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1. Wave equation for modes (presuming homogeneous boundary conditions) 

−𝜔𝐴
2𝜌𝑢𝑖

𝐴 = 𝜏𝑖𝑗,𝑗
𝐴 = 𝑐𝑖𝑗𝑟𝑠𝑢𝑟𝑠,𝑗

𝐴  

−𝜔𝐵
2 𝜌𝑢𝑝

𝐵∗ = 𝜏𝑝𝑞,𝑞
𝐵∗ = 𝑐𝑝𝑞𝑟𝑠𝑢𝑟𝑠,𝑞

𝐵∗  

2. Identity A (“integration by parts”) 

(𝑢𝑖
𝐴𝜏𝑝𝑞

𝐵∗)
,𝑞

= 𝑢𝑖,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗ + 𝑢𝑖
𝐴𝜏𝑝𝑞,𝑞

𝐵∗  

∭(𝑢𝑖
𝐴𝜏𝑝𝑞

𝐵∗)
,𝑞

𝑑𝑉 = ∭ 𝑢𝑖,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 + ∭ 𝑢𝑖
𝐴𝜏𝑝𝑞,𝑞

𝐵∗ 𝑑𝑉 

∬ 𝑢𝑖
𝐴𝜏𝑝𝑞

𝐵∗𝑛𝑞𝑑𝑆 = ∭ 𝑢𝑖,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 + ∭ 𝑢𝑖
𝐴𝜏𝑝𝑞,𝑞

𝐵∗ 𝑑𝑉 

∬ 𝑢𝑖
𝐴𝜏𝑝𝑞

𝐵∗𝑛𝑞𝑑𝑆 = ∬ 𝑢𝑖
𝐴𝑇𝑝

𝐵∗(𝐧)𝑑𝑆 = 0  (homogeneous BC’s) 

∭ 𝑢𝑖
𝐴𝜏𝑝𝑞,𝑞

𝐵∗ 𝑑𝑉 = − ∭ 𝑢𝑖,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 

3. Identity B 

Consider 

∭ 𝑢𝑝,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉   and   ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑝𝑞

𝐴 𝑑𝑉 

insert    𝜏𝑝𝑞
𝐴 = 𝑐𝑝𝑞𝑟𝑠𝑢𝑟,𝑠

𝐴     and    𝜏𝑝𝑞
𝐵∗ = 𝑐𝑝𝑞𝑟𝑠𝑢𝑟,𝑠

𝐵∗  

∭ 𝑐𝑝𝑞𝑟𝑠𝑢𝑝,𝑞
𝐴 𝑢𝑟,𝑠

𝐵∗𝑑𝑉   and  ∭ 𝑐𝑝𝑞𝑟𝑠𝑢𝑝,𝑞
𝐵∗ 𝑢𝑟,𝑠

𝐴 𝑑𝑉    

apply symmetry 𝑐𝑝𝑞𝑟𝑠 = 𝑐𝑟𝑠𝑝𝑞  and swap names (𝑝𝑞) and (𝑟𝑠) 

∭ 𝑐𝑝𝑞𝑟𝑠𝑢𝑝,𝑞
𝐴 𝑢𝑟,𝑠

𝐵∗𝑑𝑉    and    ∭ 𝑐𝑝𝑞𝑟𝑠𝑢𝑝,𝑞
𝐴 𝑢𝑟,𝑠

𝐵∗𝑑𝑉    

and note that these are equal, so 

∭ 𝑢𝑝,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉  = ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑝𝑞

