Solid Earth Dynamics

Bill Menke, Instructor

Lecture 5



Today:
Advection

Convection



Today:

Advection el of a hot spring

Convection
test of whether or not

convection will occur



conservation of energy when fluid motion moves heat

heat

heat change in heat with time out

IN




conservation of energy when fluid motion moves heat

heat

heat
' out
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Apc,AT(0)v(0) Apc, AT (Ax) v(Ax)



conservation of energy when fluid motion moves heat

heat heat
IN out
Apc,AT(0)v Apc,AT(Ax) v

incompressible assumption: v(0) = v(Ax)



conservation of energy when fluid motion moves heat

heat heat
IN out
Apc,AT(0)v Apc,AT(Ax) v

dAT
Alxpc, = —Apc,AT(Ax) + vApc,AT(0)v



conservation of energy when fluid motion moves heat

heat
out

Apc,AT(0)v Apc,AT(Ax) v

dAT AT (Ax) + AT(0)
Ax




conservation of energy when fluid motion moves heat

heat
N

Apc,AT(0)v Apc,AT(Ax) v



conservation of energy when fluid motion moves heat

dAT dAT
P g = TPV

conservation of energy when conduction moves heat
dAT d?AT

Pl g = " dx?




conservation of energy when fluid motion moves heat
dAT dAT

conservation of energy when conduction moves heat
dAT d?AT

Pl g = " dx?

conservation of energy when both move heat

dAT dAT | d*AT
Peo “ar = TP gy T g dx?




conservation of energy when fluid motion moves heat
dAT dAT

conservation of energy when conduction moves heat
dAT d?AT

P 3t = e

conservation of energy when both move heat
(dAT dAT) d*AT
pC | k

dt  dx dx?



geothermal
area in

lceland




OLD AIR

model of
geothermal

area in

lceland

HOT WATER RESERVOIR



AT =0
upward conduction-advection of heat
through porous rock

dAT dAT d2AT
pCy

at Y Tdx dx2

effective velocity, v'=ov,
porosity, @

AT — ATO




AT =0
steady state —
AT d*AT

v dx _dez

AT — ATO




how do they differ?

AT =0




how do they differ?

AT =0




AT =0

AT d*AT
Vldx T N Tdx? AAT
water ,  dx
. v d
moving ——f=—
up K dx

the derivative of a function
is proportional to the function
suggests an exponential




AT =0
dAT  d*AT
dx  dx?
AT = B{exp(—cx) + C }

C

<

with c = —




AT =0

dAT  d°AT
“Tdx | dx?
AT = B{exp(—cx) + C } ”
AT wifth ¢ = -
= —Bc exp(—cx)
d
d?A

= Bc? exp(—cx)

dx?

compatible? Yes




AT =0

chose B and C so temperature correct at ends

AT = B{exp(—cx) + C }




AT =0
chose B and C so temperature correct at ends
AT = Blexp(—cx) — 1}
AT(x=0)=0




AT =0

chose B and C so temperature correct at ends

- AT,
- {exp(—cL) — 1}
AT (x = L) = AT,

AT

texp(—cx) — 1}




AT =0

chose B and C so temperature correct at ends

texp(—cx) — 1}

—clL) -1 v’
texp(—cL) —1} with ¢ = —

AT — ATO

whew!




Convection

temperature causes buoyancy

buoyancy causes flow

flow changes temperature



Convection

temperature causes buoyancy

buoyancy causes flow
s this positive

of negative
flow changes temperature feedback?



