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This note follows up upon “Research Note 9. Perturbation theory for algebraic eigenvalue problem”, 

which dates from my graduate student days when a professor asked me how to calculate confidence limits 

of eigenvectors.  Here, I extend my original formulas to the 𝑁 × 𝑁 case and test them using Monte Carlo 

simulations. 

Perturbation theory for the eigenvalues and eigenvectors of a real symmetric matrix 𝐀 is well-known, but  

I review it here for completeness. Suppose 𝐀0 is the unperturbed eigenvalue equation: 

𝐀0𝐯𝑜
(𝑖)

= 𝜆0
(𝑖)

𝐯𝑜
(𝑖)

    with   𝐯𝑜
(𝑖)𝑇

𝐯𝑜
(𝑗)

= 𝛿𝑖𝑗 

Perturbing 𝐀0 to (𝐀0 + 𝛿𝐀) leads to corresponding perturbations in the eigenvalues and eigenverctors: 

(𝐀0 + 𝛿𝐀) (𝐯𝑜
(𝑖)

+ 𝛿𝐯(𝑖)) = (𝜆0
(𝑖)

+ 𝛿𝜆(𝑖)) (𝐯𝑜
(𝑖)

+ 𝛿𝐯(𝑖)) 

Multiplying out, subtracting the unperturbed equation, and keeping terms to first order leads to 

𝛿𝐀 𝐯𝑜
(𝑖)

+ 𝐀0𝛿𝐯(𝑖) ≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑖)

+ 𝜆0
(𝑖)

𝛿𝐯(𝑖) 

As 𝐯𝑜
(𝑖)

 is a unit vector, its perturbation must be normal to it: 

𝛿𝐯(𝑖) = ∑ 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

 

Substituting and manipulating: 

𝛿𝐀 𝐯𝑜
(𝑖)

+ 𝐀0 ∑ 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑖)

+ 𝜆0
(𝑖)

∑ 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

 

𝛿𝐀 𝐯𝑜
(𝑖)

+ ∑ 𝑏𝑖𝑗𝐀0𝐯𝑜
(𝑗)

𝑗≠𝑖

≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑖)

+ 𝜆0
(𝑖)

∑ 𝑏𝐯𝑜
(𝑗)

𝑗≠𝑖

 

Inserting the unperturbed equation 𝐀0𝐯𝑜
(𝑗)

= 𝜆0
(𝑗)

𝐯𝑜
(𝑗)

 and rearranging leads to 

𝛿𝐀 𝐯𝑜
(𝑖)

+ ∑ 𝑏𝑖𝑗𝜆0
(𝑗)

𝐯𝑜
(𝑗)

𝑗≠𝑖

≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑖)

+ 𝜆0
(𝑖)

∑ 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

 

𝛿𝐀 𝐯𝑜
(𝑖)

≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑖)

+ ∑ (𝜆0
(𝑖)

− 𝜆0
(𝑗)

) 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

 

Multiplying by 𝐯𝑜
(𝑖)𝑇

 and applying normality 𝐯𝑜
(𝑖)𝑇𝐯𝑜

(𝑖)
= 1 yields a formula for the perturbations to the 

eigenvalues: 

𝐯𝑜
(𝑖)𝑇𝛿𝐀 𝐯𝑜

(𝑖)
≈ 𝛿𝜆(𝑖)𝐯𝑜

(𝑖)𝑇𝐯𝑜
(𝑖)

+ ∑ 𝑏𝑖𝑗 (𝜆0
(𝑖)

− 𝜆0
(𝑗)

) 𝐯𝑜
(𝑖)𝑇𝐯𝑜

(𝑗)

𝑗≠𝑖

 

𝛿𝜆(𝑖) ≈ 𝑓(𝑖𝑖)    with     𝑓(𝑖𝑖) ≡ 𝐯𝑜
(𝑖)𝑇𝛿𝐀 𝐯𝑜

(𝑖)
 



Multiplying by 𝐯𝑜
(𝑘)𝑇

, for 𝑘 ≠ 𝑖 and applying orthogonality 𝐯𝑜
(𝑘)𝑇𝐯𝑜

(𝑖)
= 0 yields a formula for the 

eigenvectors: 

for 𝑘 ≠ 𝑖   𝐯𝑜
(𝑘)𝑇

𝛿𝐀 𝐯𝑜
(𝑖)

