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Abstract Theories for the position and intensity of precipitation over tropical oceans on climate time scales
have a perplexing disagreement between those that focus on the momentum budget of the atmospheric boundary layer (ABL) and those that focus on thermodynamic factors. In the case of narrow intertropical convergence
zones (ITCZs), there is some evidence for both classes of theories, and there are large open questions on the
interpretation of the moist static energy (MSE) and momentum budgets of these regions. We develop a model
in which both types of mechanisms can operate and the interaction between them can be analyzed. The model
includes a mixed-layer ABL, coupled to a free troposphere whose vertical structure follows the quasi-equilibrium tropical circulation model (QTCM) of Neelin and Zeng. The case analyzed here is axisymmetric,
using a fixed sea surface temperature (SST) lower boundary condition with an idealized off-equatorial SST
maximum. We examine a regime with small values of the gross moist stability associated with tropospheric
motions, which is realistic but poses theoretical challenges. In both rotating (equatorial β-plane) and nonrotating cases, the model ITCZ width and intensity are substantially controlled by the horizontal diffusion of
moisture, which is hypothesized to be standing in for nonaxisymmetric transients. The inclusion of the ABL
increases the amplitude and sharpness of the ITCZ, contributing to the importance of diffusion. Analytical
solutions under simplifying assumptions show that the ABL contribution is not singular in the nondiffusive
limit; it just features an ITCZ more intense than observed. A negative gross moist stability contribution associated with the flow component driven by ABL momentum dynamics plays a large role in this. Because of
the ABL contribution, the flow imports, rather than exports, MSE in the ITCZ, but we show that this can be
understood rather simply. The ABL contribution can be approximately viewed as a forcing to the tropospheric
thermodynamics. The ABL forcing term is in addition to thermodynamic forcing by net flux terms in the
MSE budget, which otherwise is much as in the standard QTCM. The ABL momentum budget suggests that
divergent flow in the ABL is controlled to a significant extent by the pressure gradient imprinted on the ABL by
the SST gradient—termed the Lindzen–Nigam contribution—although we also find that the thermodynamics
mediating this is nontrivial, especially in the rotating case. Nonetheless, when this component of the pressure
gradient is artificially removed, the peak ITCZ precipitation is reduced by a fraction on the order of 15 to 25%,
less than might have been expected based on the diagnosis of the ABL momentum budget.
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1 Introduction
In this study, we develop an intermediate complexity model designed to build intuition and refine hypotheses
concerning the mechanisms behind certain features of the tropical atmospheric circulation. The questions are
difficult because of the centrality of deep, moist convection, whose interaction with larger-scale dynamics must
be parameterized. Fully explicit representation of the physics of the convection is not practical even on the
largest computers available today. Even if it were, such simulations would be sufficiently complex that they
would not straightforwardly lead to understanding. One approach to these problems has involved much simpler
models, in which not only are convection and other small-scale physics simply parameterized, but additional
strong assumptions are made about the structure of the large-scale flow, particularly its vertical structure. This
approach has led to a family of models whose behavior is by now fairly well understood. However, the conclusions drawn from this behavior are sometimes inconsistent. Different physical arguments have been given to
justify the assumptions about vertical structure. These lead to different parameter choices, and thus different
behavior, even when the models are effectively the same. Even when similar parameters are chosen, so much
physics is lumped into those parameters that different mechanistic interpretations can persist.
The present study follows the example of these simple models, but increases the complexity of the assumed
vertical structure (compared to the most typical choice) by a modest, but significant, increment. This allows
different mechanisms, postulated on the basis of the simpler models, to coexist in the same model and interact
with one another. The aim is to provide a self-consistent, but still relatively tractable, framework in which
to assess the role of each mechanism, without having built into the model an assumption that one or another
is dominant. We do build in a set of ideas about the nature of the convection, which is that it results from a
hydrodynamic instability and acts to remove that instability on a time scale that is short compared to others in
the system. This idea, known as “quasi-equilibrium” (QE) (for a recent review, see [1]) informs not only our
parameterization of convection, but the specific assumptions we make about the vertical structure of the flow.

