Moments of a Convolution
By Bill Menke, March 28, 2020

I presume that these formulas are “well known”, but I couldn’t track down a reference and so I
worked them out for myself.

Let f(t) and g(t) be two functions. The first three moments of f(t) are defined as:

M= [ f©dr and M= [ef@de and M= [ p@de

And similarly for g(t). The convolution of the two functions is:

(F )@ = [ fz =0 g(0) de
The following relationships hold:
My(f * g) = Mo(f) My(g)
My (F * ) = Mo(F)M1 (g) + My (F)My (g)
My (f = g) = Mo(f) Mp(g) + My (f) Mo(g) + 2 My (f) My (g)

Proof of 1: The zeroth moment of a convolution is:

o+ 9) = [{[ -0 9@ atfar = [{o© [ ra-0 arfae

Introducing a change of variables:
x=t—t and T=t+x and dx =drt

leads to:

Mo(r +9) = [ o [ rG) axfae =My [ g0 de = mo(H) Mo(e)

Proof of 2: The first moment of a convolution is:

w9 = [of[ra-0gwadar = [{g@ [cra-o arfa

Introducing a change of variables:
x=t—t and T=t+x and dx =drt

leads to:



(9= [{o® [+ 76 difae =
=fg(t){tf f(x) dx+fxf(x) dx}dtz

= My(f) f £ g(®) dt + My(f) f (0 dt =

= Mo(fI)M1(g) + M (f)M,(g)

Proof of 3: The second moment of a convolution is:

w9 = [ [ re-0 9@ atfar = [gof[ -0 arfar

Introducing a change of variables:
x=1t—t and T=t+x and dx =dr
(t+x)2 =t% +x2% + 2xt

leads to:

var(f + 9) = [ 9@ {[ €+ 0027 @) drfae
_ fg(t) {f(tz +x2 + 2x0) f(x) dx} dt
= .[g(t) {tzf f(x) dx + fxz f(x) dx + 2tfxf(x) dx}dt =

= [ @M + var() + 26 M, (e =

= Mo(f) M2(g) + Mz(f) Mo(g) + 2 M, (f) M1 (g)



