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Fundamental relations:
Newton's Law: pil; = T;;
Stress — Strain: 7;; = Cjjpq&pq With Cijpq = Cipg = Cijqp = Cpqij
Strain — Displacement: &,, = 1/z(up,q + uq,p)

Equation of Motion:

PUi = CijpqUp,jq
Energy density is sum of strain energy and kinetic energy:
E = Yat;j8; + Yopuy
= Y2CijpqlUpqWi,j + Y2pul;
Energy flux (rate of energy transport per unit area) in direction i (Synge, 1956-1957):
F = —1;5u;
= ~CijpqUpq¥y
Conservation of energy
E = —F,;
Proof that E' and F; obey conservation of energy (for constant ;g ):
E = cijpqUp gt j + piti;
—Fi; = (Ciquup,quj),i
Apply chain rule:
~Fii = Cijpqlpathii + (Cipalip.at)y
Insert equation of motion:
—Fii = CijpqUpqWj,; + PU;U;
Apply symmetry of ¢;;,, and rename summation indices:

_Fi,i = Ciquup,qui,j + pulul =F



For a real displacement, the positive and negative frequency components are complex conjugate
pairs:

u; = U; exp(—iwt) + U; exp(+iwt)
= 2UFR cos(wt) + 2U} sin(wt)

Here the overbar indicates complex conjugation and U and U] are the real and imaginary parts
of U;, respectively. The corresponding real stress is:

17;; = Tj; exp(—iwt) + T;; exp(+iwt)
= 2T cos(wt) + 2T}; sin(wt)

Note that these quantities satisfy the stress-strain relation T;; = ¢;jpqUp ¢ and the equation of

motion —pw?U; = ¢; ipqUj pq- Inserting into the flux equation yields:
Fi = —Tuu]
= —4w{Tf cos(wt) + T/; sin(wt)} {~UR sin(wt) + U/ cos(wt)}
= —4w{Tf U] cos?(wt) — T; UR sin?(wt) + T};(U] — THUR) cos(wt) sin(wt)}

We time-average the trigonometric functions {cos?(wt)) = (sin*(wt)) = % and
(cos(wt) sin(wt)) = 0, where (. ) signified the average over one cycle. The time averaged flux
is then:

(F;) = —20{TRU] —T}; UE
=—20¢ijpq{UpqU} = Upq Uf'}

bq=j

In the isotropic case, C;jpq = A6;;6,q + u(6ip6jq + Sjpdiq), so the average flux is:

(Fi)
_le = A(Uf,Ul = U ,UR) + u(UR UL — UL UR) + w(UR U — Ul UR
Fori =1and U7 = 0 and Uy, = 0 (for all p):

(F1)

—2w -

(A +2w)(UR UL — UL UR) +



+M(U§,3U{ + Uf,3Ué + U§,1Ué - U§,3Uf - U{,3U§ - U§,1U§)

Now suppose:

U; = pi(2) exp(tikx)

U, = p, exp(+ikx) and U; = p; exp(+ikx)
Ul.l = ilk P1 exp(ilkX) and U3’1 = ilk P3 eXp(ilkX)

Ui3 = p13 exp(fikx) and Usz = D33 exp(ikx)

The vertically integrated horizontal flux (F;); can be calculated as:

(Fy)y = f (F) dz
0
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