2 Statement of problem
Stated broadly, we wish to understand what factors determine the quasisteady (monthly mean) component of
tropical precipitation and surface wind, under the artificial but conceptually useful circumstance that the sea
surface temperature (SST) is specified as a boundary condition.1
Historically, there have been two classes of theories. In one, the SST determines the winds directly, through
atmospheric boundary layer (ABL) dynamics, and the convergence of the winds at low levels determines the
location and intensity of precipitation, essentially through a moisture budget argument. The low-level mass
convergence is associated with low-level moisture convergence. This moisture import is assumed to be balanced by moisture loss via precipitation. These theories thus advocate ABL dynamic control of precipitation:
ABL momentum dynamics drives deep convection by controlling moisture convergence in the ABL. The
studies of Holton et al. [21], Charney [12], Lindzen and Nigam [26], Waliser and Somerville [62], Tomas and
Webster [59], Tomas et al. [60], and Pauluis [45] all belong to this tradition, although they place emphasis
on different aspects of ABL momentum dynamics. Some invoke transient disturbances while others consider
only steady flow, and some consider only linear dynamics while others involve nonlinear effects. Of these,
the study of Lindzen and Nigam ([26]; LN hereafter) has had considerable influence. In that theory, the SST
determines the atmospheric ABL temperature directly, by turbulent fluxes. Pressure gradients at the top of the
ABL are neglected, and surface pressure is determined hydrostatically by the ABL temperature. Given the
surface pressure field, a linear momentum balance determines the winds, and the convergence of the winds
determines precipitation via the moisture budget as described above. This theory is appealing because of its
simplicity, apparently bypassing the complications of moist and radiative physics. The ABL momentum budget
unambiguously comes first and determines the precipitation. The precipitation, and its associated convective
heating, need not be known in order to determine the surface wind. Because the surface fluxes are implicitly
assumed to tie ABL temperature to SST so strongly that other thermodynamic factors are irrelevant, how the
energy budget is balanced is not a consideration in this theory.
1 Strictly speaking, we should solve the coupled problem, in which ocean dynamics is also considered and the SST is part
of the solution. Solving the uncoupled atmospheric problem is arguably relevant to this greater goal, since the time scales of
the atmospheric circulation tend to be shorter than those of the oceanic one. We can think of the atmosphere adjusting rapidly
to a quasistatic ocean, which in turn evolves on a slower time scale in response to the forcing on it implied by the atmospheric
circulation so determined.
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In another class of theories, precipitation is again determined by SST, but also by related factors such as the
vertical profiles of the atmospheric temperature and moisture and by surface and radiative fluxes. These theories
may be loosely lumped together as assuming a leading role for thermodynamics, rather than the momentum
budget, in the control of precipitation. In some of these theories the precipitation tends to be determined by
the local SST and its effects on local profiles of temperature and humidity. The surface winds are induced
by the heating associated with the precipitation and may feed back on the thermodynamic fields. Many “first
baroclinic mode” models, containing a single vertical degree of freedom and no ABL (e.g., [16,19,24,30,49,
65–67,74,75]), fall roughly into this class. Such models tend to have trouble simulating ITCZs as narrow and
intense as observed (e.g., [24,49]). Thermodynamic control is particularly clear when the “weak temperature
gradient” approximation is used [36,51,77]. This approximation takes horizontal deep baroclinic wave speeds
to be fast relative to other time scales, such that tropospheric temperature is approximately uniform, as is
observed. Vertical motion, convergence, and precipitation are determined by the moist thermodynamics, as
expressed compactly, for example, by the moist static energy (MSE) budget [34,36,46]. Other such theories
consider free-tropospheric humidity [46], convective inhibition (CIN; [29]), or a combination thereof [47] to
be important.
The two classes of theories appear fundamentally different. In one, the boundary layer momentum budget
determines winds, hence convergence; in the other, thermodynamic considerations determine convergence,
hence winds. In both, precipitation is typically diagnostic from moisture convergence. At a gross level, both
predict that rainfall will maximize near SST maxima, so distinguishing between them requires looking at features finer than this. The LN model can be mapped mathematically onto simple models of the thermodynamic
control class [33], so being able to distinguish them depends on specifics of physics and parameter values.
While small-scale convection itself must depend on buoyancy available to convective plumes, essentially a
thermodynamic effect, this is not where the theories diverge. The disagreement comes in how best to shortcut
to the large-scale controls on the convection. Part of this difference in approaches comes from time scales associated with diabatic fluxes versus wave dynamical time scales associated with stratification in the troposphere.
As noted in Neelin [34] and Yu and Neelin [72], the tropical tropospheric circulation is a compromise between
(1) surface and radiative fluxes plus fast deep convective time scales, which tend to draw the troposphere toward
a state with warmer tropospheric temperatures over warmer SST; and (2) fast horizontal baroclinic wave time
scales, which oppose this, smoothing the pressure gradients. If the first process dominates, as in a thermal
circulation argument or the LN model in the ABL, it controls the tropospheric circulation dynamically via
these pressure gradients. If the latter dominates, as in the WTG limit, one obtains the thermodynamic control
case. The troposphere leans toward the latter by virtue of the fast wave speeds, while the ABL tends to the
former.
The system as a whole, then, contains in principle both the ABL momentum and deep tropospheric thermodynamic controls on precipitation. The question then becomes which is quantitatively more important under
a given set of circumstances, and how the two interact.
More recently, there have been theoretical developments based on working out the implications of convective QE [1,2,18] for tropospheric dynamics interacting with deep convection. Convective QE posits that
bouyancy available to convecting elements tends to be removed quickly, bringing moisture and temperature
in each column toward a statistical equilibrium in vertical structures. An approach that constructs primitive equation models by Galerkin projection on vertical basis functions derived from asymptotic solutions
under convective QE was presented in Neelin and Zeng [37], NZ hereafter. Termed quasi-equilibrium tropical
circulation models (QTCMs), these are truncated to a few vertical degrees of freedom, the structures of which
are tailored to the physics of the problem. They are thus intermediate complexity climate models. The initial
version, QTCM1, has a single baroclinic degree of freedom, plus a barotropic mode, and thus has aspects in
common with earlier idealized models. It differs by retaining full primitive equation nonlinearity, consistent
moisture and energy budgets, and incorporating a set of physical parameterizations designed to be close in
behavior to those used in more complex general circulation models (GCMs).
The NZ approach permits simulation of a number of things that are not easily asked of ABL dynamic
control theory, such as the climatology and interannual anomalies of precipitation over land as well as ocean
[76]; surface and top-of-atmosphere net energy fluxes; remote ENSO impacts mediated by moist wave dynamics [13,35,55]; phase lags associated with atmosphere-ocean surface-layer adjustment [52,58]; impacts of
midlatitude variability on tropical variance [25,56]; modern and paleo theory of land monsoons [15,57] and
tropical precipitation changes under global warming (e.g., [15,39]). When forced with realistic geography,
SST distributions, insolation, and land-surface boundary conditions, QTCM1 tends to simulate such features
in a manner comparable to that of coarse-resolution GCMs.
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However, this approach was never intended to exclude contributions by the LN mechanism or other ABL
effects. Indeed the QTCM framework aims to permit additions of such contributions. The basis function
choice in QTCM1 reflects a deep tropospheric temperature structure with associated baroclinic wind structures because these are leading contributors in response to deep convection, radiation, and the flow field of
the general circulation. This permits a simulation of many climate features, but it is known that addition of a
passive boundary layer for wind turning [54] modifies the surface stress and that addition of a second vertical
degree of freedom in moisture can have quantitative impacts on the ITCZs and transient phenomena such as
dry intrusions [40]. There are a number of reasons to believe that in regions of sharp SST gradients an LN
contribution to the meridional wind is likely to be important [14,63].
We construct a model with QTCM1 as a starting point, but with added degrees of freedom to represent ABL
dynamics explicitly. This permits examination of the interplay between thermodynamic and ABL dynamic
mechanisms in a relatively tractable model that contains both. The aim is to identify aspects of the ITCZ
response associated with flow driven by ABL temperature gradients, termed the LN contribution, and aspects
that yield an ITCZ in QTCM1, which we term for brevity the NZ contribution. The model is implemented here
in an axisymmetric formulation—all variables taken independent of longitude—because this case is anticipated to have a significant LN contribution. There is a large prior literature on axisymmetric models of the
atmosphere; Burns et al. [11] contains some review material on this.
While an idealized case of the model is presented to address a particular set of questions, we anticipate
that the formulation will be incorporated into a full QTCM climate model in future. Such a model, with two
baroclinic degrees of freedom associated with the free troposphere and ABL (plus a barotropic mode), will
be termed QTCM2. The equations, aside from the simplified physical parameterizations used here, provide a
prototype for those that will constitute QTCM2.
Besides addressing the relative role of the LN and NZ contributions to ITCZ rainfall, the setup here can
shed light on a long-standing but lesser known question. The MSE budget of convection zones contains large
cancellation between import of moisture and export of dry static energy. This can make estimation of the
mean flow net MSE transport difficult, and has left open questions regarding the degree of cancellation, the
representation of this as an effective moist stability, and the relative contribution of MSE export by transients
and the mean flow [36,44,61,73]. Back and Bretherton [3] recently have found that in some reanalysis data
sets, the mean flow tends to have small mean export or even import MSE in regions of narrow sharp ITCZs. In
the model here, by breaking out the transport associated with the ABL, we are able to show that this apparent
oddity, which would seem to imply a thermodynamically indirect mean flow, is consistent with the notion,
central to much previous work, of a positive gross moist stability for the deep baroclinic flow.

3 Model
3.1 Primitive equations
The models’ prognostic variables are the horizontal velocity, v, whose components in the x and y directions
(representing longitude and latitude respectively) are u and v, pressure vertical velocity ω; temperature T in
energy units, i.e., temperature in Kelvin multiplied by c p the heat capacity of air at constant pressure; and specific humidity q in energy units, i.e., specific humidity in kg/kg multiplied by the latent heat of vaporization.
These variables satisfy the primitive equations in pressure coordinates:
dv
+ ω∂ p v + f k × v = −∇φ + F,
dt
dT
+ ω∂ p s = Q c + Q R ,
dt
dq
+ ω∂ p q = Q q ,
dt
∇ · v + ∂ p ω = 0,

(1)
(2)
(3)
(4)

where f is the Coriolis parameter, φ the geopotential, F any frictional force, Q c convective heat source, Q q
convective moisture sink (e.g., [70]), and Q R radiative heating. Here d/dt = ∂t + v · ∇, the total derivative
following the horizontal component of the motion, and ∇ · v is the horizontal divergence.
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3.2 Vertical structure
We assume that v, T , and q above the ABL are represented by a small number of vertical structures:
v(x, y, p, t) = V0 ( p)v0 (x, y, t) + V1 ( p)v1 (x, y, t),
T (x, y, p, t) = TR ( p) + a1 ( p)T1 (x, y, t),
q(x, y, p, t) = qR ( p) + b1 ( p)q1 (x, y, t),

(5)
(6)
(7)

as in QTCM1. In that model, these structures were defined for the entire vertical model domain, pt < p < ps ,
where pt is the nominal tropopause pressure and ps is the reference surface pressure.
The constant profiles TR and qR are separated out because variations in T and q are often small compared
to their mean values. The perturbation structure function for temperature a1 ( p) is constructed from observations in the tropical atmosphere and is close to a moist adiabat. The profile for baroclinic velocity, V1 ( p), is
constructed to be consistent with a1 , assuming that the pressure gradient force obtained from a1 by hydrostatic
balance has the same vertical structure as the other linear terms in the momentum equation. The profile for
barotropic velocity, V0 ( p), is constant in pressure in QTCM1; here, it is constant in the free troposphere (zero
in the ABL, treated separately below).
Here, our approach is to “lift the bottom” of QTCM1 and place a mixed-layer representation of the ABL
under it. The free troposphere will be represented by vertical basis functions that are the same as those used
for the entire troposphere in QTCM1 (NZ; [76]), but the new model’s modes will be defined starting at the top
of the ABL instead of at the surface. Thus, Eqs. (5)–(7) now describe the vertical structures for pt < p < pe ,
where pe is the top of the ABL, with a1 , b1 , V1 , and V0 all zero in the ABL. Since V0 is no longer constant
over the entire troposphere, the “barotropic” mode is, strictly speaking, now misnamed, but the terminology
is kept for continuity with QTCM1.
ABL vertical structures are taken to be constant within the ABL (zero above) for v, q, and dry static
energy s. Thus between the surface and the ABL top, i.e., for ps > p > pe ,
v(x, y, p, t) = vb (x, y, t),
s(x, y, p, t) = sr b + sb (x, y, t),
q(x, y, p, t) = qr b + qb (x, y, t),

(8)
(9)
(10)

where sr b and qr b are reference values for ABL dry static energy and specific humidity. The ABL temperature structure ab , required for computing pressure gradients, is simply given by the dry adiabat using sb .
Temperature in the ABL is then given by
T (x, y, p, t) = TR ( p) + ab ( p)sb (x, y, t), pe < p < ps ,

(11)

with the reference profile TR within the ABL consistent with sR . For the purpose of defining the vertical mode
structures, we neglect variations in both ps and pe . Neglecting variations in the pressure of the ABL top, pe ,
means that the ABL top is not defined as a Lagrangian surface, as is typically done in ABL modeling (e.g.,
see B. Stevens, this volume). Our model is better thought of as being projected on a set of basis functions that
is divided into two subsets occupying different pressure ranges.
The vertical velocity structure function 1 ( p) is obtained from V1 as in NZ, consistent with mass conservation Eq. (4):
p
1 ( p) =

V1 ( p̀)d p̀, pt < p < pe ; 0 otherwise.