≈ 𝛿𝜆(𝑖)𝐯𝑜
(𝑘)𝑇

𝐯𝑜
(𝑖)

+ (𝜆0
(𝑖)

− 𝜆0
(𝑗)

) ∑ 𝑏𝑖𝑗𝐯𝑜
(𝑘)𝑇

𝐯𝑜
(𝑗)

𝑗≠𝑖

 

𝐯𝑜
(𝑘)𝑇

𝛿𝐀 𝐯𝑜
(𝑖)

≈ ∑ (𝜆0
(𝑖)

− 𝜆0
(𝑗)

) 𝑏𝑖𝑗𝛿𝑗𝑘

𝑗≠𝑖

= (𝜆0
(𝑖)

− 𝜆0
(𝑘)

) 𝑏𝑖𝑘 

𝛿𝐯(𝑖) = ∑ 𝑏𝑖𝑗𝐯𝑜
(𝑗)

𝑗≠𝑖

   with    𝑏𝑖𝑗 ≈
𝑓(𝑖𝑗)

𝜆0
(𝑖)

− 𝜆0
(𝑗)

   and   𝑓(𝑖𝑗) ≡ 𝐯𝑜
(𝑗)𝑇

𝛿𝐀 𝐯𝑜
(𝑖)

 

Now let us use this formula to calculate covariances, relying on the well-known rules: if 𝛿𝐲 = 𝐌δ𝐱 then 

cov(𝛿𝐲) = 𝐌 cov(𝛿𝐱) 𝐌𝑇 and if 𝐱 = 𝐱0 +  𝛿𝐱 then cov(𝐱) = cov(𝛿𝐱) (as 𝐱0 is a reference vector with 

zero covariance). Suppose the unique (upper triangular) components of 𝛿𝐀 are written as the vector 𝛿𝐚, 

e.g. in the 3 × 3 Voigt ordering case as: 

𝛿𝐚 = [𝛿𝐀𝟏1, 𝛿𝐀22, 𝛿𝐀33, 𝛿𝐀23, 𝛿𝐀𝟏3, 𝛿𝐀𝟏2 ]𝑇 

or the 3 × 3 row-wise ordering as: 

𝛿𝐚 = [𝛿𝐀𝟏1, 𝛿𝐀12, 𝛿𝐀13, 𝛿𝐀22, 𝛿𝐀𝟐3, 𝛿𝐀33 ]𝑇 

so that the quadratic from 𝑓(𝑖𝑗) ≡ 𝐯𝑜
(𝑖)𝑇

𝛿𝐀 𝐯𝑜
(𝑗)

 becomes 𝑓(𝑖𝑗) ≡ 𝐮0
(𝑖𝑗)𝑇

 𝛿𝐚 with, e.g. for the 3 × 3 Voigt 

case as: 

𝐮0
(𝑖𝑗)

= [𝐯𝑜1
(𝑖)

𝐯𝑜1
(𝑗)

, 𝐯𝑜2
(𝑖)

𝐯𝑜2
(𝑗)

, 𝐯𝑜3
(𝑖)

𝐯𝑜3
(𝑗)

, 𝐯23
(𝑖)

𝐯32
(𝑗)

+ 𝐯32
(𝑖)

𝐯23
(𝑗)

, 𝐯13
(𝑖)

𝐯31
(𝑗)

+ 𝐯31
(𝑖)

𝐯13
(𝑗)

, 𝐯12
(𝑖)

𝐯21
(𝑗)

+ 𝐯21
(𝑖)

𝐯12
(𝑗)

]
𝑇
 

Then, as  𝛿𝜆(𝑖) ≈ 𝑓(𝑖𝑖), we can write 

𝛿𝛌 ≡ [
𝛿𝜆(1)

𝛿𝜆(2)

𝛿𝜆(3)

] = [

𝑓(11)

𝑓(22)

𝑓(33)

