝𝑉

𝐴𝑘



𝑅 = 6.4 × 106𝑚

𝑤 = 1 × 105𝑚

𝑉 =
4

3
𝜋𝑅3

𝑘 = 0.27
𝐽

𝑠𝑚℃

𝐴 = 4𝜋𝑅2

𝑐𝑝 = 950
𝐽

𝑘𝑔℃

𝜌 = 5000
𝑘𝑔

𝑅3

𝑡0: about 10 billion years

Earth



𝑉 =
4

3
𝜋𝑅3

𝑘 = 0.27
𝐽

𝑠𝑚℃

𝐴 = 4𝜋𝑅2

𝑐𝑝 = 950
𝐽

𝑘𝑔℃

𝜌 = 5000
𝑘𝑔

𝑅3

Earth

size, shape of earth

thermal conductivity
of lithospheric rocks

density of
deep earth rocks

𝑤 = 1 × 105𝑚

𝑅 = 6.4 × 106𝑚

thickness
of lithosphere

heat capacity of
deep earth rocks



𝑉 =
4

3
𝜋𝑅3

𝑘 = 0.27
𝐽

𝑠𝑚℃

𝐴 = 4𝜋𝑅2

𝑐𝑝 = 950
𝐽

𝑘𝑔℃

𝜌 = 5000
𝑘𝑔

𝑅3

Earth

density of
deep earth rocks

𝑤 = 1 × 105𝑚

𝑅 = 6.4 × 106𝑚

gravity



𝑅 = 6.4 × 106𝑚

𝑤 = 1 × 105𝑚
𝑉 =

4

3
𝜋𝑅3

𝑘 = 0.27
𝐽

𝑠𝑚℃

𝐴 = 4𝜋𝑅2

𝑐𝑝 = 950
𝐽

𝑘𝑔℃

𝜌 = 5000
𝑘𝑔

𝑅3

Earth

𝑤 = 1 × 105𝑚

𝑅 = 6.4 × 106𝑚

thickness
of lithosphere

deflection 
of seafloor 
from
volcano



𝑅 = 6.4 × 106𝑚

𝑤 = 1 × 105𝑚
𝑉 =

4

3
𝜋𝑅3

𝑘 = 0.27
𝐽

𝑠𝑚℃

𝐴 = 4𝜋𝑅2

𝑐𝑝 = 950
𝐽

𝑘𝑔℃

𝜌 = 5000
𝑘𝑔

𝑅3

Earth

size, shape of earth

thermal conductivity
of lithospheric rocks

density of
deep earth rocks

𝑤 = 1 × 105𝑚

𝑅 = 6.4 × 106𝑚

thickness
of lithosphere

heat capacity of
deep earth rocks

volcanic 
rock from 
volcano

Xenolith
piece of the 
mantle



lithosphere

escaping heat, 𝑞 𝑖𝑛 − 𝑘
𝑊

𝑚2

measuring heat flow

𝑧



lithosphere

escaping heat, 𝑞 = −𝑘
𝑑∆𝑇

𝑑𝑧

measuring heat flow

borehole

∆𝑇

𝑧



lithosphere

𝑑∆𝑇

𝑑𝑧

measuring heat flow

borehole

∆𝑇

𝑧

escaping heat, 𝑞 = −𝑘
𝑑∆𝑇

𝑑𝑧

measure on piece of rock



lithosphere

𝑞 = 0.06
𝑊

𝑚2

average heat flow of Earth

𝑧



𝑅 = 6.4 × 106𝑚

Earth

𝑡0

∆𝑇

time, 𝑡

∆𝑇0=1500

0

𝑞

time, 𝑡
0𝑞 =

𝑘∆𝑇

𝑤
=

𝑘∆𝑇0

𝑤
𝑒−𝑐𝑡

𝑞𝑡𝑜𝑑𝑎𝑦 = 0.06 𝑊/𝑚2

𝑡𝐸=5.6 billion years



𝑡𝐸=5.6 billion years

back of the envelope estimate of age of the Earth

neglects radioactive heating

dependent on ∆𝑇0=1500  (melting point of mantle rocks)

assumes lithosphere doesn’t thicken with time



𝑥

Back to the rod

𝜌𝑐𝑝
𝑑∆𝑇

𝑑𝑡
= 𝑘

𝑑2∆𝑇

𝑑𝑥2

𝑑∆𝑇

𝑑𝑡
= κ

𝑑2∆𝑇

𝑑𝑥2
κ =

𝑘

𝜌𝑐𝑝

thermal diffusivity



𝑥

Back to the rod

𝑑∆𝑇

𝑑𝑡
= κ

𝑑2∆𝑇

𝑑𝑥2

away from the ends of the bar, at time, 𝑡 = 𝑛𝑜𝑤

𝑥

∆𝑇 Bell curve
what happens?∆𝑇0

0



𝑥

higher or lower?

