Properties of modes of the possibly-anisotropic seismic wave equation
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1. Wave equation for modes (presuming homogeneous boundary conditions)

A

2 A _ — A
TWHPU; = Tijj = CijrsUrs,j

_ Bx B+*
WEPUR" = Thaq = Cparstireg

2. Identity A (“integration by parts”)

A._Bx — ., A _Bx* A_Bx
(u Tpq) , = UiqTpg t Ui Tpagq

([t v = [ i [ s
fqurg;nqu=fﬂ-u Tg;dV+fffu e qdV

JfuftiengdS = [[ufTF*(m)dS = 0 (homogeneous BC’s)

[ st = - [ uatsav

3. Identity B

Consider

fff up  TpedV and fﬂ- Up o TpgdV

A j—
insert qu—cpqrsurs and qu Cpqrsurs

A Bx Bx ,,A
fff CpgrsUp,qUrsdV and fff CpgrsUp qUr.sdV

apply symmetry cpqrs = Crspq and swap names (pq) and (rs)

A o B* A . Bx
fff CpgrsUp,qUr,sdV and fff CpgrsUp,qUr,sdV

and note that these are equal, so

] tartiav = ] iegoar

4. Identity C (“Orthogonality of modes, part A”)

Multiply wave equations w2 puf = T{‘} ; and qu q= = w3 pup

A_Bx __ B* A
wipuf'Tpq = WEPULT()

Divide through by p

A_B* Bx A
wiu{ Thaq = WRUR T{j



2, A_B* 2
WHUI Tpgq —a)Bup =0

.
wﬁffquTg;qu—wgff[ “TigqdV =0
Apply identity A
—w3 fff uf thadV + wj fff ubhtihdV =0
Apply Identity B
—wi fff uf thadV + wj ﬂf uf ThadV =0
So

(0% — w?) fﬂ Uf  ThadV =0

5. Identity D (“Orthogonality of modes, part B”)

and —wjpup* =15,

—wipuf = Tf}, j
multiply by first by ug and second by uf, contract (i, p) and rename j to q

_ A, Bx _ , Bx_A A, Bx _ , A Bx*
wipupup” = up Thee and —wipupup” =ujti,

subtract and integrate

A, ,Bx* A,,Bx __ A Bx
wipupuy — WEPULURT = —UF T+ USTh g

integrate

(0% — w?) .Ufpugug*dV = —.Uf uy ququ+_Uf Ut oAV
apply identity A

(0% — w}) fﬂ- puyupdV = fﬂ. Up o ThadV — fff Up g TpgdV
apply identity B

(0% — w}) fffpupug*dV = _Uf Up o ThadV — fff Uy ThedV =0
(0% — w?) fff pusus*dV =0

6. Normalization of modes

Start with the wave equation for mode n

) — (M)

—w2pu™ =
nP Tijj

(with homogeneous boundary conditions)



Multiply by ul@)* and integrate

—w? fff pu(n)u(n)*dvz fff l(]n]) l(n)*dV

Apply Identity A

—w? fff pu(n)u(n) dv = fff l(]n) EZL)*dV

Choose amplitude of ugn) so that

ﬂ-f pu(n)u(n)*dV =1

Then

(n) ()*
I it av = o

Proof that results are real relies on fact that f = f* only when f is real, together with (fg)* = f*g* and
f=r"

[l [ = [ i
Uﬂ- (n) (n)*dV] Uﬂ- Cupquz(anq) L(rjl)*dV] fff Cl]pqu(n)* (n)dV
_ ()()* ()()* ()()*
—Jﬂcpquuz? g AV = fff Ciqu”pnq 1111 av = fff Un 11} av

Here we have used ¢pq;j = ;jpq and interchanged the names of the dummy variables (i, j) and (p, q).
7. Lagrangian

From the formula from above

2L = w? fﬂ- pu(n)u(n)*dv fff () (n)*dV =0

The term involving w;; pu(n) ()

MW, M
T Jj u; JJ
the kinetic and potential energy is the Lagrangian, L.

