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(11 Abstract: Measured departures from secular equilibrium in the uranium series decay chains
provide important constraints on the rates of recent mantle and crustal processes. Nevertheless, the
inferences drawn from these observations depend upon the models used to interpret them. While several
useful models for U series exist, they are not all equally easy to use, and it is often the ease of use, rather
than the utility of the model, that determines which models are applied. The purpose of this paper is to
level the playing field by making some of the more general U series transport models accessible to a
wider community through the UserCalc Web site available from Lamont-Doherty Earth Observatory at
www.ldeo.columbia.edu/~mspieg/UserCalc/. These models calculate the effects of both melting and
melt transport on two U series chains (***U—%*Th—?*°Ra and ***U—>*'Pa) and allow the user to
input their own petrological insight and data to explore the behavior of this model. The purpose of the
site is to provide a tool that can spur additional collaborations between geophysicists and geochemists

as well as drive more rapid exploration/evolution of U series models.
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1. Introduction

21 Radioactive decay chains such as the two
uranium series 2>*U—>"°Th—>*°Ra and
B5y—>*'pa are unique among commonly
measured geochemical tracers in their ability
to place constraints on the rates of recent
mantle processes. Because the longer-lived
daughter nuclides in this series have half-lives
ranging from 1600 to 245,500 years, they are

Copyright 2000 by the American Geophysical Union

particularly sensitive to processes such as the
rate of mantle melting or the flow rates of
convection or melt transport. In conjunction
with stable trace elements, major elements,
and long-lived isotopic systems (e.g., Sm/Nd,
Rb/Sr, ...) the U series nuclides provide im-
portant complementary information for infer-
ring the properties and processes occurring in
the Earth’s mantle. Nevertheless, like most
proxy measurements, the actual inferences
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drawn from the observations depend signifi-
cantly on the models used to interpret them.

31 For the U series, there are several standard
models available for modeling the observed
departures from secular equilibrium due to
mantle melting. The simplest models are
batch-melting models [e.g., Allegre and Con-
domines, 1982; Sims et al., 1995], which
assume that the maximum variations from
secular equilibrium are due solely to chemical
fractionation. These models may work for
very small degrees of melting (e.g., beneath
ocean islands [Sims et al., 1995, 1999]) but
are problematic for degrees of melting /' much
larger than the partition coefficients of the U
series nuclides (D =~ 0.001) because solutions
with F > D produce negligible chemical
fractionation. More complex “dynamic melt-
ing” ingrowth models [e.g., McKenzie, 1985;
Williams and Gill, 1989; Qin, 1992; Richard-
son and McKenzie, 1994; Iwamori, 1994]
assume slow, near-fractional melting and in-
stantaneous melt extraction. These models
produce excess daughter products by increas-
ing the residence time in the solid of the
parent relative to the daughter during melting.
These models place constraints on melt gen-
eration rates and the volume of equilibration
but not on the actual melt transport process
because they do not include the mechanics of
melt transport. The most general U series
models to date [Spiegelman and Elliott,
1993; see also Lundstrom et al., 1995; Iwa-
mori, 1994], however, include the coupled
processes of adiabatic melting and melt ex-
traction and calculate the consequences of
both processes for U series excesses.

41 All of these models are useful; however,
they are not all equally easy to use. Both
batch-melting and the simplest dynamic melt-
ing models have analytic solutions and are
easily calculated on a spreadsheet. The trans-
port models, however, require accurate nu-

merical integration of ordinary differential
equations (ODEs). Good ODE integrators
can be found in many packages but require
a bit more work to implement. Unfortunately,
the extra effort required to implement these
models is usually sufficient to deter all but
the most eager investigators, with the result
that potentially useful models do not get
used. This is a disservice to users of models
because it limits the tools that are available to
them, and it is also a disservice to the
modeler because it limits the population of
people who can test and evaluate the worth of
the model. Fortunately, given modern distrib-
uted computing, platform-independent user
interfaces (e.g., the Web), and electronic pub-
lications such as Geochemistry, Geophysics,
Geosystems (G), it is now relatively straight-
forward for modelers to make their models
accessible and available to the entire commu-
nity. The purpose of this paper and Web site
(available from Lamont-Doherty Earth Obser-
vatory at http://www.ldeo.columbia.edu/
~mspieg/UserCalc) is to implement this ap-
proach to community models in solid Earth
science by making available an extended
model for U series in mantle melting based
on the models of Spiegelman and Elliott
[1993]. The hope is that improved access will
increase the body of users of the model,
begin a better dialog between producers and
users of models, and lead to a better integra-
tion of theory and observation. If this exercise
proves useful, additional models can readily
be added to the site. The remainder of this
paper will describe the underlying mechanics
of the model and its implementation through
the UserCalc Web site.