(12)

pt

There is now a choice to make regarding V1 that affects the partition of mass and momentum conservation among basis functions. We choose V1 such that its vertical integral over the free troposphere is zero, by
subtracting its vertical mean:
V1 ( p) = a1+ − < a1+ > F ,

(13)

where
a1+

pe
=
p

a1 ( p  )d ln p  ,

(14)
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and we define the average over the free troposphere
x =
F

p −1
F

pe
x d p,

(15)

pt

where the depths of the free troposphere and (for use below) the ABL are
p F = pe − pt and p B = ps − pe .

(16)

Equation (13) differs from the analogous expression in NZ only in that it is designed to have zero mean over
the free troposphere only, rather than over the whole troposphere. This has the useful property here that the
free-tropospheric barotropic and baroclinic basis functions are, as in QTCM1 (where they represented the
entire troposphere), orthogonal:
pe
V1 ( p)V0 ( p)d p = 0.

(17)

pt

This also implies in Eq. (12) that 1 goes to zero at pe (rather than at ps in NZ). Thus all mass convergence
(divergence) in the ABL must be balanced by divergence (convergence) in the “barotropic” free-tropospheric
component.
p B ∇ · vb = − p F ∇ · v0 = ω e ,

(18)

and ωe is the vertical velocity at the ABL top. We use a rigid-lid upper boundary condition ω = 0 at the
tropopause pt , and ω = 0 at the surface, neglecting terms such as v · ∇ ps . This does not require us to hold the
surface geopotential constant in the momentum equations, as discussed below. Note that the rotational mass
transport in the ABL and free-tropospheric barotropic mode need not be equal and opposite.
The vertical velocity structure 0 is is found by integrating mass continuity Eq. (4) for ABL and V0 basis
functions separately, and using Eq. (18):
0 = p − pt ,

p < p ≤ pe ,
t 
pF
= ( ps − p)
, pe < p ≤ ps .
pB

(19)
(20)

The total vertical velocity is thus
ω(x, y, p, t) = −0 ∇ · v0 − 1 ∇ · v1 ,

(21)

where negative ω is upward, i are defined positive, and ∇ · v1 , ∇ · v0 are positive for divergence in the upper
troposphere.
These vertical structures are not modes in the sense of normal modes, although because V1 , 1 , and a1
are chosen to be consistent under certain approximations in the primitive equations, it is convenient to refer
to these as the baroclinic mode and to v0 as the barotropic mode. If the model is linearized about a barotropic
mean state and damping and heating terms are neglected, there is a nondivergent barotropic mode consisting
of v0 and an equal vb . The first baroclinic mode under these circumstances has v1 , T1 components along with
vb and v0 contributions that make its vertical velocity look much like that of QTCM1. When vertical-drag
terms and rotation are included, the alterations are nontrivial due to ABL Ekman pumping [32].
3.3 Model equations
For the free troposphere, we assume the vertical structures described above and perform vertical integrations
to obtain the model equations, essentially a low-order Galerkin truncation. The model temperature, moisture,
and barotropic momentum equations are obtained by vertical averaging of the respective 3D equations over the
free troposphere for those variables, while the baroclinic equation is obtained by first multiplying the momentum equation by V1 ( p) and then averaging. The equations can be written in either flux or advective form,
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with no significant consequences. We write the equations for the boundary layer variables and the free-tropospheric barotropic velocity in flux form, while for continuity with previous work with QTCM1, we write the
equations for free-tropospheric temperature, moisture, and baroclinic velocity in advective form. The resulting
free-tropospheric temperature and moisture equations are
 
pB
a1  F [∂t T1 + v0 · ∇T1 ] + Ms0 ∇ · v0 + V1 a1  F v1 · ∇T1 + Ms1 ∇ · v1 +
(s † − se )∇ · vb
pF
= Q c  F + Q R  F + (sb − se )τm−1 ,



b1  F [∂t q1 + v0 · ∇q1 ] − Mq0 ∇ · v0 + V1 b1  F v1 · ∇q1 − Mq1 ∇ · v1 +

pB
pF

(22)


(q † − qe )∇ · vb

= Q q  F + (qb − qe )τm−1 + b1  F kq ∇ 2 q1 ,

(23)

where we have defined the gross dry static stabilities and gross moisture stratifications:
Msi = Msri + Mspi T1 = −i ∂ p sR  F − i ∂ p a1  F T1 ,

(24)

Mqi = Mqri + Mq pi q1 = i ∂ p qR  + i ∂ p b1  q1 ,

(25)

F

F

where the index i can be either 0 or 1. The definition used here for Mspi in Eq. (24) neglects a term in i a1  F T1
related to the contribution of the temperature perturbation to the geopotential. This approximation, though not
made in QTCM1, is a common one in tropical dynamics (e.g., [70]). It renders MSE a conserved variable, in
a sense that will be discussed further below. The equation for barotropic velocity is
 
pB
2 F
∂t v0 + ∇ · (v0 v0 ) + V1  ∇ · (v1 v1 ) +
v† ∇ · vb + f k̂ × v0
pF
= −∇(κab+e sb + κa1+  F T1 + φs ) + (vb − ve )τm−1 ,

(26)

where k̂ is the vertical unit vector, and that for baroclinic velocity is
V13  F

V1 1 ∂ pV1  F
(∇ · v1 )v1
V12 
V12  F



 

2
V1e
pB
V1e
pB 1
− 1 (∇ · vb )v1 +
(v† − ve )∇ · vb + f k̂ × v1
+
pF 2
pF
V12  F
V12  F

∂t v1 + v0 · ∇v1 +

v · ∇v1 + v1 · ∇v0 −
F 1

= −κ∇T1 − 1 v1 + V1e (vb − ve )τm−1 + ĵkv ∇ 2 v1 .

(27)

In the above, ve , se , qe , refer to total values just above the ABL top, e.g.,
se = sr e + a1 ( pe )T1 ,
and we have introduced the notational shorthand V1e ≡ V1 ( pe ). We allow for the possibility that the reference
profiles for dry static energy and specific humidity do not match at the ABL top, so sr e is the dry static energy
computed from TR at a pressure infinitesimally less than pe .
Equation (18) has been used several times in deriving the above, resulting in the terms in ∇ · vb , with
v† , s † , q † values just above the ABL top, used to calculate the vertical advection across the boundary layer
top as discussed further below. The coefficients ab+e and a1+  F come from integrating temperature to obtain
the geopotential using hydrostatic balance and are defined explicitly below in Eqs. (33) and (34). Horizontal
diffusivity coefficients are kq for q, qb , and sb , and kv for v and vb , with ĵ the unit vector in the y direction.
No horizontal diffusion is applied to zonal velocity or temperature.
The surface geopotential φs appears in Eq. (26) along with baroclinic geopotential contributions to the
vertical average from both T1 and sb . The presence of these three pressure gradient terms is a consequence of
using the surface as the reference level in integrating the hydrostatic equation. The ABL momentum equation
(below) has two such terms. The right-hand side of Eq. (27) has only one pressure gradient term in it, proportional to ∇T1 . This is a consequence of our choice to keep 1 = 0 at pe , analogously to the QTCM1 treatment
of that mode at the surface.
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For the boundary layer, the procedure is essentially the same, but simpler, as each variable has only one
mode, and each prognostic variable q, s, v is assumed uniform in height. We thus obtain the equations for
ABL dry static energy:
∂t sb + ∇ · [vb (sr b + sb )] − s † ∇ · vb =

g
pF
H + Rb + Q c b −
(sb − se )τm−1 + kq ∇ 2 sb ,
pB
pB

(28)

g
pF
E + Q q b −
(qb − qe )τm−1 + kq ∇ 2 qb ,
pB
pB

(29)

specific humidity,
∂t qb + ∇ · [vb (qr b + qb )] − q † ∇ · vb =
and velocity,
∂t vb + ∇ · (vb vb ) − v† ∇ · vb + f k̂ × vb = −∇(κab+ b sb + φs ) − b vb −

pF
(vb − ve )τm−1 + ĵkv ∇ 2 vb .
pB
(30)

E and H are the surface fluxes of latent and sensible heat, respectively, and we have defined the vertical average
over the boundary layer:
x =
b

p −1
B

ps
x d p.