𝐴 𝑑𝑉 

4. Identity C (“Orthogonality of modes, part A”) 

Multiply wave equations 𝜔𝐴
2𝜌𝑢𝑖

𝐴 = 𝜏𝑖𝑗,𝑗
𝐴  and 𝜏𝑝𝑞,𝑞

𝐵∗ = 𝜔𝐵
2 𝜌𝑢𝑝

𝐵∗ 

𝜔𝐴
2𝜌𝑢𝑖

𝐴𝜏𝑝𝑞,𝑞
𝐵∗ = 𝜔𝐵

2 𝜌𝑢𝑝
𝐵∗𝜏𝑖𝑗,𝑗

𝐴  

Divide through by 𝜌 

𝜔𝐴
2𝑢𝑖

𝐴𝜏𝑝𝑞,𝑞
𝐵∗ = 𝜔𝐵

2 𝑢𝑝
𝐵∗𝜏𝑖𝑗,𝑗

𝐴  



𝜔𝐴
2𝑢𝑖

𝐴𝜏𝑝𝑞,𝑞
𝐵∗ − 𝜔𝐵

2 𝑢𝑝
𝐵∗𝜏𝑖𝑗,𝑗

𝐴 = 0 

𝜔𝐴
2 ∭ 𝑢𝑖

𝐴𝜏𝑝𝑞,𝑞
𝐵∗ 𝑑𝑉 − 𝜔𝐵

2 ∭ 𝑢𝑝
𝐵∗𝜏𝑖𝑞,𝑞

𝐴 𝑑𝑉 = 0 

Apply identity A 

−𝜔𝐴
2 ∭ 𝑢𝑖,𝑞

𝐴 𝜏𝑝𝑞
𝐵∗𝑑𝑉 + 𝜔𝐵

2 ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑖𝑞

𝐴 𝑑𝑉 = 0    

Apply Identity B 

−𝜔𝐴
2 ∭ 𝑢𝑖,𝑞

𝐴 𝜏𝑝𝑞
𝐵∗𝑑𝑉 + 𝜔𝐵

2 ∭ 𝑢𝑖,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 = 0    

So 

(𝜔𝐴
2 − 𝜔𝐵

2 ) ∭ 𝑢𝑝,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 = 0    

5. Identity D (“Orthogonality of modes, part B”) 

−𝜔𝐴
2𝜌𝑢𝑖

𝐴 = 𝜏𝑖𝑗,𝑗
𝐴     and   −𝜔𝐵

2 𝜌𝑢𝑝
𝐵∗ = 𝜏𝑝𝑞,𝑞

𝐵∗  

multiply by first by 𝑢𝑝
𝐵and second by  𝑢𝑖

𝐴, contract (𝑖, 𝑝) and rename 𝑗 to 𝑞 

−𝜔𝐴
2𝜌𝑢𝑝

𝐴𝑢𝑝
𝐵∗ = 𝑢𝑝

𝐵∗𝜏𝑝𝑞,𝑞
𝐴     and   −𝜔𝐵

2 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗ = 𝑢𝑝
𝐴𝜏𝑝𝑞,𝑞

𝐵∗  

subtract and integrate 

𝜔𝐴
2𝜌𝑢𝑝

𝐴𝑢𝑝
𝐵∗ − 𝜔𝐵

2 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗  = −𝑢𝑝
𝐵∗𝜏𝑝𝑞,𝑞

𝐴 + 𝑢𝑝
𝐴𝜏𝑝𝑞,𝑞

𝐵∗  

integrate 

(𝜔𝐴
2 − 𝜔𝐵

2 ) ∭ 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗𝑑𝑉  = − ∭ 𝑢𝑝
𝐵∗𝜏𝑝𝑞,𝑞

𝐴 𝑑𝑉 + ∭ 𝑢𝑝
𝐴𝜏𝑝𝑞,𝑞

𝐵∗ 𝑑𝑉 

apply identity A 

(𝜔𝐴
2 − 𝜔𝐵

2 ) ∭ 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗𝑑𝑉  = ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑝𝑞

𝐴 𝑑𝑉 − ∭ 𝑢𝑝,𝑞
𝐴 𝜏𝑝𝑞

𝐵∗𝑑𝑉 

apply identity B 

(𝜔𝐴
2 − 𝜔𝐵

2 ) ∭ 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗𝑑𝑉  = ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑝𝑞

𝐴 𝑑𝑉 − ∭ 𝑢𝑝,𝑞
𝐵∗ 𝜏𝑝𝑞

𝐴 𝑑𝑉 = 0 

(𝜔𝐴
2 − 𝜔𝐵

2 ) ∭ 𝜌𝑢𝑝
𝐴𝑢𝑝

𝐵∗𝑑𝑉 = 0 

6. Normalization of modes 

Start with the wave equation for mode 𝑛 

−𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
= 𝜏𝑖𝑗,𝑗

(𝑛)
    (with homogeneous boundary conditions) 



Multiply by 𝑢𝑖
(𝑛)∗

 and integrate 

−𝜔𝑛
2 ∭ 𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)∗
𝑑𝑉 = ∭ 𝜏𝑖𝑗,𝑗

(𝑛)
𝑢𝑖

(𝑛)∗
𝑑𝑉 

Apply Identity A 

−𝜔𝑛
2 ∭ 𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)∗𝑑𝑉 = − ∭ 𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗𝑑𝑉 