2. The Model

(51 The basic model is an extension of the
equilibrium transport model of Spiegelman
and Elliott [1993], and the derivation follows
from that paper. As implemented here, the model
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calculates the concentrations and activities of the
two U series chains 2**U—?*Th—??*°Ra and
35U—*'Pa for a one-dimensional (1-D) up-
welling column undergoing melting by adiabatic
decompression. Melt extraction is governed by a
simplified form of Darcy’s law, and the melt is
assumed to remain in chemical equilibrium with
the solid matrix during transport (although this is
readily modified in other versions of the code).
The model begins with conservation of mass for
the melt, solid, and each component in the decay
chain. For a 1-D steady state model these can be
written as

0
0
o= o) =T, @

o [l 40,0 = 6|

= >\iflpD,;lC;f,l —N\ipDici

3)

where prand p, are melt and solid densities, w
and W are melt and solid velocities, ¢ is the
porosity, and I is the “melting rate” or rate of
mass transfer from solid to liquid. In (3), D, is
the bulk partition coefficient of element 7 in
each chain, and ¢/ is the concentration of that
element in the melt. The local solid concentra-
tion is therefore ¢, = D,¢/. Here ), is the decay
constant for element i, and

pD; = prd + py(1 = )D; (4)

such that p_Dic,-f is the total mass per unit
volume of component i in the melt plus solid.
All variables subscripted i — 1 imply the parent
element up the chain. For elements with no
parents (i.c., 28U and 235U), N1 = 0.

(6 For this model, the melting rate I" is chosen
for a 1-D adiabatic melting column such that

OF

I'= psWOE’

(5)

where W, is the solid upwelling velocity at the
base of the melting column (z = 0) and F is the

degree of melting and is a function of height in
the melting column and is a function of height
in the melting column.

71 Equations (1)—(2) (and (5)) govern the total
conservation of mass for melt and solid phases
while (3) governs conservation of mass for
each component i in the bulk equilibrium
system of melt plus solid. Equation (3) allows
for both radioactive production and decay.
Given just conservation of mass and composi-
tion, (1)—(5) can be rewritten into a system of
ordinary differential equations for the concen-
tration of each nuclide in the melt. The basic
derivation is given by Spiegelman and Elliott
[1993] with the result

dc;/ _ fclf d
dz  F+(1—F)D; dz
P‘iflpiDi—lcfil - >\iFTDiciq
pWo[F + (1 —F)D;]

[F+ (1 —F)D]

(6)

where now both D; and F are allowed to be
variable functions of height z. Equation (6)
governs changes in concentration of element i
in the melt with height and has two terms. The
first term governs changes in concentration due
to melting and changes in partition coefficient.
This term is identical to that expected for true
batch melting and is independent of porosity
and upwelling rate [see Ribe, 1985; Spiegelman
and Elliott, 1993]. The second term, however,
is the “ingrowth” term, which controls changes
in concentration due to the balance of radio-
active production and decay. This term is
sensitive to both ¢ and W, as these affect the
relative residence times of parent and daughter
elements in the melting column.

8] Equation (6) is actually solved in a more
numerically tractable form by defining

U = (7)

where ¢}y = ¢§,/D;” is the concentration of the
first instantaneous melt at the base of the
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melting column. Here ¢} is the concentration
of element i in the unmelted solid, and D, is
the partition coefficient at z = 0. Noting that

duj _ 1 de/ ®
dz ¢ dz’

(6) can be divided by ¢/ and rewritten as

v’ -1 d
= CIF4+(1-F)D;
N o »
+=— R exp[U, - U]~ 1]
Wetr
where

L _powa( - oD
T prd+p,(1— $)D;

(10)

is the “effective velocity” of element i which
varies from w when D; = 0 to W when D, —
oo. The effective velocity can also be rewrit-
ten using (1), (2), and (5) as

_ p[F + (1 — F)Dj]

- . 11
M=o (1= 0D; ()

Finally,

. D° pD;

i—1 i—1

R =i — =5
(-1 PPi

(12)

is the ingrowth factor for elements i—1 and i.
Here o = (N—ic(i—1y0/N\cio) is the activity
ratio of parent to daughter elements in the
initial unmelted solid. Spiegelman and Elliott
[1993] assumed that all elements were in
secular equilibrium before melting (i.e., o; =
1 for all elements). The latest version of
UserCalc, however, allows for more general
initial conditions. This has been prompted by
work in subduction zones where it is likely
that large influxes of uranium have been
added from the slab before significant wedge
melting begins [e.g., Newman et al., 1984; Gill
and Williams, 1990; McDermott and Hawkes-
worth, 1991; Elliott et al., 1997].