narrower or wider?

center position?

𝑥 = 0

0

later:

∆𝑇

Bell curve
𝑡 = 𝑛𝑜𝑤

𝑥



𝑥

𝑡 = 𝑛𝑜𝑤

𝑥

∆𝑇

higher or lower?

narrower or wider?

𝑡 = 𝑙𝑎𝑡𝑒𝑟

center position?
wider

same

lower



𝑥

𝑡 = 𝑛𝑜𝑤

𝑥

∆𝑇
𝑡 = 𝑙𝑎𝑡𝑒𝑟

0

𝑡 = 0

∆𝑇 =
𝑄0

2𝜋𝜌𝑐𝑝 2κ𝑡
exp −

𝑥2

4κ𝑡



𝑥

𝑡 = 𝑛𝑜𝑤

𝑥

∆𝑇
𝑡 = 𝑙𝑎𝑡𝑒𝑟

0

𝑡 = 0

∆𝑇 =
𝑄0

2𝜋𝜌𝑐𝑝 2κ𝑡
exp −

𝑥2

4κ𝑡

total amount of heat



𝑥

𝑡 = 𝑛𝑜𝑤

𝑥

∆𝑇
𝑡 = 𝑙𝑎𝑡𝑒𝑟

∆𝑇 =
𝑄0

2𝜋𝜌𝑐𝑝 2κ𝑡
exp −

𝑥2

4κ𝑡

0

𝑡 = 0 width of bell curve



𝑓(𝑥) =
1

2𝜋𝜎
exp −

𝑥2

2𝜎2

Bell Curve  or Gaussian Curve  or  Normal Curve

width  or  standard    deviation

area under Bell Curve 𝑓(𝑥) is 1

𝜎 = 2κ𝑡in the cooling formula, width grows as

area under 𝜌𝑐𝑝∆𝑇 𝑥 is 𝑄0 is constant; “heat is conserved”     



2κ𝑡

𝑡

put in words?



2κ𝑡

𝑡

put in words?

initially widens very quickly, then slows down

then slows way down





volcanic dikes crossing a hillside
(Iceland)



𝜎1 = 2κ𝑡1

2𝜎1 = 2κ𝑡2

𝜎1
2 = 2κ𝑡1

4𝜎1
2 = 2κ𝑡2

𝑡1 =
𝜎1
2

2κ

𝑡2 =
2𝜎1

2

κ

𝑡2 − 𝑡1 =
2𝜎1

2

κ
−
𝜎1
2

2κ
=
3𝜎1

2

2κ

Time to double width   ...  proxy for time to cool significantly



∆𝑡 = 𝑡2 − 𝑡1 =
3𝜌𝑐𝑝𝜎1

2

2𝑘

Time to double width

for 𝜎1 = 1 m  Bell Curve of hot rock  (a “dike”) 



for 𝜎1 = 1 m  Bell Curve of hot rock  (a “dike”) 

𝜌 = 2500 𝑘𝑔/𝑚3

𝑘 = 3.1 𝐽/𝑠𝑚℃

𝑐𝑝 = 800 𝐽/𝑘𝑔℃

∆𝑡 =
3𝜌𝑐𝑝𝜎1

2

2𝑘
=
3 × 2500 × 800 × 1

2 × 3.1

𝑘𝑔 × 𝐽 × 𝑚2 × 𝑠𝑚℃

𝑚3𝑘𝑔℃ × 𝐽

∆𝑡 = 968000 s

about 11 days

Time to double width

∆𝑡 = 𝑡2 − 𝑡1 =
3𝜌𝑐𝑝𝜎1

2

2𝑘
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