Convection

temperature causes buoyancy

buoyancy causes flow
negative

. feedback
flow speeds up reduction

of temperature

less buoyancy, less flow



vacuum roc

X

which takes longer to get to the ground?
® t

®
water roc




vacuum roc

®
water roc







conservation of momentum

Newton’s Force Law

water



conservation of momentum

Newton’s Force Law

dv

O ma =/

water
Zero
so net force
zero, too



conservation of momentum

Newton’s Force Law

volume, V m@ _ f
‘ dt

radius, r

buoyancy force
water

iz fBzAngzgn’rBApg



conservation of momentum

Newton’s Force Law

dv_
mdt_f

resistive force, fr
water
velocity of object
size of object
viscosity of water



water

conservation of momentum

Newton’s Force Law

dv_
mdt_f

resistive force

frR=curv

viscosity, |
constant, ¢ = 6w



water

@ object
4

terminal
velocity, v

conservation of momentum

Newton’s Force Law
0=/fp—/r

4
O=§nr3Apg—6nruv

4
3 Apg _2riapg

6T T U Ou

V =



water

@ object
4

terminal
velocity, v

conservation of momentum

Newton’s Force Law
0=/fp—/r

4
O=§nr3Apg—6nruv

4
3 Apg _2riapg

6T T U Ou
Stokes’ law

V =



viscosity, U
water, 0 = 1073 Pa-s

honey, u = 5 Pa-s

basaltic magma, u = 100 Pa-s

upper mantle rock, p = 4 x 10'° Pa-s

k
Pascal-second, Pa-s: 1 m—i



terminal velocity of a 0.001-meter sphere of granite in water

Ap = (2500 — 1000) kg/m?3

r =0.001l m
g = 9.81 m/s?
Kg
= 1073 —=
H ms
2r2Ap g 2%(0.001)?%x1500 x 9.81 m?kg m ms .
v = = _ 33

9u 9 X103 m3 s? kg S



"HOT

Hypothetical
temperatures in the
Earth

M cowp




Hypothetical
temperatures in the
Earth

How important will
convection
be in this material

COLD




Length scale,L

Temperature
deviation from
mean, AT,




What is the time scale for thermal transport via conduction
(quick-and-dirty)

heat Q — pCpAToL
heat flux q = kAT, /L

timescale t-=0/q = L?/x



What is the time scale for advection of object by one length scale
(quick-and-dirty)

distance L

velocity v



What is the time scale for thermal transport via advection
(quick-and-dirty)

. L
a- (%
2
Ve|ocity e L A’D g (Stokes’ Law, ignoring the 2/9)
v
density Ap = pOC{ATO (thermal expansion)
L Ly u
tA —_

v L?pyaATyg B LpoalATyg



Ratio of time scales

. M
~ LpoaAT,g

tC:LZ/K tA

tc L?LpoaATog L’poaATyg
(9 X L B LK




Ratio of time scales

. M
~ LpoaAT,g

tC:LZ/K tA

_le _ L’poalTog

tA UK
Rayleigh number

Rq

dimensionless (no units)



tc  L3poaAT,
Rayleigh number R, = “C_ Po 0Y

tA UK

Low Rayleigh number: Conduction wins, heterogeneities
dissipate before they move significantly te  small

R — — = :

“ 'ty big

High Rayleigh number: Advection wins, heterogeneities
move before dissipate significantly P te big

" t, small

so what’s the Rayleigh number of the upper mantle?



_te _77x10"™ s 25my
T t, 34x105 s 0.146 my

-\ 100 km, comparable to the

=170

Rayleigh number

a=3x%10"° — thickness of the lithosphere
ATy = 100°C h

g =981 Sﬂzk k =3.1]/sm°C

po = 3000 m—% cp =800 /kg"C
u:4x1019§ K=p:Cp=1.3><10_5mT2



B tC B 7.7 X 1014 S 25 my

Rayleigh number R = = = = 170
VIR “ =, T 34x1055 5 0.146 my

_ 5 .
L=10"m mantle under volcanic area needs to

a = 3 X 10—5%/ be about 100 °C hotter than normal to

make magma
AT, = 100°C

g = 9.81 SEZ k =3.1]/sm°C
k o
Do = 3000 m_g3 ¢, = 800 J/kg°C
kg _ _k _ —5 m?
H=4X1019_ K—pocp—l.BX].O <



. tC 7.7 X 1014 S 25 my
Rayleigh number R = t_ — VEYETE — KT
A . S . my

L=10"m /

e 1 IF there are 100 km heterogeneities
a=3Xx10 oC in the mantle, they will convect
AT, = 100°C
g = 9.81 Ez k =3.1]/sm°C

S

Kg _ o

po = 3000 — ¢, =800 ]/kg°C
kg __k _ -5 m°
H=4X1019_ K—pocp—l.BX]_O <
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