Choose amplitude of 𝑢𝑖
(𝑛)

 so that 

∭ 𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑛)∗

𝑑𝑉 = 1 

Then  

∭ 𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 = 𝜔𝑛
2 

Proof that results are real relies on fact that 𝑓 = 𝑓∗ only when 𝑓 is real, together with (𝑓𝑔)∗ = 𝑓∗𝑔∗ and 

𝑓 = 𝑓∗∗ 

[∭ 𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑛)∗𝑑𝑉]

∗

= ∭ 𝜌𝑢𝑖
(𝑛)∗𝑢𝑖

(𝑛)
𝑑𝑉 = ∭ 𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)∗𝑑𝑉 

[∭ 𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉]
∗

= [∭ 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉]
∗

= ∭ 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞
(𝑛)∗

𝑢𝑖,𝑗
(𝑛)

𝑑𝑉 

= ∭ 𝑐𝑝𝑞𝑖𝑗𝑢𝑖,𝑗
(𝑛)

𝑢𝑝,𝑞
(𝑛)∗

𝑑𝑉 = ∭ 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 = ∭ 𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 

Here we have used 𝑐𝑝𝑞𝑖𝑗 = 𝑐𝑖𝑗𝑝𝑞 and interchanged the names of the dummy variables (𝑖, 𝑗) and (𝑝, 𝑞). 

7. Lagrangian 

From the formula from above  

2𝐿 ≡ 𝜔𝑛
2 ∭ 𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)∗𝑑𝑉 − ∭ 𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗𝑑𝑉 = 0 

The term involving 𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)∗
 is twice the kinetic energy of the mode and the term involving 

𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

is twice its potential energy.  The equation indicate that they are equal.  The difference between 

the kinetic and potential energy is the Lagrangian, 𝐿. 

The Lagrangian is stationary with respect to a perturbation 𝛿𝑢𝑖
(𝑛)

 of the mode (as long as the perturbation 

obeys homogeneous boundary conditions). 

2𝐿 + 2𝛿𝐿 = 𝜔𝑛
2 ∭ 𝜌(𝑢𝑖

(𝑛)
+ 𝛿𝑢𝑖

(𝑛)
)(𝑢𝑖

(𝑛)∗ + 𝛿𝑢𝑖
(𝑛)∗)𝑑𝑉 − ∭(𝜏𝑖𝑗

(𝑛)
+ 𝛿𝜏𝑖𝑗

(𝑛)
)(𝑢𝑖,𝑗

(𝑛)∗ + 𝛿𝑢𝑖,𝑗
(𝑛)∗)𝑑𝑉 = 

2𝛿𝐿 = 𝜔𝑛
2 ∭ 𝜌 (𝑢𝑖

(𝑛)
𝛿𝑢𝑖

(𝑛)∗ + 𝑢𝑖
(𝑛)∗𝛿𝑢𝑖

(𝑛)
) 𝑑𝑉 − ∭ (𝜏𝑖𝑗

(𝑛)
𝛿𝑢𝑖,𝑗

(𝑛)∗ + 𝛿𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗) 𝑑𝑉 



 

Using the complex conjugate of Identity A with 𝑝 = 𝑖, 𝑞 = 𝑗, 𝜏𝑖𝑗
𝐵 = 𝜏𝑖𝑗

(𝑛)
, 𝑢𝑖

𝐴 = 𝛿𝑢𝑖,𝑗
(𝑛)

 

∭ 𝜏𝑝𝑞,𝑞
𝐵 𝑢𝑖

𝐴∗𝑑𝑉 = − ∭ 𝜏𝑝𝑞
𝐵 𝑢𝑖,𝑞

𝐴∗𝑑𝑉     becomes      ∭ 𝜏𝑖𝑗,𝑗
(𝑛)

𝛿𝑢𝑖
(𝑛)∗

𝑑𝑉 = − ∭ 𝜏𝑖𝑗
(𝑛)

𝛿𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 

Using Identity B with 𝑝 = 𝑖, 𝑞 = 𝑗, 𝜏𝑖𝑗
𝐴 = 𝛿𝜏𝑖𝑗

(𝑛)
, 𝑢𝑖,𝑗

𝐵 = 𝑢𝑖,𝑗
(𝑛)

 