91 Given F(z) and Dz) as input, we only need
to specify the porosity ¢(z) to close (9). For a 1-

D steady state column, (1) and (5) can be
integrated with boundary conditions ¢(0) =
F(0) = 0 to show that

w o p

Wy pré (13)
so that the melt velocity relative to the solid
upwelling velocity is controlled by the ratio of
degree of melting to the porosity. Thus any ¢(2)
< psF(z)lps is a valid solution and could be
imposed entirely in an ad hoc manner. How-
ever, it is somewhat more physical to have the
melt flow and porosity be governed by a
simplified version of Darcy’s law for a perme-
able medium

b(w = W) = ko Apg(1 — 6), (14)

where
ko = k(2)¢" (15)

is the permeability that is assumed to be a
power law in porosity with a spatially varying
prefactor k(z); Apg is the buoyancy difference
between solid and melt. (Ap = p; — ps and g is
the acceleration due to gravity). Integrating (1),
(2), and (5) with boundary conditions ®(0) =
F(0) = 0 and W(0) = W, and substituting into
(14) yield an implicit polynomial relationship
for ¢(2).

pSF_d)(l _F) — z n —
o (=g | TA@¥I-e. (6
where
A) = k(z) 28 an

Wo

If k(z) were known, (16) could be solved
(numerically) for ¢ immediately; however, as
permeability is usually not well known, it is
more convenient to calibrate 4 by setting the
porosity at the top of the column (z = d) to
some reference porosity ¢g, which fixes 4 at z
=dto

4, = psFmax ¢’0(1 Fmax)
= _

Pr (1 =)

/66(1 = o), (18)
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where F.c is the porosity at the top of the
melting column. We can then define the
“relative permeability function” as

ki (2) = k(z)/K(d), (19)

which gives the spatially varying component
of permeability relative to its value at z = d
(All the solutions in Spiegelman and Elliott
[1993] assume that k. = 1 everywhere). With
these definitions the polynomial for ¢(z) that
is zero at z = 0 and ¢ at z = d and
satisfies both mass conservation and Darcy’s
law is

k(2)Aqd" (1 — ¢)2 +d>[1 +F<&— 1)} g,
Pr Pr

(20)

For highly permeable systems (large A, and
& < F < 1) the porosity is approximately

1/n
psF

Z) =~
¢)( ) p/krAd

21

Given &g, Wy, F(z), and k«z), the porosity
d(z) is determined everywhere in the melting
column.

3. Implementation

no; Equations (9) and (20) form a closed
system of ordinary differential equations that
can be solved for any number of decay chains
within the same physical system. These equa-
tions are solved numerically using a fifth-
order Runge-Kutte Cash-Carp ODE solver
with adaptive stepping. A Brent algorithm is
used to find roots of (20) (for both, see Press
et al. [1992]). Initial conditions are U/ =0 for
all elements, and there is a single input
tolerance (default 107°%), which controls the
relative accuracy of the ODE solvers. These
routines are implemented in an optimized
Fortran program. The UserCalc Web site
forms a wrapper for controlling the input of
this program as well as providing graphical
and textual output.

mj As implemented, UserCalc solves for the
concentrations and activity ratios of the two
decay chains ***U—?’°Th—??°Ra and
B5U—2'Pa given W, (in cm/yr), dbo, per-
meability exponent n, and initial relative
activities a; for each element. (The model
only requires the initial activity ratios o; =
a;_1/a;, but it is easier to input individual
activities and then calculate their ratios.) In
addition, the model requires input for the
continuous functions F(z), k.z), and D(z),
which are input in tabular form as a spread-
sheet and then interpolated using cubic
splines. Since it is more common in petrol-
ogy to give melting functions in terms of
pressure, the actual spreadsheet is a seven-
column, tab- (or space-) separated spread-
sheet with the following columns: P (kbar),
F(P), k{(P), Dy, Dtn, Dra, and Dp,, where
the pressure P is converted to depth by
inputting a single constant pressure gradient
OP/0z in kbar/km.