(31)

pe

The coefficient of the baroclinic ABL geopotential contribution ab+ b is defined below. Terms like x † ∇ · vb ,
where x is s, q, or v, are vertical advective fluxes. In computing these terms, the constancy of ps and pt has
been used, as has mass conservation. v† , s † , q † are the values used to compute the vertical advective fluxes.
Here we use two possible formulations for these values. The “upwind” formulation is, using dry static energy
as an example,
s † = sr b + sb i f ∇ · vb < 0,
s † = se i f ∇ · vb > 0.
The “centered” formulation is
s† =

1
(sr b + sb + se ).
2

(32)

The upwind formulation implies that upward motion (occurring mostly in convective regions) does not affect
the ABL, while subsidence does. The centered formulation has the advantage that it can be linearized about
zero vertical velocity, for example to study the properties of linear waves in the model. In Appendix B.2 we
briefly describe the sensitivity of nonlinear simulations to the choice of vertical advection scheme.
The terms in τm−1 are meant to represent turbulent exchange between the free troposphere and the ABL
other than that explicitly represented by the deep convective parameterization (described below). It can be
viewed as representing dry turbulent entrainment as well as being a very crude parameterization of shallow
moist convection. In the simulations presented in the body of the paper, we allow it to remain active at all
times, including when deep convection is also active. In reality, deep convection tends to be intermittent, with
shallow convection occurring in its absence. Thus it is reasonable to allow both processes to be active in the
ensemble average represented here. We have also performed simulations with a version in which the τm−1 terms
in temperature and moisture equations are multiplied by [1 − H(Q c )], where H is the Heaviside function, such
that they vanish when deep convection is active. Impacts are briefly discussed in Appendix B.
ps
The pressure gradient term in the original 3D momentum equation is ∇( T d ln p + φs ). The pressure
p

gradient terms that appear in the different momentum equations then have coefficients that arise from vertical
integration:
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ab+e

ps
=

ab d ln p = ab+ ( pe ),

(33)

pe

ab+ b = p −1
B

ps ps
ab d ln p d p.

(34)

pe p

The momentum equations also involve the gradient of the surface geopotential, φs . This can be found by
taking the divergence of Eq. (26), since the divergent part of v0 itself is already known from Eq. (18), once
vb is known. In the implementation here we neglect the tendency term in Eq. (26). Also, in this axisymmetric
(x-independent) version of the model, it is not necessary to take the divergence. The y-component of Eq. (26)
in the axisymmetric case is, dropping the tendency term,
∂ y (v0 v0 ) + V12  F ∂ y (v1 v1 ) +

pB †
v ∂ y vb + f u 0 = −∂ y (κab+e sb + κa1+  F T1 + φs ) + (vb − ve )τm−1 .
pF

(35)

All quantities in Eq. (35) besides φs are known if the other dependent model variables are known, so the equation can be solved diagnostically for ∂ y φs , which is needed to solve the y-component of the ABL momentum
Eq. (30).
3.4 Moist static energy budget
The moisture sink and convective heating terms, Q q and Q c , cancel in the vertical integral, and thus the sum
of the vertically integrated T and q equations yields an equation for a combination of T and q that does not
contain these parameterized source terms. This has been argued to yield insight into the moist thermodynamics
(e.g.,[34,36]), particularly in the QE limit, where the fast convective time scale links moisture to temperature via the physics discussed in Sect. 3. This summed equation is known traditionally as the MSE equation,
although the MSE T + q + φ itself is conserved only in certain approximations [5].
The free-tropospheric moist static energy MSE equation, derived by adding Eqs. (22) and (23), is
 
pB
F
F
[∂t + v0 · ∇]h 1 + M0 ∇ · v0 + v1 · ∇(V1 a1  T1 + V1 b1  q1 ) + M1 ∇ · v1 +
(h † − h e )∇ · vb
pF
= Q c  F + Q q  F + Q R  F + (h b − h e )τm−1 ,

(36)

where h 1 = TR  F + qR  F + a1  F T1 + b1  F q1 (for notational convenience h 1 here is actually a moist
enthalpy, since geopotential contributions to the moist static energy MSE do not appear in the tendency or
advection terms), h b = sr b + sb + qr b + qb , h † = s † + q † , and h e = se + qe . We have defined the barotropic
and baroclinic gross moist stabilities
M0 = Ms0 − Mq0 ,
M1 = Ms1 − Mq1 .

(37)
(38)

To produce a MSE budget for the entire troposphere, we add p F times Eq. (36), p B times Eq. (28), and
p B times Eq. (29) to obtain
∂t ( p F h 1 + p B h b ) + p F v0 · ∇h 1 + p B vb · ∇h b + p F v1 · ∇(V1 a1  F T1 + V1 b1  F q1 ) + p F M1 ∇ · v1
− p B M B ∇ · vb = g F net + kq ∇ 2 [ p B (sb + qb ) + p F b1  F q] ,

(39)

where we have used Eq. (18) repeatedly. In the above, notice that all terms in s † and q † , with their associated
“if” statements (if the upwind scheme is used), have vanished, as have terms in τm−1 . All convective heating
and moistening terms have also vanished, due to energy conservation [see Eq. (50) below]. We have defined
M B = (h b − h e ) − M0

(40)

as the gross moist stability experienced by rising motions from the ABL through the entire ABL and troposphere. Note that this is equivalent to 0 ∂ p h. The part M0 associated with motion through the troposphere
is needed separately in Eq. (36) because of the vertical advection terms.
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The diabatic driving of the equation is by the net vertical flux of radiative, sensible, and latent heat fluxes
into the column at the top and bottom of the atmosphere:
F net = E + H +

pF
pB
Q R  F +
Q R b .
g
g

(41)

Note that the Q R heating terms are vertical divergences of radiative fluxes.
Equation (39) can also be written in the form
∂t ( p F h 1 + p B h b ) + p B ∇ · (vb h b ) + p F ∇ · [(< (sR + qR )V0 > F + < a1 V0 > F T1 + < b1 V0 > F q1 )v0 ]
+ p F ∇ · [(< (sR + qR )V1 > F + < a1 V1 > F T1 + < b1 V1 > F q1 )v1 ] = g F net .