∭ 𝜏𝑖𝑗
𝐵∗𝑢𝑖,𝑗

𝐴 𝑑𝑉  = ∭ 𝜏𝑖𝑗
𝐴𝑢𝑖,𝑗

𝐵∗𝑑𝑉     becomes     ∭ 𝜏𝑖𝑗
(𝑛)∗

𝛿𝑢𝑖,𝑗
(𝑛)

𝑑𝑉  = ∭ 𝛿𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 

Applying Identity A yields 

− ∭ 𝜏𝑖𝑗,𝑗
(𝑛)∗

𝛿𝑢𝑖
(𝑛)

𝑑𝑉 = ∭ 𝜏𝑖𝑗
(𝑛)∗

𝛿𝑢𝑖,𝑗
(𝑛)

𝑑𝑉  = ∭ 𝛿𝜏𝑖𝑗
(𝑛)

𝑢𝑖,𝑗
(𝑛)∗

𝑑𝑉 

Hence, 

2𝛿𝐿 = 𝜔𝑛
2 ∭ 𝜌 (𝑢𝑖

(𝑛)
𝛿𝑢𝑖

(𝑛)∗
+ 𝑢𝑖

(𝑛)∗
𝛿𝑢𝑖

(𝑛)
) 𝑑𝑉 + ∭ (𝜏𝑖𝑗,𝑗

(𝑛)
𝛿𝑢𝑖

(𝑛)∗
+ 𝜏𝑖𝑗,𝑗

(𝑛)∗
𝛿𝑢𝑖

(𝑛)
) 𝑑𝑉 = 

2𝛿𝐿 = ∭ {(𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
+ 𝜏𝑖𝑗,𝑗

(𝑛)
) 𝛿𝑢𝑖

(𝑛)∗ + (𝜔𝑛
2𝜌𝑢𝑖

(𝑛)∗ + 𝜏𝑖𝑗,𝑗
(𝑛)∗

) 𝛿𝑢𝑖
(𝑛)

} 𝑑𝑉 = 0 

As the equation of motion indicates that 𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
+ 𝜏𝑖𝑗,𝑗

(𝑛)
= 0 (and likewise its complex conjugate). 

8. Orthonormality 

∭ 𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑚)∗𝑑𝑉 = 𝛿𝑛𝑚   and   ∭ 𝜏𝑖𝑗

(𝑛)
𝑢𝑖,𝑗

(𝑛)∗𝑑𝑉 = 𝜔𝑛
2𝛿𝑛𝑚 

9. Total Energy 

𝐸𝑇 ≡ ∭ 𝐸𝑑𝑉    with    𝐸 ≡ ½𝜏𝑝𝑞𝑢𝑝,𝑞
∗ + ½𝜌𝑢̇𝑝𝑢̇𝑝

∗ = ½𝜏𝑝𝑞𝑢𝑝,𝑞
∗ + ½𝜔2𝜌𝑢𝑝𝑢𝑝

∗  

The total energy in a properly normalized mode is 

𝐸𝑇 ≡ ∭(½𝜏𝑝𝑞
𝐴 𝑢𝑝,𝑞

𝐴∗ + ½𝜔𝐴
2𝜌𝑢𝑝

𝐴𝑢𝑝
𝐴∗)𝑑𝑉 = ½𝜔𝐴

2 + ½𝜔𝐴
2 = 𝜔𝐴

2 

Suppose two modes that 𝑢𝑝 = 𝐴𝑢𝑝
𝐴 + 𝐵𝑢𝑝

𝐵 and 𝜏𝑝𝑞 = 𝐴𝜏𝑝𝑞
𝐴 + 𝐵𝜏𝑝𝑞

𝐵 .  (That 𝑢𝑝
𝐴 and 𝜏𝑝𝑞

𝐴  have the same 

scaling follows from the wave equation; that is, if −𝜔𝐴
2𝜌𝑢𝑖

𝐴 = 𝜏𝑖𝑗,𝑗
𝐵  then −𝜔𝐴

2𝜌(𝐴𝑢𝑖
𝐴) = (𝐴𝜏𝑖𝑗

𝐴)
,𝑗

. So the 

energy density is 

2𝐸 = [𝐴𝜏𝑝𝑞
𝐴 + 𝐵𝜏𝑝𝑞

𝐵 ][𝐴∗𝑢𝑝,𝑞
𝐴∗ + 𝐵∗𝑢𝑝,𝑞

𝐵∗ ] + 𝜌[𝐴𝑢̇𝑝
𝐴 + 𝐵𝑢̇𝑝

𝐵][𝐴∗𝑢̇𝑝
𝐴 + 𝐵∗𝑢̇𝑝

𝐵] 

