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I presume that these formulas are “well known”, but I couldn’t track down a reference and so I 

worked them out for myself. 

Let 𝑓(𝑡) and 𝑔(𝑡) be two functions. The first three moments of 𝑓(𝑡) are defined as: 

𝑀0(𝑓) = ∫  𝑓(𝑡) 𝑑𝑡      and     𝑀1(𝑓) = ∫ 𝑡 𝑓(𝑡) 𝑑𝑡     and    𝑀2(𝑓) = ∫ 𝑡2 𝑓(𝑡) 𝑑𝑡 

And similarly for 𝑔(𝑡).  The convolution of the two functions is: 

(𝑓 ∗ 𝑔)(𝜏) = ∫ 𝑓(𝜏 − 𝑡) 𝑔(𝑡) 𝑑𝑡 

The following relationships hold: 

𝑀0(𝑓 ∗ 𝑔) = 𝑀0(𝑓) 𝑀0(𝑔) 

𝑀1(𝑓 ∗ 𝑔) = 𝑀0(𝑓)𝑀1(𝑔) + 𝑀1(𝑓)𝑀0(𝑔) 

𝑀2(𝑓 ∗ 𝑔) = 𝑀0(𝑓) 𝑀2(𝑔) + 𝑀2(𝑓) 𝑀0(𝑔) + 2 𝑀1(𝑓) 𝑀1(𝑔) 

 

 

Proof of 1: The zeroth moment of a convolution is: 

𝑀0(𝑓 ∗ 𝑔) = ∫ {∫ 𝑓(𝜏 − 𝑡) 𝑔(𝑡) 𝑑𝑡} 𝑑𝜏 = ∫ {𝑔(𝑡) ∫ 𝑓(𝜏 − 𝑡)  𝑑𝜏} 𝑑𝑡 

Introducing a change of variables: 

𝑥 = 𝜏 − 𝑡    and   𝜏 = 𝑡 + 𝑥   and   𝑑𝑥 = 𝑑𝜏     

leads to: 

𝑀0(𝑓 ∗ 𝑔) = ∫ {𝑔(𝑡) ∫ 𝑓(𝑥)  𝑑𝑥} 𝑑𝑡 = 𝑀0(𝑓) ∫ 𝑔(𝑡) 𝑑𝑡 =  𝑀0(𝑓) 𝑀0(𝑔) 

 

Proof of 2: The first moment of a convolution is: 

𝑀1(𝑓 ∗ 𝑔) = ∫ 𝜏 {∫ 𝑓(𝜏 − 𝑡) 𝑔(𝑡) 𝑑𝑡} 𝑑𝜏 = ∫ {𝑔(𝑡) ∫ 𝜏 𝑓(𝜏 − 𝑡)  𝑑𝜏} 𝑑𝑡 

Introducing a change of variables: 

𝑥 = 𝜏 − 𝑡    and   𝜏 = 𝑡 + 𝑥   and   𝑑𝑥 = 𝑑𝜏     

leads to: 



𝑀1(𝑓 ∗ 𝑔) = ∫ {𝑔(𝑡) ∫(𝑡 + 𝑥) 𝑓(𝑥)  𝑑𝑥} 𝑑𝑡 = 

= ∫ 𝑔(𝑡) {𝑡 ∫  𝑓(𝑥)  𝑑𝑥 + ∫ 𝑥 𝑓(𝑥)  𝑑𝑥} 𝑑𝑡 = 

= 𝑀0(𝑓) ∫ 𝑡 𝑔(𝑡) 𝑑𝑡 +  𝑀1(𝑓) ∫  𝑔(𝑡) 𝑑𝑡 = 

= 𝑀0(𝑓)𝑀1(𝑔) + 𝑀1(𝑓)𝑀0(𝑔) 

 

Proof of 3: The second moment of a convolution is: 

𝑀2(𝑓 ∗ 𝑔) = ∫ 𝜏2 {∫ 𝑓(𝜏 − 𝑡) 𝑔(𝑡) 𝑑𝑡} 𝑑𝜏 = ∫ 𝑔(𝑡) {∫ 𝜏2𝑓(𝜏 − 𝑡)  𝑑𝜏} 𝑑𝑡 

Introducing a change of variables: 

𝑥 = 𝜏 − 𝑡    and   𝜏 = 𝑡 + 𝑥   and   𝑑𝑥 = 𝑑𝜏     

(𝑡 + 𝑥)2 = 𝑡2 + 𝑥2 + 2𝑥𝑡 

leads to: 

var(𝑓 ∗ 𝑔) = ∫ 𝑔(𝑡) {∫(𝑡 + 𝑥)2𝑓(𝑥)  𝑑𝜏} 𝑑𝑡 

= ∫ 𝑔(𝑡) {∫(𝑡2 + 𝑥2 + 2𝑥𝑡) 𝑓(𝑥) 𝑑𝑥} 𝑑𝑡 

= ∫ 𝑔(𝑡) {𝑡2 ∫  𝑓(𝑥) 𝑑𝑥 + ∫ 𝑥2 𝑓(𝑥) 𝑑𝑥 + 2𝑡 ∫ 𝑥 𝑓(𝑥) 𝑑𝑥} 𝑑𝑡 = 

= ∫ 𝑔(𝑡){𝑡2𝑀0(𝑓) + var(𝑓) + 2𝑡 𝑀1(𝑓)}𝑑𝑡 = 

= 𝑀0(𝑓) 𝑀2(𝑔) + 𝑀2(𝑓) 𝑀0(𝑔) + 2 𝑀1(𝑓) 𝑀1(𝑔) 

 