(42)

To see that Eq. (39) is equivalent to Eq. (42), use the relations, obtained by integration by parts
F
Vi x F = p −1
F [(i x) pe − (i x) pt ] − i ∂ p x ,

where x is a1 , b1 , sR , or qR and the i are the vertical velocity basis functions,
p
i =

Vi d p,
pt

as well as Eqs. (24)–(25), (37)–(38), (40), and (18), as well as the definition V0 = 1. That the MSE equation
can be written in this perfect flux form results from an approximation. Recall that a term has been neglected in
Eq. (24) that includes the perturbation temperature contribution to the geopotential. This term represents the
conversion of moist static to kinetic energy. It can be retained if desired, but neglecting it permits the cleaner
form of Eq. (42).
Parameters used in the simulations here are given in Table 1, including the contributions to the tropospheric
and ABL gross moist stability. (Parameters used in the moist physical parameterizations are defined below and
in Appendix A.) Because the moisture field tends to adjust quite strongly to the flow, especially in convective
regions, the reference value for moisture is not a good indicator of the moisture contribution to M1 , that is, the
second term on the RHS of Eq. (25) is generally important. Gross moist stability properties are best diagnosed
from the simulations.
4 Physics
Surface fluxes and radiative transfer are parameterized in ways that are both very simple and fairly standard
in highly idealized models of the atmosphere, as described in Appendix A. The parameterization of deep convection, though not profoundly original, is not entirely standard, and involves some consequential decisions.
We present it here.
As in QTCM1, we start from the Betts–Miller convective scheme [6,7], project it on the assumed vertical
structures, and make some additional simplifications. Here, however, the result differs materially from QTCM1
because of the inclusion of an explicit boundary layer. The approach and resulting scheme are broadly similar
to a number of previous studies, mostly focused on the properties of transient wave disturbances, which have
used models containing an explicit boundary layer topped by a free troposphere represented by one or two
vertical modes [22,23,28,32,71].
The Betts–Miller scheme obtains the convective tendencies from
Tc − T
, T c − T  > 0,
τc
qc − q
Qq =
, q c − q > 0,
τc
Qc =

(43)
(44)

with T c and q c reference profiles toward which convection adjusts the temperature and moisture structure.
Here we use the linearized moisture closure option of QTCM1, i.e., we choose
T c ( p) = TRc ( p) + A1 ( p)(h b + δh b ),
q c ( p) = qRc ( p) + B1 ( p)(h b + δh b ),

(45)
(46)
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Table 1 Model parameter values
Parameter

Value

Definition

ps , pe , pt

1000, 900, 150 hPa

< a1 > F , a1e

0.4809, 0.2931

< b1 > F , b1e

0.2406

< a1+ > F
ab+ b , ab+e
V12  F , V13  F /V12  F
< V1 1 ∂ p V1 > F / <
V1e
qr e , Tr e

Pressures at nominal surface, ABL top, and model top
(tropopause)
Vertical integral and ABL top value of temperature
basis function
Vertical integral and ABL top value of moisture
basis function

0.2445
0.0512, 0.1038
3.67 × 10−2 , 0.0860
–0.0426
–0.2121
40.55◦ K, 296.65◦ K

V12 > F

Msr 1 , Msr 0
Msp1 , Msp0
Mqr 1 , Mqr 0
Mqp1 , Mqp0
1i
b
τm
τc
σ

3.60◦ K, 16.34◦ K
4.04 × 10−2 , 0.188
3.00◦ K, 28.05◦ K
3.78 × 10−2 , 0.516
7.58 × 10−2
1 day−1
16 d
0.3 d
0.2

τR
Q Rb0 , τ Rb

30 d
−0.5◦ K day−1 , 2 day

kq , kv

8 × 105 m2 s−1 , 2 × 105 m2 s−1

ABL top values of reference profiles of moisture and
temperature
Reference dry static stabilities
Dry static stability changes per T1 change
Reference gross moisture stratifications
Gross moisture stratification changes per T1 change
Frictional damping rate on baroclinic mode
ABL drag coefficient
Turbulent mixing rate into free troposphere across ABL top
Convective time scale
Constant partitioning between convective cooling and
drying of ABL
Radiative time scale
ABL background radiative heating, ABL radiative
time scale
Diffusivities for moisture and meridional velocity

where h b = sb + qb , and δh b is an adjustment that serves the dual purposes of insuring energy conservation
and crudely mimicking the effects of convective downdrafts. The reference basis functions A1 ( p) and B1 ( p)
can in general be different from a1 ( p) and b1 ( p), though in the implementation here we will set the former
equal to the latter for simplicity. With these choices, projection on the free-tropospheric equations gives the
free-tropospheric mean heating and moistening:
Q c  F = c [A1  F (h b + δh b ) − a1  F T1 + TRc  F − TR  F ],
Q q  = c [B1 
F

F

(h b

+ δh b ) − b1 

F

q1 + qRc  F

− qR  ],
F

(47)
(48)

with an additional switch condition below; c = τc−1 is a large damping rate for the dissipation of bouyancy
by convection. In the boundary layer, since by construction δh b is an adjustment to the MSE, we have
Q c b + Q q b = c [(h b + δh b ) − h b ] = c δh b .

(49)

To obtain δh b , we apply the energy constraint that the net moisture loss must equal the net (dry) enthalpy gain:
p B (Q c b + Q q b ) + p F (Q c  F + Q q  F ) = 0.

(50)

Combining Eqs. (47), (48), (49), and (50), and solving for δh b , we obtain
δh b =

[−(A1  F + B1  F )h b + a1  F T1 + b1  F q1 + (TR  F − TRc  F ) + (qR  F − qRc  F )]
.
( p B / p F ) + (A1  F + B1  F )

(51)

The convective scheme is only activated when doing so would result in a positive net convective heating:
( p F Q c  F + p B Q c b ) > 0.

(52)

At this stage, we still do not have Q c b or Q q b separately, only their sum. We need to partition the net
boundary layer MSE source to obtain Q c b and Q q b . We choose the crude device of using a fixed, constant
partitioning,
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Q c b = c δsb , δsb = σ δh b ,
Q q b = c δqb , δqb = (1 − σ )δh b ,

(53)
(54)

where σ is a prescribed constant. With Eq. (53)–(54), (52) becomes
p F [A1  F (h b + δh b − T1 ) + TRc  F − TR  F ] + p B σ δh b > 0,

(55)

with δh b given by Eq. (51).
One slightly more sophisticated alternative would be to adjust the ABL toward a state of constant relative
humidity, with the actual temperature and specific humidity determined by the closure. In practice this was
found to lead in common circumstances to a warming of the ABL by deep convection, which is unphysical.
The present formulation at least insures that deep convection always both cools and dries the boundary layer.
We choose σ = 0.2, which is broadly consistent with observations. σ is admittedly a free parameter, but small
variations (within the range 0.15–0.3) have no significant impact on the simulations.
Equations (51) and (55) can be simplified by choosing TRc = TR and qRc = qR , but it is helpful to keep
them in the more general form. The reference profiles appear in other model equations, and it is important to
retain consistency. We use the choices
TRc  F = TR  F + qr b − qr s + sr b − Tr s ,

(56)

qRc  F

(57)

= qR  + qr b − qr s + sr b − Tr s ,
F

where qr s and Tr s are surface values of the original QTCM1 basis functions. These surface values are not
otherwise used in the model. While again we can simplify the expressions by choosing qr b = qr s and sr b = Tr s ,
and we do in fact do so, the choice expressed by Eqs. (56) and (57) makes the convection scheme independent
of the choice of reference profiles, a useful property.
5 Simulation design
We use an idealized simulation design to study the dynamics of ITCZs. Idealizing the ITCZ as a narrow,
zonally oriented feature, our simulations are axisymmetric, ∂x = 0. The lack of zonally varying disturbances
of any kind is a strong constraint that must be kept in mind as we interpret the results.
Axisymmetry does simplify the solution of the equations. It implies that the zonal (x) component of the flow,
u b , u 1 , u 0 , is nondivergent, while the meridional (y) component, vb , v1 , v0 , is irrotational. This particularly
simplifies the solution for the surface geopotential gradient, as described in Sect. 3.3.
We use a fixed-SST lower boundary condition. The SST is
Ts = Ts0 +

Ts exp

(y − y0 )2
.
σ y2

(58)