 = 𝐴𝐴∗𝜏𝑝𝑞
𝐴 𝑢𝑝,𝑞

𝐴∗ + 𝐵∗𝐵𝜏𝑝𝑞
𝐵 𝑢𝑝,𝑞

𝐵∗ + 𝐴𝐵∗𝜏𝑝𝑞
𝐴 𝑢𝑝,𝑞

𝐵∗ + 𝐴∗𝐵𝜏𝑝𝑞
𝐵 𝑢𝑝,𝑞

𝐴∗  

+𝜔𝐴
2𝜌𝐴𝐴∗𝑢𝑝

𝐴𝑢𝑝
𝐴∗ + 𝜔𝐵

2 𝜌𝐵∗𝐵𝑢𝑝
𝐵𝑢𝑝

𝐵∗ + 𝜌𝜔𝐴𝜔𝐵𝐴𝐵∗𝑢𝑝
𝐴𝑢𝑝

𝐵∗ + 𝜌𝜔𝐴𝜔𝐵𝐴∗𝐵𝑢𝑝
𝐴∗𝑢𝑝

𝐵 

Upon taking the volume integral, the 3rd, 4th, 7th and 8th terms become zero, leaving 

𝐸𝑇 = 𝐸𝑇
𝐴 + 𝐸𝑇

𝐵 with     



𝐸𝑇
𝐴 = 𝐴𝐴∗ ∭[½𝜏𝑝𝑞

𝐴 𝑢𝑝,𝑞
𝐴∗ + ½𝜌𝜔𝐴

2𝑢𝑝
𝐴𝑢𝑝

𝐴∗]𝑑𝑉 = 𝜔𝐴
2𝐴𝐴∗ 

𝐸𝑇
𝐴 = 𝐵𝐵∗ ∭[½𝜏𝑝𝑞

𝐴 𝑢𝑝,𝑞
𝐴∗ + ½𝜌𝜔𝐴

2𝑢𝑝
𝐴𝑢𝑝

𝐴∗]𝑑𝑉 = 𝜔𝐵
2 𝐵𝐵∗ 

That is, the total energy is the sum of the energy in the modes. 

10. Non-degenerate perturbation theory 

Unperturbed equation 

−𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
= 𝜏𝑖𝑗,𝑗

(𝑛)
= 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗

(𝑛)
 

Perturbed equation 

−(𝜔𝑛 + 𝛿𝜔𝑛)2(𝜌 + 𝛿𝜌) (𝑢𝑖
(𝑛)

+ 𝛿𝑢𝑖
(𝑛)

)

= (𝑐𝑖𝑗𝑝𝑞 + 𝛿𝑐𝑖𝑗𝑟𝑠) (𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑢𝑝,𝑞𝑗
(𝑛)

) + (𝑐𝑖𝑗𝑝𝑞,𝑗 + 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗) (𝑢𝑝,𝑞
(𝑛)

+ 𝛿𝑢𝑝,𝑞
(𝑛)

) 

Keep only zeroth and first order terms, noting (𝜔𝑛 + 𝛿𝜔𝑛)2 ≈ (𝜔𝑛
2 + 2𝜔𝑛𝛿𝜔𝑛) 

−(𝜔𝑛
2 + 2𝜔𝑛𝛿𝜔𝑛)(𝜌 + 𝛿𝜌) (𝑢𝑖

(𝑛)
+ 𝛿𝑢𝑖

(𝑛)
) 

= (𝑐𝑖𝑗𝑝𝑞 + 𝛿𝑐𝑖𝑗𝑟𝑠) (𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑢𝑝,𝑞𝑗
(𝑛)

) + (𝑐𝑖𝑗𝑝𝑞,𝑗 + 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗) (𝑢𝑝,𝑞
(𝑛)

+ 𝛿𝑢𝑝,𝑞
(𝑛)

) 

−𝜔𝑛
2𝜌𝑢𝑖

(𝑛)
− 𝜔𝑛

2𝜌𝛿𝑢𝑖
(𝑛)

− (2𝜌𝜔𝑛𝛿𝜔𝑛 + 𝜔𝑛
2𝛿𝜌)𝑢𝑖

(𝑛)
 