n2; This spreadsheet can be calculated in
any manner the user chooses and simply
passed to the Web site. However, as the
spline routines will produce artifacts around
steps or sharp changes in properties, one
should make sure that there is sufficient
resolution around such features. For conve-
nience, UserCalc provides a spreadsheet cal-
culator to provide spreadsheets in the proper
format for a simple two-layer model (see
Figure 1). In this model (which might be
appropriate for melting columns that span the
garnet-spinel transition) the lower layer ex-
tends from P.,, to P;, and F(P) increases
linearly from zero to F;. The upper layer
extends from pressure P; to P, and F(P)
increases linearly from F; to F... Each
layer can have a different partition coeffi-
cient for each element, and the lower layer
can have a different intrinsic relative perme-
ability k, than the upper layer (which has £,
= 1 by definition).
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131 With these inputs, the Web site implements
the intrinsic model in two formats: a single 1-D
column model showing the changes with height
and as contour plots showing the pattern of
activity ratios at the top of a set of columns that
use the same spreadsheet but span a two-
dimensional parameter space in upwelling rate
Wy and maximum porosity ¢o. The best ap-
proach is probably just to go to the Web site
and start playing (all forms have reasonable
default values to start). If you prefer to read the
manual, however, each module is described
here in more detail.

3.1. Column Models

1417 The direct output of the column model is a
comma-separated spreadsheet with columns
pressure (kbar), depth (km), F | 6, (*°Th/***U)

0 0.050.1 0.15 0.2 0.25 10° 10* 10° 102
Degree of Melting F(P)

Bulk D(P)

General model inputs including F(P) and D,(P) from the two-layer model spreadsheet calculator.

(**°Ra/?*°Th) (**'Pa**U), Uhssu, Uhsorn,
Uhzeras Uhssu | Ubsiea | Du | Drn | Dra | Dpa,
and Z/, where Z' is the dimensionless height of the
column (0 < Z < 1). The output form also
provides tables showing activity ratios at the top
of the column, the ratio of melt velocity to solid
velocity (wo/W,) at the top of the column, and
some other information about the run (there is
also a glossary of terms on the site to explain
specific items).

ns; In addition to numeric output, however, the
site also provides graphics. Figure 2 shows
some of the graphical output of the 1-D column
models that compares the vertical structure of
the porosity ¢ to the degree of melting F, the
partition coefficient structure with height, and
the activity ratios for the three daughter-parent
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Figure 2. Example graphical output of the 1-D column models. The left plot shows porosity ¢ and degree
of melting F as a function of pressure (note the two different horizontal scales for ¢ and F; in general, ¢ <
F). The middle plot shows bulk partition coefficients as a function of pressure D(P) (which are different from
those in Figure 1). The right plot shows calculated activity ratios versus pressure for the three principal
daughter-parent pairs. All of these data (and more) are also provided numerically as a comma-separated

spreadsheet.

pairs (**°Th/?**U), (**°Ra/**°Th), and
(**'Pa/**U). This graphical output is supplied
as gif images and as either encapsulated post-
script files (eps) or pdf files, depending on user
choice.

3.2. Contour Plots

6] The 1-D column models are useful for
understanding the effects of the input para-
meters on the vertical structure of concentration

and porosity within the melting column. How-
ever, it can be tedious to use this version of the
model to explore parameter space. For this
reason, the second implementation of the mod-
el is in the form of contour plots which allow
exploration over a 2-D parameter space of
porosity and upwelling velocity. The spread-
sheet and other input variables are identical to
the 1-D column models; this module simply
runs a series of 1-D columns over a 2-D
parameter space of Wy, < Wy < Wi and
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Omin < 09 < bmax- The parameter space is
sampled logarithmically at m X n points (m
and n can be chosen each to vary from 3 to 30
points in each dimension). The output in these
models is a 2-D grid of concentrations and
activity ratios at the top of the columns. Nu-
merical output can be requested in ASCII,
GMT (.grd), or matlab (.mat) formats and will
be returned as a compressed tar file. Graphical
output is contour plots of activity ratios as a
function of porosity and upwelling rate for the
three daughter-parent pairs (**°Th/>**U),
(***Ra/**°Th), and (**'Pa/**>U) and is provided
as gif files and EPS or PDF files. Figure 3
shows some of the contour plots. Given a
solution, additional replotting of contours and
annotation is available.

