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Suppose we correlate two signals 𝑎(𝑡) and 𝑏(𝑡) to get 𝑐(𝑡) = 𝑎(𝑡) ⋆ 𝑏(𝑡) where ⋆ signifies 

cross-correlation. In the frequency domain, we have 𝑐(𝜔) = 𝑎(𝜔)�̅�(𝜔) where 𝑐(𝜔) is the 

cross spectrum and where   ̅signifies complex conjugation. 

Now suppose that we form two other signals, 𝑎′(𝑡) = 𝑇(𝑡) ⋆ 𝑎(𝑡) and 𝑏′(𝑡) = 𝑇(𝑡) ⋆ 𝑏(𝑡) 

where 𝑇(𝑡) is some operator.  For example, the choice 𝑇(𝑡) = − 𝜕𝛿 𝜕𝑡⁄ , where 𝛿(𝑡) is the 

Dirac impulse function, implements differentiation.  The cross correlation is 𝑐′(𝑡) = 𝑎′(𝑡) ⋆

𝑏′(𝑡).  Following the general approach of Menke and Menke (2016, their equation 9.24), we 

rewrite the equation using convolutions, noting that 𝑎(𝑡) ⋆ 𝑏(𝑡) = 𝑎(𝑡) ∗ 𝑏(−𝑡), where ∗ 

signifies convolution: 

𝑐′(𝑡) = 𝑎′(𝑡) ⋆ 𝑏′(𝑡) = (𝑇(𝑡) ∗ 𝑎(𝑡)) ∗ (𝑇(−𝑡) ∗ 𝑏(−𝑡)) = 

= (𝑇(𝑡) ∗ 𝑇(−𝑡)) ∗ (𝑎(𝑡) ∗ 𝑏(−𝑡)) = (𝑇(𝑡) ⋆ 𝑇(𝑡)) ∗ (𝑎(𝑡) ⋆ 𝑏(𝑡)) = 

= 𝑋(𝑡) ∗ (𝑎(𝑡) ⋆ 𝑏(𝑡))    with     𝑋(𝑡) ≡ (𝑇(𝑡) ⋆ 𝑇(𝑡)) 

Here, 𝑋(𝑡) is the autocorrelation of 𝑇(𝑡), a function which is symmetric about 𝑡 = 0. 

Consequently, 𝑐′(𝑡) is related to 𝑐(𝑡) by a symmetric filter that does not introduce any 

phase shifts. 

In the frequency domain: 

𝑐′(𝜔) = (𝑇(𝜔)�̅�(𝜔)) ∗ (𝑎(𝜔) �̅�(𝜔) ) = |𝑇(𝜔)|2𝑐(𝜔) = 𝑋(𝜔)𝑐(𝜔) 

Note that 𝑋(𝜔) is a real-valued function.  Consequently, 𝑐′(𝜔) is related to 𝑐(𝜔) by 

modulation by an envelope function  𝑋(𝜔). 

Thus, any zero-crossing in 𝑐(𝜔) will also be zero-crossings of 𝑐′(𝜔), and as long as 𝑇(𝜔) 

has no zero-crossings, 𝑐′(𝜔) will have exactly the same number of zero-crossings as 𝑐(𝜔). 
The only effect of 𝑇(𝜔) is to modulate the overall shape of the cross-spectrum 𝑐′(𝜔). 

So, whether one cross-correlates displacement 𝑢(𝑡) or velocity 𝑣(𝑡) or raw seismogram 

output1 𝑠(𝑡) is unimportant, except for aesthetics in plotting, since the choice effects that 

relative amplitude of different frequency bands and can be used to suppress parts of the 

cross-spectrum that is dominate by noise, or to emphasize frequency bands that are 

important to the analysis. 

1Presuming the response of the two seismometers are the same. 
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