is twice the kinetic energy of the mode and the term involving

is twice its potential energy. The equation indicate that they are equal. The difference between

The Lagrangian is stationary with respect to a perturbation Su(n)

obeys homogeneous boundary conditions).

of the mode (as long as the perturbation

2L + 28L = w? fff p(u(") + Su(n))(u(")* + (Su(")*)dV fff(r(n) + 61("))(u(n)* + 6u(n)*)dV =

26L = w} W (uou™” +ul sul™) av - ﬂf (ciPsuly” + o7 PuP ) av



Using the complex conjugate of Identity A withp =1i,q = j, 15 = ri(}l), uf = 8u£7;.)

[ thqqui*dv = = [[[ tfyufsdV  becomes  [ff Tf}fjﬁugn)*dv =—f Tf}l)éug?})*dlf

Using Identity Bwithp =i,q =, T{A} = 611.(}1), ufj = ul(rjl)

I Tg*uf}jdV =[f T{’}uf}‘dV becomes  [[[ rgl)*c?ui(’?})dV = [ff (Sri(}l)ul(;)*dV

Applying Identity A yields

- fff T suay = fff ™ suay = jf st ul v

Hence,
26L = w? j f f p (uPsul™” +u su) av + f f f (5sui™ + 250" su() av =

201= ] (oot + ) 8 + (ol + ) s av =

)

i

+ 7

As the equation of motion indicates that w?2pu ij,j = 0 (and likewise its complex conjugate).

8. Orthonormality

fff pufn)ulgm)*dV = 68,, and fff Ti(}l)ug})*dv = W28um

9. Total Energy

Er = fﬂ EdV with E = %T,qu; 4 + %piyily, = %Tyquy q + w?puyuy,
The total energy in a properly normalized mode is

Er = ff (Yerpqupy + Yowipupul*)dV = Yowi + Yowi = wj

Suppose two modes that u, = Aujy + Buj, and T, = Atj, + Btj,. (That uy and 7/, have the same

scaling follows from the wave equation; that is, if —w3puf! = 15, ; then —w} p(AulA) = (AT{‘}-) i So the

energy density is

2F = [At)y + Brhg|[A™upy + B upy| + p[Auy + Bub|[A*u) + B i

= AA*Thqupy + B*Btiuby + AB*tjub’ + A*'Btiusy,

+wipAA USUL* + wipB*Bujub® + pwawpAB ujus” + pwawpA*Buf uf
Upon taking the volume integral, the 3%, 4", 7% and 8" terms become zero, leaving

Er = E# + EE with



Bf = an° [[[ Dot + vpoiugugav = ogas

E# = BB* fff [Yetfuiy + Yepwiuful*|dV = wiBB*
That is, the total energy is the sum of the energy in the modes.
10. Non-degenerate perturbation theory

Unperturbed equation

—2py,M — () _ n)
OnPU; ~ = Tijj = Cijpatip,qj

Perturbed equation
—(w,, + Swy)?(p + 6p) (ugn) + Sul(n))
= (Cijpq + 6¢ijrs) (ul(:f;j + 5u,(;,l(;j) + (Cijpqj + S¢ijrs,j) (ugg + 6u§,’2)
Keep only zeroth and first order terms, noting (w,, + wy,)? = (w2 + 2w, 8w,)
—(w?2 + 2w, 6w,)(p + 6p) (ugn) + 5u§n))

= (Ciqu + 8Cijrs) (ul(:g] + 6u7(;3]) + (Ciqu,j + SCijTS,j) (ul(;'lc? + 6u1(,72)

—w,zlpugn) — w%pSugn) — 2pwydw, + a),zlc?p)ul(n)
— (m) (n) (n) (n) (n) (n)
= CijpqUpqj T Cijpaitp.q T CijpaOUpgj T 6Cijpalip,qj T 6Cijrs,jtp,q T Cijpq,jUpgq

