Eigenvalue Notes
Bill Menke, October 31, 2019
(These note were done in preparation for working on a difficult tensor analysis problem in which
I am interested but have so far found intractable).
Part 1. Relations between Levi-Civita €;j;, and Kronecker Delta §;; for three dimensions.
(Source: Wikipedia articles “Levi-Civita Symbol” and “Dyadics”).
€ijk€tmn = 6i1(8jmOkn — 8jnSkm) — Oim (8j16kn — 8inSk1) + 8in(8j16km — SjmB1)
€ijk€ipg = OjpOikq — 8jqOkp
€ijk€ijn = 20kn
€ijk€Eijk = 6
(1.1 a,b,c,d)

Note also that:

¢ ,C

8 = viv] + vlv] +v{v]

(1.2)
for any three mutually perpendicular unit vectors v{, vZ, vf .

Part 2. Exploration of the properties of the fourth order tensor djxmn = M;;€;jk €imn, Where M is a
symmetric second order tensor, M;; = Mj;.

Ajkmn = Mi1€ijk€imn

2.1)
ditemn = Mi1811(8jmOkn — 6inSkm) — MitSim (8:18kn — 6nbx1) + MitSin(818km — Sjmir) =
= M;;(8;mOkn — 8inSkm) — Mim (8;16kn — 6in0i1) + Min(8j18km — Sjm 1) =
= M;;(8;m0kn — 8inSkm) — (Mim8i18kn — MimSinSi1) + (Min8j18km — Min8jmSr) =
= M;i(8;m0kn — 8inSkm) — (MimSin — MimSin) + (MjnSkm — Myn8jm) SO
dikmn = Mii(8jmSkn — 8nSkm) + MinSm + MimSjn — Mim Sxn — MynSjm
2.2)

The fourth order tensor can also be written:

dpqrt = Mpq ri€pq,0,q Rk L

_ {excluded index if p # q

q= 0ifp = g and M;;=0 ifi=0o0rj=0



Properties:

daamn = 0 withno sum over a

daamn = Mi1€iaq€mn = 0
daamn = Mii(gamgan - 5an6am) + Mansam + Mamsan - Mamsan - Manéam =
= Mii(O) + Manbam — Manbam + Mamban — Mamban = 0

dpgaa = 0 with no sum over a
djkaa = Mij€ijk€jaa = 0
djkaa = Mii(gja6ka - Sjagka) + Mja6ka + Mkaaja - Mjaska - Mkasja =

= M;;(0) + Mj(6kq — MjOkq + Mya8jq — MyaSjq = 0

djkmn = dmnjk
Amnjk = Mii€mn€ijk = My€imn€ijk = My€ijk€mn = djkmn
Amnjic = Mii(8mjOnk — SmiOnj) + MiymiOnj + My jOmi — My jSnie — My =

= M;;(6jmBkn — SkemBin) + MjnSkm + MmiSin — MimSin — MinSim = djremn

dk,jmn = _djk,mn
Aijmn = Mi€ikj€mn = —Mi1€ijk€mn = —djkmn
dkjmn = Mii(ékm6jn - 5kn5jm) + Mk,najm + Mjmakn - Mk,majn - Mjngkm =

= _Mii(6jm5kn - Sjn(Skm) - Mjn5km - Mkm(sjn + Mjmakn + Mknajm = _djkmn

djknm = _djkmn
djkmn = Mileijkelnm = _Mileijkelmn = _djkmn
djknm = Mii(5jn5km - Sijkn) + Mjmakn + Mknajm - Mjnakm - Mkm5jn =

= _Mii(5jm5kn - 5jn5km) - MjnSkm - Mkm(sjn + Mjmakn + Mkn5jm = _djkmn

d3323 = Myq

(2.3)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)



dy323 = M;j€iz3€j23 = My11€123€123 = (D@My; = My,
dp323 = M;i (822033 — 623032) + Man 83y + M3y 853 — Myp 833 — M3385, =
= M;; — Mp; — M3z = My,

(2.8)
diz13 = My,
dyi313 = M;j€i13€113 = Mp2€213€213 = —D(1DM;3 = My,
diz1in = M;i(811033 — 813831) + M13031 + M3y 613 — My1 033 — M33614 =
= M;i + My3631 — My1633 — M33611 = My,
(2.9)
di212 = M33
di212 = M;j€i12€j12 = M33€312€312 = (D()M33 = M3;
di212 = M;i(811622 — 612621) + M12821 + M2y 615 — My182; — My2611 =
= Mj; — My; — My, = M33
(2.10)
di323 = M1
dq323 = M;j€i13€j23 = Mp1€213€123 = DM, = —M;,
di323 = M;i(612633 — 813032) + Mi13835 + M33813 — M12633 — M3381, = —My,
(2.11)
di223 = M13
di23 = M;j€i12€j23 = M31€312€6123 = (D(@)M,;3 = My;5
di1223 = M;i (612623 — 813022) + M13825 + M3 813 — M13823 — Ma381, = My
(2.12)
diz13 = —Mp3
diz13 = M;j€i12€j13 = M3z€312€213 = (D(=1DMy3 = —My3
diz213 = M;i(611623 — 813021) + M13821 + Mp1813 — My1823 — Mp3811 = —Ma3
(2.13)

