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Consider a fluid containing a solute (dissolved substance), when the fluid is moving in the x-
direction. The amount of solute in the fluid is quantified by its concentration, E, measured in
units of kg/m>. The flux of the solute through the (y, z) plane is e,, measured in units of
kg/m?s. Now suppose that fluid motion is the only mechanism for moving the solute, with the
horizontal velocity v, is measured in units of m/s. Velocity can also be considered to be the
volume flux of fluid, measured in units of m*/m?s. Then, the flux of solute is the volume flux of

water times the concentration of solute in that fluid; that is, e, = v, E, again measured in usint of
(kg/m?)(m3/m?s) = kg/ m?s.

This scenario is not quite analogous to energy transport in a seismic wave, because while the
energy is contained within the rock in the same way that the solute is dissolved in the fluid, the
rock is not moving in the same sense that the fluid is. Nevertheless, as we show below, the
relationship can be shown to be true.

We assume harmonic motion of the form exp(ikx — iwt), where k is horizontal wavenumber
and w is angular frequency. This wave moved in the positive x-direction at velocity vy = w/k.
Derivatives of a quantity, say u, with respect to horizontal position x and time t can be
performed trivially, as @, = iku; and u; = —iwuy;.

Asuming that all motions and stresses are confined to the (x, z) plane, the horizontal energy flux
ex = —Tyx;U; (Synge, 1956-1957) reduces to

x = (0[Tertty + Tptls] 50 [Tt + Tgtty] = =
(A.1)
As the wave is propagating horizontally, its vertical energy flux e, = —7,;1; is zero, and we can
write
e, =0 = iw[t,uy + T,5u,]  so  [Tyuy +7,u,] =0
(A.2)
The energy density equation E = Yat;;u; ; + Y2pt;u; (Synge, 1956-1957) becomes
2E = Tyxlyx + Tuzllyz + Tugllzx + Tozllzp + V2plylly + V2P, 1,
(A3)

Performing the x-derivatives yields:
2E =ik [Txxux + szuz] + [szux,z + Tzzuz,z] - pwz[uxux + uzuz]

(A4)



Substituting Eqn. (A.1) yields

k
2E = Zex + [szux,z + Tzzuz,z] - pwz[uxux + uzuz]

We now differentiate Eqn. (A.2) with respect to z:
[szux + 7'-zzuz],z =0= [szux,z + Tzzuz,z] + [sz,zux + Tzz,zuz]

[szux,z + Tzzuz,z] = - [sz,zux + Tzz,zuz]

Substituting this result into Eqn. (A.5) yields

k
2E = Zex - [sz,zux + Tzz,zuz] - pwz[uxux + uzuz]

The equations of motion are
— D2 = +
PO Uy = Tyxx T Txzz

2 —
—PW U, = Tyzx + T22,2

Summing them yields:
2 —
—pw [uxux + uzuz] - [sz,zux + Tzz,zuz] + [Txx,xux + sz,xuz]

_[sz,zux + Tzz,zuz] = pwz [uxux + uzuz] + [Txx,xux + sz,xuz]

Substituting this result into Eqn. (A.7) yields

k
2E = —ey + [Taxathe + Tazals]

Performing the x derivatives yield

2E = e + K [Ty Uy + Ty Uy ]

Substituting Eqn. (A.1) yields

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)



2E—k + ik —Zk
=—ex Tk =2—ey

(A.12)

Introducing the horizontal velocity a vy = w/k, we arrive at the result that the horizontal energy
flux is the energy density multiplied by the horizontal velocity.

e, =vyE

(A.13)
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