= 𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞𝛿𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗𝑢𝑝,𝑞
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝛿𝑢𝑝,𝑞
(𝑛)

 

Subtract zeroth order equation 

−𝜔𝑛
2𝜌𝛿𝑢𝑖

(𝑛)
− (2𝜌𝜔𝑛𝛿𝜔𝑛 + 𝜔𝑛

2𝛿𝜌)𝑢𝑖
(𝑛)

= 𝑐𝑖𝑗𝑝𝑞𝛿𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗𝑢𝑝,𝑞
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝛿𝑢𝑝,𝑞
(𝑛)

 

Rearrange 

−𝜔𝑛
2𝜌𝛿𝑢𝑖

(𝑛)
− 𝑐𝑖𝑗𝑝𝑞𝛿𝑢𝑝,𝑞𝑗

(𝑛)
− 𝑐𝑖𝑗𝑝𝑞,𝑗𝛿𝑢𝑝,𝑞

(𝑛)
= (2𝜌𝜔𝑛𝛿𝜔𝑛 + 𝜔𝑛

2𝛿𝜌)𝑢𝑖
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗𝑢𝑝,𝑞
(𝑛)

 

Define 𝛿𝜏𝑖𝑗,𝑗
(𝑛)

= 𝑐𝑖𝑗𝑝𝑞𝛿𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝛿𝑢𝑝,𝑞
(𝑛)

 and rearrange 

−𝜔𝑛
2𝜌𝛿𝑢𝑖

(𝑛)
− 𝛿𝜏𝑖𝑗,𝑗

(𝑛)
= (2𝜌𝜔𝑛𝛿𝜔𝑛 + 𝜔𝑛

2𝛿𝜌)𝑢𝑖
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝛿𝑐𝑖𝑗𝑟𝑠,𝑗𝑢𝑝,𝑞
(𝑛)

 

Define 

𝛿𝑢𝑖
(𝑛)

≡ ∑ 𝐴𝑚

𝑚≠𝑛

𝑢𝑖
(𝑚)

 

𝛿𝜏𝑖𝑗,𝑗
(𝑛)

≡ 𝑐𝑖𝑗𝑝𝑞𝛿𝑢𝑝,𝑞𝑗
(𝑛)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝛿𝑢𝑝,𝑞
(𝑛)

= ∑ 𝐴𝑚

𝑚≠𝑛

(𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑚)

+ 𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞
(𝑚)

) = ∑ 𝐴𝑚

𝑚≠𝑛

𝜏𝑖𝑗,𝑗
(𝑚)

 

So that 



− ∑ 𝐴𝑚

𝑚≠𝑛

𝜔𝑛
2𝜌𝑢𝑖

(𝑚)
− ∑ 𝐴𝑚

𝑚≠𝑛

𝛿𝜏𝑖𝑗,𝑗
(𝑚)

= (𝜔𝑛
2𝛿𝜌 + 2𝜌𝜔𝑛𝛿𝜔𝑛)𝑢𝑖

(𝑛)
+ 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗

(𝑛)
+ 𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
 

∑ 𝐴𝑚

𝑚≠𝑛

(𝜔𝑛
2𝜌𝑢𝑖

(𝑚)
+ 𝜏𝑖𝑗,𝑗

(𝑚)
) = −(𝜔𝑛

2𝛿𝜌 + 2𝜌𝜔𝑛𝛿𝜔𝑛)𝑢𝑖
(𝑛)

− 𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

− 𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞
(𝑛)

 

Multiply by 𝑢𝑖
(𝑘)∗

, sum over 𝑖, and perform volume integral 〈𝑓〉 ≡ ∭ 𝑓𝑑𝑉 

∑ 𝐴𝑚

𝑚≠𝑛

(𝜔𝑛
2 〈𝜌𝑢𝑖

(𝑚)
𝑢𝑖

(𝑘)∗〉 + 〈𝜏𝑖𝑗,𝑗
(𝑚)

𝑢𝑖
(𝑘)∗〉) = −𝜔𝑛

2 〈𝛿𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 2𝜔𝑛𝛿𝜔𝑛 〈𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑘)∗〉 

− 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

Apply Identity A 

∑ 𝐴𝑚

𝑚≠𝑛

(𝜔𝑛
2 〈𝜌𝑢𝑖

(𝑚)
𝑢𝑖

(𝑘)∗〉 − 〈𝜏𝑖𝑗
(𝑚)

