
% gda03_13
%
% Examine error surface of intercept and slope in a straight
% line fit to synthetic data
% Supports Figure 3.15
 
clear all;
 
% z's
N=30;
zmin=-5;
zmax=5;
z = sort(random('Uniform',zmin,zmax,N,1));
 
% PART 1: data evenly spread along interval
 
% d = a + b*z + noise
a=2.0;
b=1.0;
sd=0.51;
dobs = a+b*z+random('Normal',0,sd,N,1);
 
% grid
Na=101;
amin=0;
amax=4;
Da = (amax-amin)/(Na-1);
a = amin + Da*[0:Na-1]';
Nb=101;
bmin=0;
bmax=4;
Db = (bmax-bmin)/(Nb-1);
b = bmin + Db*[0:Nb-1]';
 
% populate grid with errors
EA = zeros(Na,Nb);
for i=[1:Na]
for j=[1:Nb]
    ao = amin+Da*(i-1);
    bo = bmin+Db*(j-1);
    dpre = ao + bo*z;
    e = dobs-dpre;
    EA(i,j)=e'*e;
end
end
 
% find minimum error
[Ep, p] = min(EA);
[EAmin, c1] = min(Ep);
r1 = p(c1);
a1 = amin+Da*(r1-1);
b1 = bmin+Db*(c1-1);
dpre = a1 + b1*z;
 
% covariance calculation
% least squares formula
G = [ones(N,1), z];
C1 = (sd^2)*inv(G'*G);
disp('case 1: data straddles origin');



case 1: data straddles origin

disp(sprintf('    method 1: sm1 %f  sm2 %f cov %f', sqrt(C1(1,1)), sqrt(C1(2,2)), C1(1,2) ));

    method 1: sm1 0.095790  sm2 0.034798 cov 0.000783

% curvature of error surface formula
j=1;
d2Eda2 = (EA(r1+j,c1)-2*EA(r1,c1)+EA(r1-j,c1))/((j*Da)^2);
d2Edb2 = (EA(r1,c1+j)-2*EA(r1,c1)+EA(r1,c1-j))/((j*Db)^2);
d2Edadb = (EA(r1+j,c1+j)-EA(r1+j,c1-j)-EA(r1-j,c1+j)+EA(r1-j,c1-j))/(4*j*Da*j*Db);
DA=zeros(2,2);
DA(1,1)=d2Eda2;
DA(1,2)=d2Edadb;
DA(2,1)=d2Edadb;
DA(2,2)=d2Edb2;
C2 = (sd^2)*inv(DA/2);
disp(sprintf('    method 2: sm1 %f  sm2 %f cov %f', sqrt(C2(1,1)), sqrt(C2(2,2)), C2(1,2) ));

    method 2: sm1 0.095790  sm2 0.034798 cov 0.000783

disp(' ');

 

 
% plot data and fit
figure(1);
clf;
subplot(1,2,1);
set(gca,'LineWidth',3);
set(gca,'FontSize',14);
colormap('jet');
hold on;
axis( [zmin, zmax, -10, 10] );
plot( z, dobs, 'ro', 'LineWidth', 3);
plot( z, dpre, 'b-', 'LineWidth', 2);
 
% plot error surface
figure(2);
clf();
 
subplot(1,2,1);
set(gca,'LineWidth',3);
set(gca,'FontSize',14);
colormap('jet');
hold on;
axis ij;
axis equal;
axis( [bmin, bmax, amin, amax] );
imagesc( [bmin, bmax], [amin, amax], EA );
plot( b1, a1, 'wo', 'LineWidth', 2);
 
EAmax=max(max(EA));
[X, Y] = meshgrid(b,a);
DeltaE=(EAmax-EAmin)/100;
contour(X,Y,EA,[EAmin+DeltaE, EAmin+DeltaE],'w-','LineWidth',3);
colorbar;



 
% PART 2: data bunched up at end of interval
 
% z's
N=30;
zmin=-5;
zmax=5;
z = sort(random('Uniform',zmin+1*(zmax-zmin)/2,zmax,N,1));
 
% d = a + b*z + noise
a=2.0;
b=1.0;
sd=0.5;
dobs = a+b*z+random('Normal',0,sd,N,1);
 
