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1. A homogeneous half-space with thermal diffusivity x, initial temperature 6, and a boundary
condition 8(z = 0,t) = 0 has a temperature evolution given by:

0(z,t) = 6, erf(az) with a = (4xt)™”
where z is depth and t is geologic age (e.g. Menke and Abbott, 1989, their equation 6.4.2).
2. The temperature anomaly is:
AB(z,t) = 6, — 6, erf(az) = 6, erfc(az)
3. The corresponding shear velocity anomaly is:
AB(z,t) =y AB(z,t)
where y = df/d#6 is assumed to be constant.

4. The perturbation in phase velocity c(w, t) is:

e}

Ac(w, t) = f K(w,z) AB(z,t) dz

0

where K (w, z) is a sensitivity kernel.

5. Power series for Ac(w, t). Assume that the kernel can be represented as Taylor series (or
polynomial) in z:

K(w,z) = K, (w) z"
Then:
Ac(w, t) = y0,K,(w) z™ erfc(az) dz = Y0, K, (w) I,(n)
nz:;) 0 fo nz:;) 0 0

The integral is given by Ng and Geller (1969, their Equation 4.1.11):

0 r(z+1)
() = | 2" erfetan) dz = = 2

Hence:



rz+1) .

Ac(w, t)—Zyeom )W( e

=vy6 z K (w) )) (4ict) (n+1)/2

Note that the sequence of terms have order (¢)/2, t, (t)3/2, --- that is, Ac is a power series in vt

that starts with the v/t term. The +/t term will dominate when the kernel is approximately
constant over the depth range of AB(z, t), and the t will dominate when the kernel is increasing
linearly from zero in this depth range.

6. Perturbation in phase velocity for an exemplary kernel: Consider the kernel:
K(4,z) = bKyexp(—bz) where b=1/1

Here A is a characteristic wavelength. This kernel has been normalized so that its depth integral
is K,. The corresponding perturbation in phase velocity is:

(0]

Ac(A,t) = yHobKoj exp(—bz) erfc(az) dz = y6,bK,l;
0

Ng and Geller (1969, their Equation 4.2.3) give:

jm (—bz) erf(az) dz = ~exp {2 f{”}
0exp z) erf(az) dz = - exp—rerfei——

from which it follows:

[0e]

I, = ] exp(—bz) erfc(az)dz = J exp(—bz) {1 —erf(az)} dz =
0 0
f exp(—bz) dz —f exp(—bz) erf(az) dz =
0 0
1 1 b? ‘ {b}
b b P2az| " \2a
Here we have used the fact that:

(o] 1 (o]
J exp(—bz)dz = —— exp(—bz)] =—
0 b 0



| have tested the formula for I; numerically and verified that it is correct. Thus:

6obK, b? b
Ac(A,t) = Y0P [1 — exp {—} erfc {%}l

b 4q2

= y6,K, Il — exp {%} erfc {\/Tk_t}l
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Figure. Ac(A,t) forthe case k =y = 6, = K, = 1. At fixed time t, the perturbation in phase
velocity Ac decreases with wavelength A because the kernel is averaging over increasingly
deeper intervals, where the temperature perturbation is small. At fixed wavelength A, the
perturbation in phase velocity Ac increased with time t because the temperature perturbation is
extending deeper and deeper into the earth.

6. Perturbation in phase velocity for another exemplary kernel: Consider a kernel:
K(A,z) = K,b?z exp(—bz) where b=1/2

Here A is a characteriztic wavelength. The kernel has been normalized so that its depth integral is
K,. The corresponding perturbation in phase velocity is:

The corresponding perturbation in phase velocity is:

o)

Ac(A,t) = yQObZKOJ zexp(—bz) erfc(az) dz = y8,b%K,l,
0



The integral follows from Ng and Geller (1969, their Equation 4.2.7):

L= J:OZ exp(—bz) erfc(az) dz = {% ~p {4a2} [E a _] {Za} ablx/E}

together with:

*© 1
f zexp(—bz)dz = 72
0

| have tested the formula for I, numerically and verified that it is correct. Thus:
AcOh£) = YBb?Ko = — ~e {b} !
AL =700 o bz 4a2 b 2a? 2a)  abVm

60Ky {1~ b bz [ 5 erte o) =
=y6,K, exp 5 2a2 ercza =

e B 1 {Kt}[ 2kt ‘ Vit _ Vaxt
= y6,K, ~€Xp o7 —| erfei— -
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