𝑢𝑖,𝑗
(𝑘)∗〉) = −𝜔𝑛

2 〈𝛿𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 2𝜔𝑛𝛿𝜔𝑛 〈𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑘)∗〉 

− 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

Apply orthonormality 

∑ 𝐴𝑚

𝑚≠𝑛

(𝜔𝑛
2𝛿𝑘𝑚 − 𝜔𝑘

2𝛿𝑘𝑚) = −𝜔𝑛
2 〈𝛿𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑘)∗〉 − 2𝜔𝑛𝛿𝜔𝑛𝛿𝑘𝑛 

− 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

Case 𝑘 = 𝑛 yields formula for 𝛿𝜔𝑛 

0 = −𝜔𝑛
2 〈𝛿𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑘)∗〉 − 2𝜔𝑛𝛿𝜔𝑛 − 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

2𝜔𝑛𝛿𝜔𝑛  = −𝜔𝑛
2 〈𝛿𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑛)〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑛)〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑛)〉 

Case 𝑘 ≠ 𝑛 yields formula for 𝐴𝑘 

(𝜔𝑛
2 − 𝜔𝑘

2)𝐴𝑘 = −𝜔𝑛
2 〈𝛿𝜌𝑢𝑖

(𝑛)
𝑢𝑖

(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 − 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

Suppose a P-wave propagating in the 𝑥-direction in an isotropic medium with spatially constant 

perturbations 

𝐮 = [
1
0
0

] sin(𝑖𝑘𝑛𝑥 − 𝑖𝜔𝑛𝑡) 

Then 

〈𝛿𝜌𝑢𝑖
(𝑛)

𝑢𝑖
(𝑛)〉 = 〈𝛿𝜌𝑢1

(𝑛)
𝑢1

(𝑛)〉 

〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑛)〉 = 〈𝛿𝑐1111𝑢1,11

(𝑛)
𝑢1

(𝑛)〉 = −𝑘𝑛
2 〈𝛿𝑐1111𝑢1

(𝑛)
𝑢1

(𝑛)〉 

𝛿𝑐𝑖𝑗𝑝𝑞 = 𝛿𝜆𝛿𝑖𝑗𝛿𝑝𝑞 + 𝛿𝜇𝛿𝑖𝑝𝛿𝑗𝑞 + 𝛿𝜇𝛿𝑖𝑞𝛿𝑗𝑝    so    𝛿𝑐1111 = 𝛿𝜆 + 2𝛿𝜇   



〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞
(𝑛)

𝑢𝑖
(𝑘)∗〉 = 0 

so 

2𝜔𝑛𝛿𝜔𝑛  = −𝜔𝑛
2 〈𝛿𝜌𝑢1

(𝑛)
𝑢1

(𝑛)∗〉 + 𝑘𝑛
2 〈(𝛿𝜆 + 2𝛿𝜇)𝑢1

(𝑛)
𝑢1

(𝑛)∗〉 

A density increases leads to a frequency decrease; an elastic moduli increase leads to a frequency 

increase, both of which make sense. 

I am not so sure how to analyze the term 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞
(𝑛)

𝑢𝑖
(𝑘)∗〉.  At the very least one would like to show 

that 

〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 + 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 

is real.  Identity A can be used to show that 

〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞𝑗
(𝑛)

𝑢𝑖
(𝑘)∗〉 + 〈𝛿𝑐𝑖𝑗𝑝𝑞,𝑗𝑢𝑝,𝑞

(𝑛)
𝑢𝑖

(𝑘)∗〉 = 〈(𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞
(𝑛)

)
,𝑗

𝑢𝑖
(𝑘)∗〉 = 〈𝛿𝑐𝑖𝑗𝑝𝑞𝑢𝑝,𝑞

(𝑛)
𝑢𝑖,𝑗

(𝑘)∗〉 

at least in the cases where 𝛿𝑐𝑖𝑗𝑝𝑞 = 0 on the boundary or 𝛿𝑐𝑖𝑗𝑝𝑞 ∝ 𝑐𝑖𝑗𝑝𝑞 (where the surface integral 

vanishes).  Then, following the same logic as in Sec. 5, the result is real a long as 𝛿𝑐𝑖𝑗𝑝𝑞 is a proper 

perturbation to the elastic tensor in the sense of having the correct symmetries. 


