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Fundamental relations: 

Newton′s Law: 𝜌𝑢̈𝑖 = 𝜏𝑖𝑗,𝑗 

Stress − Strain:  𝜏𝑖𝑗 = 𝑐𝑖𝑗𝑝𝑞𝜀𝑝𝑞  with  𝑐𝑖𝑗𝑝𝑞 = 𝑐𝑗𝑖𝑝𝑞 = 𝑐𝑖𝑗𝑞𝑝 = 𝑐𝑝𝑞𝑖𝑗 

Strain − Displacement: 𝜀𝑝𝑞 = ½(𝑢𝑝,𝑞 + 𝑢𝑞,𝑝) 

Equation of Motion: 

𝜌𝑢̈𝑖 = 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑗𝑞 

Energy density is sum of strain energy and kinetic energy: 

𝐸 = ½𝜏𝑖𝑗𝜀𝑖𝑗 + ½𝜌𝑢̇𝑖𝑢̇𝑖 

= ½𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢𝑖,,𝑗 + ½𝜌𝑢̇𝑖𝑢̇𝑖 

Energy flux (rate of energy transport per unit area) in direction 𝑖 (Synge, 1956-1957): 

𝐹𝑖 = −𝜏𝑖𝑗𝑢̇𝑗  

= −𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑗 

Conservation of energy 

𝐸̇ = −𝐹𝑖,𝑖 

Proof that 𝐸 and 𝐹𝑖 obey conservation of energy (for constant 𝑐𝑖𝑗𝑝𝑞): 

𝐸̇ = 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑖,,𝑗 + 𝜌𝑢̇𝑖𝑢̈𝑖 

−𝐹𝑖,𝑖 = (𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑗)
,𝑖
 

Apply chain rule: 

−𝐹𝑖,𝑖 = 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑗,𝑖 + (𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑖)𝑢̇𝑗 

Insert equation of motion: 

−𝐹𝑖,𝑖 = 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑗,𝑖 + 𝜌𝑢̇𝑗𝑢̈𝑗 

Apply symmetry of 𝑐𝑖𝑗𝑝𝑞 and rename summation indices: 

−𝐹𝑖,𝑖 = 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑢̇𝑖,𝑗 + 𝜌𝑢̇𝑖𝑢̈𝑖 = 𝐸̇ 



For a real displacement, the positive and negative frequency components are complex conjugate 

pairs: 

𝑢𝑖 = 𝑈𝑖  exp(−𝑖𝜔𝑡) + 𝑈̅𝑖  exp(+𝑖𝜔𝑡) 

= 2𝑈𝑖
𝑅  cos(𝜔𝑡) +  2𝑈𝑖

𝐼  sin(𝜔𝑡) 

Here the overbar indicates complex conjugation and 𝑈𝑖
𝑅 and 𝑈𝑖

𝐼 are the real and imaginary parts 

of 𝑈𝑖, respectively. The corresponding real stress is: 

𝜏𝑖𝑗 = 𝑇𝑖𝑗  exp(−𝑖𝜔𝑡) + 𝑇̅𝑖𝑗  exp(+𝑖𝜔𝑡) 

= 2𝑇𝑖𝑗
𝑅 cos(𝜔𝑡) + 2𝑇𝑖𝑗

𝐼  sin(𝜔𝑡) 

Note that these quantities satisfy the stress-strain relation 𝑇𝑖𝑗 = 𝑐𝑖𝑗𝑝𝑞𝑈𝑝,𝑞 and the equation of 

motion −𝜌𝜔2𝑈𝑖 = 𝑐𝑖𝑗𝑝𝑞𝑈𝑗,𝑝𝑞. Inserting into the flux equation yields: 

𝐹𝑖 = −𝜏𝑖𝑗𝑢̇𝑗  

= −4𝜔{𝑇𝑖𝑗
𝑅 cos(𝜔𝑡) + 𝑇𝑖𝑗

𝐼  sin(𝜔𝑡)}  {−𝑈𝑗
𝑅  sin(𝜔𝑡) + 𝑈𝑗

𝐼   cos(𝜔𝑡)} 

 