] = [

𝐮0
(11)𝑇

𝐮0
(22)𝑇

𝐮0
(33)𝑇

] 𝛿𝐚 ≡ 𝐔0𝛿𝐚 

And as 

𝛿𝐯(𝑖) = ∑
𝐮0

(𝑖𝑗)𝑇
 𝛿𝐚 

𝜆0
(𝑖)

− 𝜆0
(𝑗)

𝐯𝑜
(𝑗)

𝑗≠𝑖

= {∑ [
 𝐯𝑜

(𝑗)
𝐮0

(𝑖𝑗)𝑇
 

𝜆0
(𝑖)

− 𝜆0
(𝑗)

]

𝑗≠𝑖

} 𝛿𝐚 ≡ 𝐖0
(𝑖)

𝛿𝐚    

we can write  

𝛿𝐕 ≡ [
𝛿𝐯(1)

𝛿𝐯(2)

𝛿𝐯(3)

] = [

𝐖0
(1)

𝐖0
(2)

𝐖0
(3)

] ≡ 𝐖0𝛿𝐚 

Then, if 𝛿𝐚 has covariance cov(𝛿𝐚), by the error propagation: 

cov(𝛌) = cov(𝛿𝛌) = 𝐔0 cov(𝛿𝐚) 𝐔0
𝑇 



cov(𝐕) = cov(𝛿𝐕) = 𝐖0 cov(𝛿𝐚) 𝐖0
𝑇 

cov(𝛌, 𝐕) = cov(𝛿𝛌, 𝛿𝐕) = 𝐔0 cov(𝛿𝐚) 𝐖0
𝑇 

The following example is for a 4 × 4 matrix and uses row-wise ordering.  The calculated covariances 

compare well to those calculated from 10,000 realizations of 𝛿𝐀.  Such realizations can be computed 

using the rule 𝛿𝐚 = [cov(𝛿𝐚)]½𝐳, where 𝐳 is a Normally-distributed variable with zero mean and unit 

variance. Here 𝐌½ is the symmetric square root of 𝐌. 

 
An exemplary 𝐀0 

 

 

𝛌0 and 𝐯0
(𝑖)
 

 

 

An exemplary cov(𝛿𝐚) 
 

 

Perturbative cov(𝛌) (left), Monte Carlo cov(𝛌) (middle) and difference (right) 
 



 

Perturbative cov(𝐕) (left), Monte Carlo cov(𝐕) (middle) and difference (right) 
 

 
Perturbative cov(𝛌, 𝐕) (left), Monte Carlo cov(𝛌, 𝐕) (middle) and difference (right) 

 

Python code for the 𝑁 × 𝑁 case: 

 
import numpy as np; 

from scipy import linalg as la; 

from math import sqrt; 

from matplotlib import colormaps; 

from matplotlib import pyplot as plt; 

 

def index_arrays(N): 

    M = int(N*(N+1)/2); 

    i_of_k = np.zeros((M,1), dtype=int ); 

    j_of_k = np.zeros((M,1), dtype=int ); 

    k_of_ij = np.zeros((N,N), dtype=int ); 

    k=0; 

    for i in range(0,N): 

        for j in range(i,N): 

            i_of_k[k,0] = i; 

            j_of_k[k,0] = j; 

            k_of_ij[i,j]=k; 

            k_of_ij[j,i]=k; 

            k=k+1; 

    return i_of_k, j_of_k, k_of_ij; 

def symmatrix( A ): 

    # copies upper triangle of symmetric matrix to lower triangle 

    N,i = np.shape(A); 

    for i in range(0,N-1): 

        for j in range(i+1,N): 

            A[j,i]=A[i,j]; 

    return(A); 

def tovector( A ): 

    # vector v from a symmetric NxN matrix A 

    N,i = np.shape(A); 

    i_of_k, j_of_k, k_of_ij = index_arrays(N); 

    M,i = np.shape(i_of_k); 

    a = np.zeros((M,1)); 

    for k in range(M): 

        i = i_of_k[k,0]; 

        j = j_of_k[k,0]; 

        print( i,j,k,N,M ); 

        a[k,0] = A[i,j]; 



    return(a); 

def fromvector( a ): 