(171 In addition to simply contouring the output
of the model, this module also includes the
ability to overlay target data onto the solutions
to compare data to models. This target data
could be actual measurements from single
analyses or composite ranges of activity ratios
for a region. The site does not know or care;
you just put in three target values for
(OTh/2330), (226Ra/2Th), and (33'Pa2>U)
and an optional set of range parameters o;. If
this feature is selected, three extra contours (o,
— 0;, o, and o; + 0;) are added to each contour
plot (see Figure 3). In addition, a fourth plot
superposes the three target contours on the
same og,W, diagram for direct comparison.
Valid solutions of the model that are consistent
with the data occur in regions where the three
contours intersect. The potentially strong con-
straints from coupled U series models arise

from the significantly different structures of
contours for different nuclide pairs. The beha-
vior of the contour plots and their relationship
to the underlying physical parameters are dis-
cussed in detail by Spiegelman and Elliott
[1993]. The principal results, however, are that
#9Th has a long enough half-life such that
excesses produced in the bottom of the column
can be preserved at the surface if mantle
upwelling is sufficiently rapid. In this regime
the activity ratio (**°Th/?**U) is most sensitive
to the upwelling rate W,. Very short-lived
nuclides such as 225Ra, however, only see the
top of the column and are principally sensitive
to the porosity ¢o, so that these contours can
readily intersect the (**°Th/**®U) contours.
However, 231Pa, with its intermediate half-life
but very small partition coefficient, behaves
somewhere between Th and Ra. Finding inter-
sections of all three systems can be challenging
(and is left as an exercise for the reader).

4. Discussion

8] The principal purpose of this contribution
is to begin exploring a new mode of model
accessibility for which G is ideally suited. The
models in the UserCalc Web site are extended
from those of Spiegelman and Elliott [1993]
but are not radically new. What is new is their
accessibility and distribution to a much larger
audience of potential users. The benefits of
wider accessibility should be apparent. First,
this Web site provides a relatively flexible
framework for both geophysicists and geoche-
mists to explore the quantitative (and poten-
tially observable) consequences of their own

Figure 3. Two-dimensional contour plot output. The black lines in the top three plots show contours
of activity ratios calculated for the three daughter-parent pairs (**°Th/**®*U), (**°Ra/**°Th), and
(**'Pa/**>U), plotted in log ¢o, log W, space. These plots contour the results of 10 x 10 1-D columns
distributed evenly across the 2-D parameter space log ¢, log . In addition, colored contours are shown for the
three target values (**°Th/**U)=1.15+0.01, (***Ra/**°Th) = 1.7+ 0.1, and (**'Pa/***U) =2+ 0.1. The bottom
plot superposes the three target data contours on a single &g, W, diagram. Valid model solutions that are
consistent with the target data occur where all three contours interact.
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ideas about mantle melting on U series. In
particular, the new models provide significant
latitude to vary parameters such as partition
coefficients and permeabilities. By increasing
the number of users this approach allows par-
allel exploration of parameter space driven by
real data and scientific agendas beyond that of
the model provider. This, in turn, should pro-
vide more efficient verification/rejection of
these models. Finally, by providing a common
platform for spurring collaboration and discus-
sion this approach could lead to a more effi-
cient evolution and extension of these sorts of
models driven by an appropriate balance of
community interest, data, and the current state
of the art in modeling.

9] The potential benefits of this approach are
clear, as are the obvious pitfalls. Recognizing
the difference between private “research” code
and robust “public” code, the immediate dan-
ger of releasing useful but (possibly) buggy
code to the public is that I could easily spend
significant time tweaking and fixing the site at
the expense of other science. More interesting
but equally serious is that if the site is actually
useful, I could also spend significant time help-
ing users to understand the output of the models
and the inferences that could/should be drawn
from them. In general, this is good, as the
principal purpose of the site is to build interest-
ing scientific collaborations. Nevertheless, there
is an unstated issue of etiquette that comes with
giving away any intellectual product. To clarify
matters, I have put a statement of usage eti-
quette for the UserCalc Web site up on the
introductory page of that site.

1200 The previous pitfalls are readily addressed
by common courtesy. The final danger in
making models easy to use is their indiscrimi-
nate use as “black boxes.” The field is littered
with problems where important data have been
interpreted with useful but inappropriate mod-
els (Lord Kelvin and the age of the Earth

comes to mind), and I have no doubt that the
same will be true of these models. Neverthe-
less, it is not my role (alone) to police these
models. A hoped for side effect of the Web site
will be a larger population of educated users
with strong intuition into the pros and cons of
the models such that the field polices itself.
Strictly speaking, these models are appropriate
for melting in a 1-D steady state column in
chemical equilibrium. How far the real world
departs from this model (and how well you can
actually tell) is to be decided by data and
investigators careful enough to explore the
consequences of this model beyond the model
itself. It is the gap between model and reality
that leads to understanding and better models. 1
hope that this is just the beginning of that
evolution.
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