One set of simulations includes planetary rotation, represented by an equatorial β-plane, f = βy with β =
2 × 10−11 m−1 s−1 . For these rotating simulations we choose Ts0 = 22◦ C, Ts = 8◦ C, y0 = 800 km, σ y =
1, 000 km. This forces a hemispherically asymmetric circulation with a strong ITCZ in the northern hemisphere and a dry southern tropics. All simulations are run to steady state, and we then examine only the steady
solutions. No simulation failed to reach steady state (perhaps because of the neglect of the wind dependence
of surface fluxes, as described in Appendix A). The radiative equilibrium temperature TR = −50◦ C (relative
to Tr ; see Appendix A). The boundaries of the domain are rigid walls at y = ±Y with Y = 5000 km. For the
rotating case, solutions reach a state of radiative-convective equilibrium (RCE) at values of |y| less than Y , so
there is no flow at the boundaries and the boundary conditions do not influence the flow in the interior, as was
verified by sensitivity tests using larger domains.
For our nonrotating simulations, β = 0, and we use y0 = 0 and Ts = 4◦ C; other parameters are the same
as the rotating case.
The equations are solved using a leapfrog differencing in time with a Robert–Asselin filter and finite differences in space. The equations for the free-tropospheric baroclinic variables are solved in advective form using
first-order upwind differencing, the ABL equations in flux form with a centered scheme. These choices have
no significant consequences; in the early stages of our model development, we solved all equations in flux form
with no difficulty and found no significant differences with the results using the advective form. The choice to
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write the free-tropospheric baroclinic equations in advective form here was made purely for consistency and
ease of comparison with QTCM1.
The horizontal grid has 800 grid points for a grid spacing of 12.5 km, much smaller than the spatial scale of
the SST boundary condition and small enough so that numerical diffusion due to the first-order upwind scheme
is irrelevant to the solutions. The insensitivity to resolution has been checked by sensitivity experiments. We
repeated the experiment shown in Figs. 1, 2, and 3 with horizontal resolutions of double and half that used in
those figures (400 and 1,600 grid points, spacings of 25 and 6.25 km), and computed the root-mean squared
error (RMSE) as
⎛
2 ⎞1/2
Xn − Xm
⎠ ,
RMSEnm = ⎝
2
Xm
where X is a model field, n and m are indices labeling the different experiments, and the overbar represents the domain average. The RMSE for the free-tropospheric baroclinic meridional velocity, v, for example,
was 0.0033 and 0.0013 for the comparison of the control (800 grid points) experiment with the lower- and
higher-resolution experiment, respectively.
6 Results
6.1 Rotating case
Figure 1 shows the sea surface temperature Ts , free-tropospheric temperature T1 , surface evaporation E, and
surface precipitation P as functions of latitude. The precipitation has a strong peak, the ITCZ, a large region
of zero precipitation in the “winter” hemisphere (y < 0), and a smaller region of zero precipitation in the
“summer” hemisphere (y > 0). Poleward of these dry regions the solutions reach RCE, with no circulation and
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E = P. The free-tropospheric temperature has a broad maximum, with weak variations within the region in
which the solution departs from RCE and strong gradients on the boundaries of this region. All this is typical
of axisymmetric Hadley cell solutions and is qualitatively similar to such solutions of QTCM1 [11] but with
a stronger ITCZ.
Figure 2 shows the free-tropospheric humidity q1 , baroclinic meridional velocity v1 , baroclinic zonal
velocity u 1 , and total zonal velocity at the model top, pt , computed as u 0 + V1 ( pt )u 1 . This last quantity
shows, near the equator, the approximately parabolic structure corresponding to near-conservation of angular
momentum in the Hadley circulation at this level, for reasons explained by Burns et al. [11]. In interpreting
v1 and u 1 , remember that the basis function is negative in the lower troposphere, so the plot has the sign of
the actual physical velocity in the upper troposphere. The free-tropospheric humidity shows a sharp peak at
the location of the precipitation maximum in the previous figure and a drier region, below the RCE value, in the
winter hemisphere. q1 is not suppressed below the RCE value in the precipitation-free region in the summer
hemisphere.
Figure 3 shows the ABL specific humidity qb , dry static energy sb , meridional velocity vb , and zonal velocity u b . Notice that the maximum in sb is much sharper than that in T1 . This is a consequence of the much larger
drag on the ABL flow than on the free-tropospheric flow; the weak temperature gradient approximation can
be useful for the free-tropospheric circulation, but not the ABL circulation [50,51]. The ABL zonal velocity
shows a strong westerly jet on the equatorward flank of the ITCZ, weaker easterly jets on either side of it, and
still weaker westerlies at the poleward boundaries of the Hadley circulation. The westerly jet is sharp enough
to locally reverse the absolute vorticity gradient, so that the ITCZ might be unstable to barotropically unstable
disturbances (it satisfies the inviscid criterion for instability, but some friction is present) if those were allowed
in the model, as may at times be the case for the real eastern Pacific ITCZ [42,64].

6.2 Nonrotating case
Figure 4 shows the nonrotating simulation. In the absence of any Coriolis force, a given meridional pressure
gradient results in a meridional velocity larger than it would be in the rotating case, and consequently the
same SST gradient results in a larger precipitation maximum in the nonrotating than the rotating case. The
reduction in our imposed SST gradient by a factor of two compared with the simulations above, to Ts = 4◦ C,
roughly compensates for this. Without rotation, the circulation is better described as a Walker type or “mock
Walker” circulation [9,10,20,53]. Since the deformation radius is infinite without rotation, the circulation fills
the domain, and thus is not independent of domain size. The equator has no particular dynamical meaning
in this nonrotating case, so placing our SST maximum off the equator would only mean that the flow would
be asymmetric with respect to the boundaries. Our placement of the forcing at y = 0 in this case is just the
simplest choice.
For brevity, we do not show all the fields shown for the rotational case in Sect. 6.1 (note also that steady
solutions to the nonrotating case have no zonal winds since there are no zonal pressure gradients due to
axisymmetry; what we call “zonal” here would be “meridional” under the standard definition of a Walker circulation in which the flow occurs in x, symmetric with respect to y). Figure 4 shows ABL dry static energy sb ,
free-tropospheric baroclinic meridional velocity v1 , boundary layer meridional velocity vb , and precipitation
P. Both meridional velocities now decrease in absolute magnitude from peaks on the flanks of the SST maximum to the boundaries. They decrease differently, though, with v1 being nearly linear, much as in Walker
solutions under the weak temperature gradient approximation [9,53]and vb being more trapped near the SST
maximum.

6.3 Boundary layer meridional momentum budgets and the validity of the Lindzen–Nigam model
Given the debate regarding the different mechanisms for forcing flow in the ABL (e.g., [4,14,68,69]), it is
of interest to examine the meridional momentum budget there. The meridional component is of most interest
here since it that is the one that couples strongly to the thermodynamic budgets and thus the precipitation field.
Figures 5 and 6 show these budgets for the rotating and nonrotating case, respectively.
We wish to isolate the contribution to the pressure gradient that is determined hydrostatically by the ABL
temperature gradient, since that drives the flow in the LN model. The total pressure gradient term appearing
in the vb equation is −∂ y (κab+ b sb + φs ), but φs has a contribution from sb as well. Rewriting Eq. (35)
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schematically, with the gradient of φs alone on the left-hand side,


∂ y φs = −∂ y κab+e sb + κa1+  F T1 + · · · ,

(59)

where the ellipsis represents other terms. Thus the total sum of all pressure gradient terms on the RHS of the
meridional component of Eq. (30) can be written


−∂ y κ(ab+ b − ab+e )sb − κ T1 + · · · .
The term in sb is what we call the LN contribution, while the rest, including the term in T1 as well as other,
essentially barotropic, contributions to φs , is the free-tropospheric contribution to the ABL pressure gradient.
These two contributions are plotted separately in Figs. 5 and 6, along with the Coriolis, friction, vertical and
horizontal advection, and diffusion terms.
In the nonrotating case (Fig. 6), the dominant balance is between the LN term and friction. Since the
friction term depends (linearly in our model) on vb itself, it is fair to say, based on this result, that vb is largely
determined by LN dynamics. We note that the ∂ y sb term looks significantly different than ∂ y Ts , so this is not
the LN model per se (since in that model sb is assumed proportional to Ts ) but a generalization consistent with
its overall intent. In the rotating case (Fig. 5), the situation is more subtle. Particularly away from the equator,
the dominant balance is geostrophic, between the free-tropospheric pressure gradient and the Coriolis term,
with the LN term being relatively small. At and near the spot to the south of the ITCZ where vb actually attains
its maximum value, however, the LN-friction balance is still locally an important contributor. Over a larger
region around the ITCZ on both sides, while the free-tropospheric pressure gradient and Coriolis terms become
large, they have a large degree of cancellation between them and the LN and friction terms broadly resemble
each other in structure and magnitude, suggesting a causal relation. Horizontal advection becomes somewhat
important in a narrow region within the ITCZ, as might be expected since the gradient of vb is largest there.
Besides budget diagnostics, another way to examine the importance of a physical process to a model
solution is to remove that process from the model and examine the solution to the resulting modified model.
Figure 7 shows, in the same format as Fig. 4, a solution to a nonrotating case in which the LN terms have
been removed from the ABL momentum budget. Comparing this solution to the control case shown in Fig. 4,
vb is reduced by a factor of approximately two, perhaps less than we might expect based on the diagnostics
shown in Fig. 6. At the same time, the free-tropospheric meridional velocity, v, is almost unaltered. The peak
precipitation in the ITCZ is reduced by 25%. The same sensitivity test for the rotating case (not shown) yields
a still smaller reduction of 16%. The LN terms apparently contribute significantly to the ITCZ precipitation
but are not the dominant player in determining it.
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Fig. 7 Boundary layer dry static energy, free-tropospheric meridional velocity, boundary layer meridional velocity, and precipitation for an irrotational case with the LN terms removed from the boundary layer meridional momentum budget (see text for
details). Compare to Fig. 4