    # NxN symmetric matrix A from Mx1 vector representation a 

    # M = N (N+1) / 2;   2M = N**2 + N;  N**2 + N - 2M = 0 

    # A=1, B=1, C=-2M 

    # N = ( -B +/- sqrt(B*2 - 4AC ) ) / 2A 

    # N = ( -1 + sqrt( 1 + 8M ) ) / 2 

    M, i = np.shape(a); 

    N = int( 0.01 + ( -1 + sqrt( 1 + 8*M ) ) / 2 ); 

    i_of_k, j_of_k, k_of_ij = index_arrays(N); 

    A = np.zeros((N,N)); 

    for k in range(M): 

        i = i_of_k[k,0]; 

        j = j_of_k[k,0]; 

        A[i,j]=a[k,0]; 

    A=symmatrix(A); 

    return(A); 

def do_u0(v0,i,j): 

    # quadratic form F = v(i).T dA v(j) 

    # written in so that F = u0(i,j) da 

    # note that dlam(i) = F(i,i) = u0(ii).T da 

    N, tmp = np.shape(v0); 

    i_of_k, j_of_k, k_of_ij = index_arrays(N); 

    M = int( N*(N+1)/2 ); 

    u0 = np.zeros((M,1)); 

    for p in range(N): 

        for q in range(N): 

            k = k_of_ij[p,q]; 

            u0[k,0] = u0[k,0] + v0[p,i]*v0[q,j]; 

    return(u0); 

def do_W0i(i, v0, lam0): 

    # eigenvector perturbations as a linear function of da 

    # W0i such that dvi = W0i da 

    N, tmp = np.shape(lam0); 

    M = int(N*(N+1)/2); 

    W0i = np.zeros((N,M)); 

    for j in range(N): 

        if i==j: 

            continue; 

        W0i=W0i+np.matmul(v0[0:N,j:j+1],do_u0(v0,i,j).T)/(lam0[i,0]-lam0[j,0]); 

    return(W0i); 

def eigcovN( a0, cova ): 

# covariace of eigenvalues and eigenvectors of 3x3 real symmeteric matrix A0 

# represented as 6x1 Voigt vector 

# a0 = [ A0[0,0], A0[1,1], A0[2,2]], A0[1,2]], A0[0,2], A0[0,1] ].T 

# so that cova is 6x6. 

# Returned: 

# 3x3 covlam: covariance of eigenvalues 

# 9x9 covv: covariance of eigenvectors, arranged v[0,0], v[1,0], v[2,0], v[1,0], ... 

# 3x9 covlamv: covariance of eigenvalues with eigenvectors 

    A0 = fromvector(a0); 

    N,i = np.shape(A0); 

    M,i = np.shape(a0) 

    lam0, v0 = la.eigh(A0); 

    lam0 = np.reshape(lam0,(N,1)); 

    U0 = np.zeros((0,M)); 

    for i in range(N): 

        U0 = np.concatenate( (U0,do_u0(v0,i,i).T), axis=0 ); 



    W0 = np.zeros((0,M)); 

    for i in range(N): 

        W0 = np.concatenate( (W0, do_W0i(i,v0,lam0)), axis=0 ); 

    covlam = np.matmul( U0, np.matmul( cova, U0.T ) ); 

    covv = np.matmul( W0, np.matmul( cova, W0.T ) ); 

    covlamv = np.matmul( U0, np.matmul( cova, W0.T ) ); 

    return covlam, covv, covlamv; 

 

N=4; 

M=int( N*(N+1)/2 ); 

if( N==3 ): 

    a0=np.array([[1.1],[0.3],[0.2],[2.2],[-0.2],[3.3]]); 

elif( N==4 ): 

    a0=np.array([[1.1],[0.3],[0.4],[0.3],[2.2],[0.5],[0.4],[3.3],[0.1],[5.1]]); 

A0 = fromvector(a0); 

lam0, v0 = la.eigh(A0); 

lam0 = np.reshape(lam0,(N,1)); 

 

cova=0.001*np.identity(M)+symmatrix( np.random.normal( 

loc=0.0,scale=0.0001,size=(M,M) ) ); 

sqrt_cova = la.sqrtm(cova); 

covlam, covv, covlamv = eigcovN( a0, cova ); 

 


