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Suppose a harmonic plane Rayleigh wave of amplitude 𝑈 is propagating in the positive 𝑥-direction (Fig. 

1A). It  interacts with a very small heterogeneity at 𝑥 = 0.  The scattering interaction is modeled by 

assuming back and forward scattered waves of equal amplitude 𝑈𝑅|𝑥 + 𝜀2|−½ (where 𝜀 is a small 

number) and a phase such that the forward scattered wave appears to have originated from 𝑥 − 𝑥0 and the 

back scattered wave from 𝑥 + 𝑥0. The wave field at position 𝑥𝑖 has the form: 

𝑢𝑖 = {
𝑈[exp(𝑖𝑘𝑥𝑖) − 𝑅|𝑥𝑖 + 𝜀2|−½ exp(+𝑖𝑘(𝑥𝑖 − 𝑥0))] exp(−𝑖𝜔𝑡)   when  𝑥𝑖 ≥ 0

𝑈[exp(𝑖𝑘𝑥𝑖) − 𝑅|𝑥𝑖 + 𝜀2|−½ exp(−𝑖𝑘(𝑥𝑖 + 𝑥0))] exp(−𝑖𝜔𝑡)   when  𝑥𝑖 < 0
 

(1) 

Here, 𝑈 is the amplitude of the incident wave, 𝑅 is the scattering coefficient, 𝑘 is wavenumber and 𝜔 is 

angular frequency.  Note that the distance 𝑥0 is equivalent to a time delay of ∆𝑡 = 𝑘𝑥0 𝜔⁄ = 𝑥0 𝑐⁄ , as 𝑐 =

𝜔 𝑘⁄ . A low velocity anomaly is associated with 𝑅 > 0 and ∆𝑡 > 0. 

For two neighboring stations, 𝑥𝑗 and 𝑥𝑖, separated by distance ∆𝑥 ≡ 𝑥𝑗 − 𝑥𝑖, the differential phase is 

𝜑 = tan−1 (
imag 𝑟

real 𝑟
)   with  𝑟 ≡ +

𝑢𝑗

𝑢𝑖
 

(2) 

Here the + sign is appropriate for a inverse Fourier transform containing −𝑖. The “apparent” wavenumber 

estimated from this phase is 𝑘𝑒𝑠𝑡 = 𝜑/∆𝑥 (where ∆𝑥 ≡ 𝑥𝑗 − 𝑥𝑖) and the corresponding estimated phase 

velocity is 𝑐𝑒𝑠𝑡 = 𝜔/𝑘𝑒𝑠𝑡. In general, 𝑐𝑒𝑠𝑡 ≠ 𝑐; that is, the scattering interaction perturbs the apparent 

phase velocity. 

We performed a numerical experiment (Fig. 1B,C) in which we computed the a wave field for the interval 

−10 < 𝑥 < 10, for a slow velocity anomaly modeled by 𝑅 = −0.01 and ∆𝑡 = 0.01 and ∆𝑥 = 0.1. 

In the low frequency (𝜔 = 0.1) case, the estimated velocity for 𝑥s just to the right of the origin is fast, in 

contrast to the expected slower velocity.  Velocity for 𝑥s just to the left of the origin are slow. 

The anomalous behavior at 𝑥 > 0 is not present in the high frequency (𝜔 = 0.5) case; the estimated 

velocity is very nearly 𝑐. Velocity for 𝑥s just to the left of the origin are slow but at greater negative 

distances are oscillatory. 

 

  



 

 

 

 

Fig. 1. (A) Simple scattering model.   Incident wave (black) interacts with a point scatterer at 𝑥 = 0 (star), 

generating back scattered (green) and forward scattered waves of the same amplitude, 𝑅.  Delays in the 

back and forward scattered waves are modeled by introducing a delay ∆𝑇 equivalent to them having 

originated at positions −𝑥0 and +𝑥0, respectively. (B) Estimated phase velocity at low frequency. (C) 

Estimated phase velocity at high frequency. 