6.4 Sensitivity to horizontal moisture diffusivity
The rotating simulation shown in Fig. 1 has a peak precipitation in the ITCZ much larger than any observed
in earth’s climatology, despite an SST contrast whose magnitude is arguably comparable to those found on
earth (arguably because it is not obvious precisely how to compare our idealized SST structure with the real
structure of earth’s SST field). However, this peak precipitation is a strong function of the horizontal diffusivity of moisture. This is shown in Fig. 8, which compares the control simulation’s precipitation field to
those from simulations in which this diffusivity is doubled and halved. A lower diffusivity leads to a stronger,
narrower ITCZ. The total integrated precipitation over the ITCZ is very similar in all three simulations shown.
Because the lower boundary condition is fixed SST, the surface evaporation (and thus the domain-integrated
precipitation) can and does vary slightly between simulations, and this is responsible for a small part of the
difference.
From this picture one might guess that the nondiffusive limit of these equations might be singular, with
continued narrowing and intensification of the ITCZ as the diffusivity goes to zero. The results in Sect. 7 show
that this is not the case under a particular set of simplifying assumptions. Nonetheless, the behavior of the
present model appears quite different from that of the QTCM1 equations, which, given boundary conditions
similar to those used here, produce an ITCZ of quite moderate width and intensity in the absence of any
diffusion whatsoever [11]. In the present model, although the same diffusivity is applied to free-tropospheric
and ABL humidity as well as ABL dry static energy, sensitivity tests (not shown) demonstrate that it is the
diffusion of free-tropospheric humidity that controls the ITCZ intensity and width. The MSE budget analysis
in Sect. 8 suggests that this has much to do with the model solution’s occurring in a regime in which (as is
usually assumed; e.g., [34,36]) the tropospheric gross moist stability is small compared with the dry static
stability.
Though the horizontal moisture diffusivity can fairly be viewed as rather ad hoc here, it is also not entirely
unreasonable to interpret it as a very crude stand-in for transport by transient eddies, which are explicitly
disallowed by the axisymmetric framework. The boundary layer zonal wind fields obtained in our rotating
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solutions may be barotropically unstable, as mentioned above, and this alone may generate eddies. In reality,
in the eastern Pacific, for example, transient eddies impinging on the zonally localized ITCZ from other longitudes appear to dominate those originating from local instability [64]. It is beyond the scope of this paper
to attempt to estimate the effective eddy diffusivity that either of these wave sources might induce and thus to
determine whether the value used here is realistic.

7 Analytical case
In this section we present analytical results under a number of simplifying assumptions that highlight the role
of the boundary layer and provide insight into the causes of the strong convergence zone seen in the numerical
results of Sect. 6. We first take the convective QE limit, in which τc is small compared to other time scales. We
then use assumptions of weak barotropic pressure gradient and weak temperature gradient (WTG) in the free
troposphere. If we then, for exposition purposes, neglect some moisture and dry static energy transport terms
(which are important in the numerical simulations), we find a solution that has many parallels to the simple
model of Lindzen and Nigam [26] and that yields a large but finite convergence driven from the ABL. For
simplicity, we use the nonrotating case, with u = 0, retaining y as the spatial coordinate, though as noted above
this analysis applies equally well to a mock-Walker circulation in which longitude is the coordinate. Under
these conditions, we can obtain the most relevant elements of the solution by considering only the convecting
region, assumed to have finite width.

7.1 ABL dynamics and thermodynamics
Within convecting regions, for upstream vertical advection, and assuming τm terms are switched off (or negligible) in the thermodynamic equations, with the surface flux, radiative, and convective parameterizations as
expressed by Eqs. (73), (75), (76), through Eqs. (53) and (54), the ABL dry static energy and moisture Eqs. (28)
and (29) become
−1
(∂t + vb ∂ y − kq ∂ y2 )sb = τs−1 (Ts − sb ) + Q Rb0 + τ Rb
(Ts − sr b − sb ) + c σ δh b ,

(60)

(∂t + vb ∂ y − kq ∂ y2 )qb = τs−1 (q ∗ (Ts ) − qb ) + c (1 − σ )δh b ,

(61)

and

where τs is defined by Eq. (74). It proves useful to eliminate c δh b terms between Eqs. (60) and (61). This
yields
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(∂t + vb ∂ y − kq ∂ y2 )[(1 − σ )sb − σ qb ] = τs−1 [(1 − σ )(Ts − sb ) − σ (q ∗ (Ts ) − qb )]


−1
(Ts − sr b − sb ) .
+(1 − σ ) Q Rb0 + τ Rb

(62)

This manipulation is motivated by the convective QE limit examined below but does not itself involve approximations. Its effect is similar to the use of the moist static energy equation when considering the whole
troposphere in that it eliminates the convective terms in the individual equations. However, while the moist
static energy equation holds independent of the specific convective parameterization because it is derived by
integrating over the entire depth of convection, the ABL Eq. (62) depends on the parameterization, specifically
on the partitioning of moistening and cooling in the ABL, controlled by σ . The quantity [(1 − σ )sb − σ qb ] is
unaffected by the convective terms in the present parameterization.
Turning to the convective QE limit of small τc , with c = τc−1 , Eqs. (53) and (54) imply δh b ≤ O(τc ).
Using this in Eqs. (53) and (54), taking the sum of nonconvective terms in Eqs. (22) and (23) to be O(1),
yields h b − T1 = O(τc ), h b − q1 = O(τc ), where we have explicitly set A1 = a1 , B1 = b1 , TRc = TR , and
qRc = qR for simplicity as well as consistency with our numerical simulations. This also satisfies Eq. (51). The
QE linkage of T1 to h b implies that at leading order in τc
sb + qb = T1 .

(63)

This permits the elimination of one ABL thermodynamic variable, implying that Eq. (62) is a sufficient equation to determine ABL thermodynamics in convective QE. It also implies that Eqs. (60) and (61) cannot be
separately satisfied without the ABL cooling/moistening terms as O(1), i.e., δh b = O(τc ) as expected.
The terms on the RHS of Eq. (62) draw sb toward an equilibrium that tends to follow SST, while the terms
on the LHS transport or smooth this. For the simplest case, we neglect the LHS and examine the consequences
of the local balance. Defining
−1
τb−1 = τs−1 + (1 − σ )τ Rb
,

(64)



−1
sb = τb τs−1 [(1 − σ )Ts − σ (q ∗ (Ts ) − T1 )] + τb (1 − σ ) Q Rb0 + τ Rb
(Ts − sr b ) .

(65)

Eq. (62) then becomes

Note that T1 is required, although the term that involves it is small if the ABL convective cooling fraction σ
is small. In the WTG limit considered below, T1 is approximately spatially constant. The single value for this
constant T1 , set by domain average energy balance, would be required to obtain sb , but vanishes in the gradient
in Eq. (66), below. For use in gradients, define ∂ y q ∗ (Ts ) = γ ∂ y Ts .
Turning to the momentum equations, neglecting ABL momentum advection relative to surface drag, the
steady ABL velocity Eq. (30) becomes
b vb = −∇(κab+ b sb + φs ).

(66)

7.2 Free troposphere in a linear, nonrotating, WTG limit
In the v0 Eq. (26), the geopotential gradient term contains the sum of surface geopotential and the vertical average of baroclinic contributions from both layers. For maximum simplicity, we assume that for small
enough SST forcing, the momentum advection terms can be considered small. The drag at the top of the ABL
contributes terms of order τm−1 , likewise considered small. Because we obtain the relevant parts of the solution
at leading order, the precise scaling of τm relative to τc is not crucial.
At leading order in τm−1 , this leaves
∂ y (κab+e sb + κa1+  F T1 + φs ) = 0.

(67)

Similar neglect of the momentum advection and drag terms in the v1 Eq. (27) yields the WTG approximation
at leading order
∂ y (T1 ) = 0.