% grid
Na=101;
amin=0;
amax=4;
Da = (amax-amin)/(Na-1);
a = amin + Da*[0:Na-1]';
Nb=101;
bmin=0;
bmax=4;
Db = (bmax-bmin)/(Nb-1);
b = bmin + Db*[0:Nb-1]';
 
% populate grid with errors
EB = zeros(Na,Nb);
for i=[1:Na]
for j=[1:Nb]
    ao = amin+Da*(i-1);
    bo = bmin+Db*(j-1);
    dpre = ao + bo*z;
    e = dobs-dpre;
    EB(i,j)=e'*e;
end
end
 
% find minimum error
[Ep, p] = min(EB);
[EBmin, c1] = min(Ep);
r1 = p(c1);
a1 = amin+Da*(r1-1);
b1 = bmin+Db*(c1-1);
dpre = a1 + b1*z;
 
% covariance calculation
% least squares formula
G = [ones(N,1), z];
C1 = (sd^2)*inv(G'*G);
disp('case 2: data to one side of origin');

case 2: data to one side of origin

disp(sprintf('    method 1: sm1 %f  sm2 %f cov %f', sqrt(C1(1,1)), sqrt(C1(2,2)), C1(1,2) ));

    method 1: sm1 0.199370  sm2 0.066526 cov -0.011791

% curvature of error surface formula



j=1;
d2Eda2 = (EB(r1+j,c1)-2*EB(r1,c1)+EB(r1-j,c1))/((j*Da)^2);
d2Edb2 = (EB(r1,c1+j)-2*EB(r1,c1)+EB(r1,c1-j))/((j*Db)^2);
d2Edadb = (EB(r1+j,c1+j)-EB(r1+j,c1-j)-EB(r1-j,c1+j)+EB(r1-j,c1-j))/(4*j*Da*j*Db);
DB=zeros(2,2);
DB(1,1)=d2Eda2;
DB(1,2)=d2Edadb;
DB(2,1)=d2Edadb;
DB(2,2)=d2Edb2;
C2 = (sd^2)*inv(DB/2);
disp(sprintf('    method 2: sm1 %f  sm2 %f cov %f', sqrt(C2(1,1)), sqrt(C2(2,2)), C2(1,2) ));

    method 2: sm1 0.199370  sm2 0.066526 cov -0.011791

disp(' ');

 

 
% plot data and fit
figure(1);
subplot(1,2,2);
set(gca,'LineWidth',3);
set(gca,'FontSize',14);
colormap('jet');
hold on;
axis( [zmin, zmax, -10, 10] );
plot( z, dobs, 'ro', 'LineWidth', 3);
plot( z, dpre, 'b-', 'LineWidth', 2);



% Figure 3.15. (A) Least squares fitting of a straight line (blue) to (z, d) data (red).
% The geometry of the experiment, and not the overall level of observational error,
% determines the shape of the ellipse, as can be seen from the example in (B).
 
% plot error surface
figure(2)
subplot(1,2,2);
set(gca,'LineWidth',3);
set(gca,'FontSize',14);
colormap('jet');
hold on;
axis ij;
axis equal;
axis( [bmin, bmax, amin, amax] );
imagesc( [bmin, bmax], [amin, amax], EB );
plot( b1, a1, 'wo', 'LineWidth', 2);
 
EBmax=max(max(EB));
[X, Y] = meshgrid(b,a);
% note: use same DeltaE as previous plot
contour(X,Y,EB,[EBmin+DeltaE, EBmin+DeltaE],'w-','LineWidth',3);
colorbar;

% Figure 3.15. (A) The best estimate of the model parameters (m1, m2) (white circle) occurs at
% the minimum of the error surface E(m1, m2), which is a function of model parameters, intercept m1 and
% slope m2. The minimum is surrounded by a region of low error (white ellipse) that corresponds
% to lines that fit “almost as well” as the best estimate. The variance of the estimate is
% related to the size of the ellipse. In this example, the ellipse is narrowest in the m2
% direction, indicating that the slope m2 is determined more accurately than intercept m1.
% The geometry of the experiment, and not the overall level of observational error,
% determines the shape of the ellipse, as can be seen from the error surface in (B) (which



% corresponds to part (B) of the previous figure. The tilt of the ellipse indicates that the
% intercept and slope are negatively correlated.
 
 