Part 3. Proof that, in three dimensions, if two eigenvectors v{* and v?, together with
corresponsing eigenvalues A4 and A%, are known for a symmetric tensor M;;, then the remaining
eigenvector is v¢ = v4 X v& and the corresponding eigenvalue is ¢ = tr(M) — 14 — 18, We start with:



A =144 wi A= M. .pApa ApAd =
Mjvi =A% v with A% = Myvi'vi' and vji'vj =1

B = 2B B wi B — M, .vByB ByB =
Mjvi =27 vy with 2% = Myvivy and viv) =1

A, ,BY _ 9C,,C ; c — c.C c _ A, B
Mij(ejklvkvl)—/l vy with A" = Myvyvy and vy = € v vy

XY _
viv; = Oyy

(3.1)
First, note v{ is a unit vector:
€l = e e vAVBVAYE = (5. -5 ApBpApB = pApAypB B _ pApBpByA — =
ViV = €ijk€ipqVi Vi Vp Vg (6]p6kq 61q6kp)vj VkVp Vg =VjVjVgVg —Vj Vv =1+0=1
(3.2)

Now let us solve for A¢:

c_ .C c_ A B A_BY _ A B. A B _
A" = vy Moy = Mu(Eijij vE ) (EmnvinvE) = M€ jk EtmnVj Vi Um Uy =

— A, B.,A..B __ A, B, A, B _
- Mileijkelmnvj UV UmVn = djkmnvj Ve UmUn =
_ A, B, A, B _
- {Mii(ajm6kn - 6jn6km) + Mjn6km + Mkmgjn - Mjmskn - Mknéjm}vj VU UmUn =
— A, B, A. B A,.B. A. B A, B, A. B A, B, A. B
= {Mii(Sijknvj Vi UmVn — 8inOmV;j Vi vmvn) + MjnSmVj Vi VinVn + Mgm SinVj Vi VinUn

m=j
A B, A, B A, B, A, ,B] _
- Mjm5knvj VkVmVUn — Mknsjmvj Uk Umvn} -

= {Mii ((U]AUJA)(UE vi) = (vf'v7 ) (vicvi )) + (v Myjv}! ) (i vi) + (VR Migmvin) (vf' v]
~ (v Mymvit) (v vE) — (v Mo ) (o' v} } =
= {My — (v/'Mjnvin) — (VEMyp v )} = tr(M) — A, — A

(3.4)

Thus, as expected, 14 + Ag + A¢ = tr(M). Note that result alternately can be arrived using Equation
(1.2):

tr(M) = MUSU = MijUiAUJA + MUUL-BUJ-B + MUVLCVJC = AA +AB +AC
(3.5)
We now verify that I, = Az Mp; (€;;xvf v ) (with A¢ # 0) is a unit vector:

2 — A.. B A,.BY _ A, B, A..B __ A, B, A..B
ALy, = My (€330 vE )My (€mn Vi vh) = (Myi My )€ jk€imn Vi vE Vi V5, = W€y jr€imnvi vi vi v

(3.6)

Where W;; = M,,;M,,; is a symmetric tensor with eigenvalues A4, 2% and A%. Since equation has the same
form as the one previously considered, we can write:

A2LoL, = tr(S) — 23 — 2% = 22



3.7)
Hence, we conclude that 1,1, = 1 as long as A¢ # 0.
Finally, let us write the left and right hand sides of the eigenvalue equation as:
Iy = A2 Mpi(€jxvfvE) and vy, = (€pgrvdvf)
(3.8)

We have already established in (3.2) and (3.7) that v, and [, are unit vectors (as long as A¢ # 0).
Furthermore, we have also established that [,,v, = 1. The only way that the dot product between two unit
vectors can be unity is if the two vectors are equal. Hence, [, = v, and the eigenvalue equation is
satisfied. For the A¢c = 0 case, the eigenvalue equation becomes M;; (ejklv,‘?vf) = (0) (eipqv;,“vg) =
[0];- We can trivially modify the result in (3.7) above to show that |Ml- j (ejklv,‘?le)l = A¢ = 0 and then,

noting that a vector is equal to the zero vector when it has zero length, conclude that the eigenvalue
equation is satisfied.

I think that the above proof, “the cross product between any two eigenvectors is also an eigenvector”
could also be used to prove that, when the eigenvalues are distinct, there can be only three mutually-
perpendicular eigenvectors. But I am not pursuing the matter.

Part 4. An alternate proof. Another way to prove that the cross-product satisfies the eigenvalue equation is
to use the relationship:

EijkMinijkq = det(M) Ewpq

(3.9)
(Source: Wikipedia article “Determinant”). Presuming A4 # 0 and Az # 0:
AatMyvft = vl
A5'M;jvP = v}
vf = evivp = 134 5 (€ijuMjpMyq ) (v vE)
M, vf = eijkvaf =21, gl(eijkMinijkq)(v;‘ vf)
Myive = 2325 det(M) (€ypqvit v5)
M,,;ivf = Acvf with A = 2 712 3t det(M)

(3.10)

Note that this derivation yields the well-known rule, det(M) = A4AgA.. Ihave not tried to work out a
patch for the case 1, = 0 and/or 15 = 0.

Part 5. Proofthatif A4 = Az = A any linear combination v; = c,v{* + cgv? is an eigenvector:
Av; = Acuvf + Acgv? = cAMijvj‘1 + CBMU‘U]B = Mij(cAvf‘ + chJB) = M;;v;

(3.11)