Subtract zeroth order equation

—w%p&ugn) - 2pwySw, + w%&p)ugn) = cl-qu6ugf(3j + 6ciquugfq)j + 5Cijr5,jul(;,2 + ciqu,j6ul(,2
Rearrange
—w%p&ugn) - ciquSuggj — ciqu,j6uz(ffq) = 2pw,Sw, + w,ZLSp)ugn) + 6ciquug,2j + SCL-]-TS_]-uI(,’f(;
Define 671(]7? = ¢j quSugg i T Cijpg, jSugZ and rearrange
—w%p&ugn) — 5‘[1(]71]) = 2pw,bw, + w,ZLSp)ufn) + 6ciquug,2j + SCijrS,jug,’g
Define
5u§n) = Z Ap ugm)
m+n

n) — ) n) _ (m) (m)\ _ (m)

67jj = CijpqOip,gj t Cijpq,jStp,q = z Am (Ciquup,qj * Cijpq,jUpg ) = Z Am T
m#£n m#*n

So that



Z A a)npu(m) Z A (Srl(]";) = (w2dp + prndwn)u(n) + 8¢ijpqu ;(;nc?] + 8¢ijpg,ju z(,nc?

m+n m#n

Z A, (wnpu(m) + TS’?) = —(w28p + prndwn)ug — 8¢ijpql 1(7(1] 8Cijpq, it z(,nq)

m+n

Multiply by u(k) , sum over i, and perform volume integral (f) = [[[ fav

D A (03 (u™u) + @u) =~ Gpu{Pul") - 20,60, (puPu")

m+n

k)* k) *
_(&iquuén:;} l( ) ) — <6Cupq1u§7nc;ul( ) )

Apply Identity A

D A (03 (u™u) = (u")) =~ @ouPul") - 20,00, (puPul")

m+n

(n) _ (k)* (), (k)=
—{8Cijpqlip,qjtti ) — (OCijpg jUpqtty )
Apply orthonormality

z A (w%(skm - wlzcakm) = —wj <5pu§n)u§k)*> — 20n 6wy G

m+n

— Bcipqttpgru )

( (m), ey
pqjt

—(8Cijpq,jlUp,q U

Case k = n yields formula for Sw,

0 =-wy <5pu(n) (k)*> — 2wpbwn — (bcijpqu ;nq)J z(k)*) — (8¢ijpq, J”I%”Ekﬁ)
20,00, = —w?2 ((Spulg")ugn)) — (8¢ijpqu énq)] l(n)) — (5cupq1u§,nq) l(")

Case k # n yields formula for A,

) ) () m), (K)+

k)=
(wn - wk)Ak = —wy (6pu; u( ) )— <5Ciquup aj%i ) - (&UP‘UuP q%i )

Suppose a P-wave propagating in the x-direction in an isotropic medium with spatially constant
perturbations

1
u= [0] sin(ik,x — iw,t)

0
Then
(5pu(n) (n)) — (5pu(n) n)>
(5Ciquu§)n,;] L(n)> = (6c1111u§ 1)1u1 )> =~k (501111u1 )>

8Cijpg = 6A6;;0pq + S8y Bjq + 61ubigSjp SO Sc1111 = A+ 26u



k)*
(8¢ijpq,ju 1(072 l( ) )=0

SO
20p80, = —w2 (5puu™”) + k2 (62 + 26w u™)

A density increases leads to a frequency decrease; an elastic moduli increase leads to a frequency
increase, both of which make sense.

OMOL

pqWi ). Atthe very least one would like to show

I am not so sure how to analyze the term (§¢;j,q, ;U
that

k)* k)=
<5Ciquu§;nq)1 z( ) >+<5Ct1pq1u1(on¢;u5 )

is real. Identity A can be used to show that

OO (), (xy _ (n) (K)*y (n), (k)*
(6Cijpqlip,qitti )+ {8Cijpq jupqtti ) = ((&iquup,q)jui ) = (8Cijpqlip,qUiy )
at least in the cases where §¢;j,q = 0 on the boundary or §¢;j,q X ¢;jpq (Where the surface integral
vanishes). Then, following the same logic as in Sec. 5, the result is real a long as §¢;jpq is a proper
perturbation to the elastic tensor in the sense of having the correct symmetries.