= −4𝜔{𝑇𝑖𝑗
𝑅 𝑈𝑗

𝐼cos2(𝜔𝑡) − 𝑇𝑖𝑗
𝐼  𝑈𝑗

𝑅 sin2(𝜔𝑡) + 𝑇𝑖𝑗
𝐼 (𝑈𝑗

𝐼 − 𝑇𝑖𝑗
𝑅𝑈𝑗

𝑅) cos(𝜔𝑡) sin(𝜔𝑡)} 

We time-average the trigonometric functions 〈cos2(𝜔𝑡)〉 =  〈sin2(𝜔𝑡)〉 =  ½ and 

〈cos(𝜔𝑡) sin(𝜔𝑡)〉 =  0, where 〈. 〉 signified the average over one cycle.  The time averaged flux 

is then: 

〈𝐹𝑖〉 = −2𝜔{𝑇𝑖𝑗
𝑅𝑈𝑗

𝐼 − 𝑇𝑖𝑗
𝐼  𝑈𝑖𝑗

𝑅} 

=−2𝜔𝑐𝑖𝑗𝑝𝑞{𝑈𝑝,𝑞
𝑅 𝑈𝑗

𝐼 − 𝑈𝑝,𝑞
𝐼  𝑈𝑗

𝑅} 

 

In the isotropic case, 𝑐𝑖𝑗𝑝𝑞 = 𝜆𝛿𝑖𝑗𝛿𝑝𝑞 + 𝜇(𝛿𝑖𝑝𝛿𝑗𝑞 + 𝛿𝑗𝑝𝛿𝑖𝑞), so the average flux is: 

〈𝐹𝑖〉

−2𝜔
= 𝜆(𝑈𝑝,𝑝

𝑅 𝑈𝑖
𝐼 − 𝑈𝑝,𝑝

𝐼 𝑈𝑖
𝑅) + 𝜇(𝑈𝑖,𝑞

𝑅 𝑈𝑞
𝐼 − 𝑈𝑖,𝑞

𝐼 𝑈𝑞
𝑅) + 𝜇(𝑈𝑗,𝑖

𝑅 𝑈𝑗
𝐼 − 𝑈𝑗,𝑖

𝐼 𝑈𝑗
𝑅) 

For 𝑖 = 1 and 𝑈2
𝑅 = 0 and 𝑈𝑝,2

𝑅 = 0 (for all 𝑝): 

〈𝐹1〉

−2𝜔
= (𝜆 + 2𝜇)(𝑈1,1

𝑅 𝑈1
𝐼 − 𝑈1,1

𝐼 𝑈1
𝑅) + 

 



+𝜇(𝑈3,3
𝑅 𝑈1

𝐼 + 𝑈1,3
𝑅 𝑈3

𝐼 + 𝑈3,1
𝑅 𝑈3

𝐼 − 𝑈3,3
𝐼 𝑈1

𝑅 − 𝑈1,3
𝐼 𝑈3

𝑅 − 𝑈3,1
𝐼 𝑈3

𝑅) 

 

Now suppose: 

𝑈𝑖 = 𝑝𝑖(𝑧) exp(±𝑖𝑘𝑥) 

 

𝑈1 = 𝑝1  exp(±𝑖𝑘𝑥)    and   𝑈3 = 𝑝3  exp(±𝑖𝑘𝑥) 

𝑈1.1 = ±𝑖𝑘 𝑝1 exp(±𝑖𝑘𝑥)    and   𝑈3,1 = ±𝑖𝑘 𝑝3 exp(±𝑖𝑘𝑥) 

𝑈1.3 = 𝑝1.3  exp(±𝑖𝑘𝑥)    and   𝑈3,3 = 𝑝3,3  exp(±𝑖𝑘𝑥) 

 

The vertically integrated horizontal flux 〈𝐹𝑖〉𝑇 can be calculated as: 

〈𝐹1〉𝑇 = ∫ 〈𝐹1〉
∞

0

 𝑑𝑧 
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