(68)
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In a rotating case, Ekman pumping ABL terms would add a feedback from the ABL onto the tropospheric
solution. We also note that some of the O(τm−1 ) terms, if retained, would be multiplied by M B /M1 , which is
greater than unity. Thus this limit is more suited to simplicity than to reproduction of the numerical results.
These approximations assume that flow extends over larger space scales in the free troposphere than in the
boundary layer such that the free-tropospheric contribution to boundary layer pressure gradients is negligible.
This is not well justified in realistic regimes but highlights the role of the boundary layer and permits connection to the Lindzen–Nigam model. With Eqs. (67) and (68), giving the φs contribution to the boundary layer
equation, Eq. (66) becomes
b vb = κ(ab+e − ab+ b )∂ y sb .

(69)

7.3 LN contribution
The simplified ABL equations under QE Eqs. (65) and (66), with the WTG conditions of Eqs. (67) and (68),
are now solvable, yielding


−1
vb = b−1 κ(ab+e − ab+ b ) τb τs−1 ((1 − σ ) − σ γ ) + τb τ Rb
(1 − σ ) ∂ y Ts .
(70)
The divergence ∂ y vb is then proportional to ∂ y2 Ts . Evaluating this using ∂ y2 Ts ≈ 2σ y−2 c p Ts , with σ y = 106
m, Ts = 8K , τb /τs , τb /τ Rb = O(1), σ small, and κ(ab+e − ab+ b ) = 0.015 yields values of divergence on
the order of 10−5 s−1 . This is on the same order as climate estimates for surface convergence [27], although
the latter does not necessarily hold through as deep a layer. This SST-driven ABL convergence tends to drive
a convergence contribution in the free troposphere, as discussed below. Adding this to the convergence by
the NZ part of the dynamics leads to large model convergence and precipitation, but the solution is clearly
nonsingular. The ABL convergence driven by pressure gradients due to ABL temperature following SST is
very much akin to the LN solution, justifying referring to this as the LN contribution, as discussed in the
introduction and as shown in Figs. 5 and 6.
Considering the terms on the LHS of Eq. (60), assuming the same y-scale, suggests the v∂ y sb term is of
the same order as the terms on the RHS. The numerical solutions indicate that these terms (not shown) do
modify the sb pattern noticeably compared to that of the SST (e.g., Figs. 3b and 4a). Thus even in what we
are calling the LN contribution, thermodynamics does matter. Diffusion becomes important only where the
y-gradients become substantially larger than that of the underlying SST. The numerical solutions also indicate
that the neglect in Eqs. (67) and (68) of ABL pressure gradients due to the free-tropospheric temperature and
the barotropic mode are not well justified under realistic model parameters. Rather they should be interpreted
as a means of obtaining the LN case of Eq. (70), which is useful both for its historical value and conceptual
simplicity.
The ABL equation with convective heating eliminated (Eq. 62) or the analytical case (Eq. 70) point to the
potential sensitivity of boundary layer solutions to how boundary layer cooling and moistening is treated in
GCM convective parameterizations. If the portion of ABL moist static energy adjustment that goes into cooling
the ABL is a small fraction of the portion that goes into moistening it (i.e., small σ in the simple parameterization used here), then this sensitivity is small. For a cooling fraction approaching 1, the steady precipitating
ITCZ in QE and WTG approximations used in Eq. (70) would yield cold sb over warm SST, provided that
NZ contributions maintained precipitation. While cooling of the ABL by convection is a well-known process
contributing to finite lifetimes of some convective events, a parameterization with a large cooling fraction
would either have to spend a smaller fraction of the time convecting or have ABL solutions that departed
significantly from following SST in convective regions.
8 Interpretation
Here we return to the numerical results, interpreting them in light of the analytical results obtained above.
Consider Eq. (39), with tendency and horizontal advection terms written schematically as “adv” and “diff”.
Focusing on vertical advection terms is justified near the maxima of precipitation and moisture in the center
of the ITCZ, since horizontal gradients are small there. Because the terms in ∇ · vb are strongly determined
by ABL balances, we move them to the RHS, to obtain
p F M1 ∇ · v1 + adv + diff = p B M B ∇ · vb + g Fnet ,

(71)
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where Fnet is the net input of moist static energy to the whole troposphere due to surface fluxes and radiation
and M B is given by Eq. (40). This equation is similar to that which would be obtained from a moist static
energy budget analysis of QTCM1, or for that matter two-layer models such as that of Neelin and Held [36],
which would have a baroclinic divergence times a gross moist stability equal to the sum of surface fluxes and
vertically integrated radiative cooling. In such an analysis, the surface fluxes and radiation are regarded as
driving the divergent flow against an effective stratification for the total moist flow given by the gross moist
stability. Variations in precipitation from the RCE value are approximately proportional to the divergent flow
thus forced. The difference here is the first term on the RHS. This is the import of moist static energy due to
the divergent component of the ABL/barotropic mode. It represents an import, rather than export, in regions of
ABL mass convergence if M B is negative in such regions. This tends to be the case because generally h e < h b ,
and M0 is negative for typical q1 .
Although diagnostic, Eq. (71) is written in a form suggestive of a causal interpretation. To the extent that
∇ ·vb is determined by the ABL dynamics of Sect. 7, it can be viewed as a forcing, similarly to the net-flux term.
Strictly speaking, the latter is coupled to the flow as well, but, because it tends to react on larger spatial scales,
it can be approximated as externally imposed. Thus, we can understand the role of boundary layer momentum
dynamics as driving vb divergence, providing the moist static energy import term M B ∇ · vb , which in turn
forces a contribution to the baroclinic divergence as described above. The ∇ · v1 contribution is important
because it yields much of the moisture convergence that produces precipitation. Thus there exists a set of
conditions under which the first term on the RHS of Eq. (71) yields the LN contribution, while the second
yields the NZ contribution. Although in general there will be a part of ∇ · vb that acts as a feedback on the
free-tropospheric solution, the analytical results presented above make explicit the assumptions necessary to
obtain a neat separation by showing how to arrive at a solution in which vb is entirely determined by Ts .
Figure 9a shows the breakdown of Eq. (71), in which the horizontal advection terms are included with the
associated M1 and M B terms. The curve labeled “ABL flux divergence” is the total vertically integrated flux
divergence due to vb , v0 , and the vertical motion associated with their divergence, while the curve labeled
“BC flux divergence” is the flux divergence due to the baroclinic meridional flow, v1 . Surface fluxes, radiation,
and horizontal diffusion are the other terms in the budget. All terms are computed as vertical (pressure) mean
tendencies, with the ABL and free-tropospheric contributions weighted appropriately. We see that the dominant balance in the ITCZ is between horizontal diffusion and barotropic flux divergence, with surface fluxes
and radiation being dominant away from the ITCZ and significant but smaller than diffusion and barotropic
divergence in the ITCZ. Baroclinic flux divergence, associated with the baroclinic gross moist stability M1 ,
is everywhere relatively small. This small M1 regime is associated in part with the high moisture in the ITCZ
region (Fig. 2a), since the gross moist stability is determined by the flow in a nontrivial manner.
The horizontal advection terms, not shown separately, contribute significantly to the flux divergences only
on the flanks of the ITCZ, being essentially negligible elsewhere.
To test how the budget changes with parameters that affect M1 , Fig. 9b shows the same figure for a case
where Msr 1 has been increased by c p × 0.7◦ C, enough to make the minimum value of M1 as large (and
positive) as we think at all plausible within observational bounds. In this case, the baroclinic flux divergence is
a significant negative (moist static energy export) contribution in a relatively broad region through the ITCZ,
participating at first order in the moist static energy budget. ITCZ precipitation has decreased by about 10 to
15% in this run, relative to the standard.
To the extent that this model has validity, the result that strong horizontal diffusion is needed to obtain
realistic ITCZ precipitation is provocative. There is of course no horizontal diffusion of the magnitude we use
in the real atmosphere. Given our axisymmetric formulation, it may be reasonable to interpret the diffusion
as representing transport by longitudinally varying disturbances. It seems likely that the most important such
disturbances in the ITCZs are transients, such as easterly waves (e.g., [48]), although since all real ITCZs are
finite in zonal extent, it is also possible that time-mean zonal advection could play a part in ventilating the ITCZ
with lower moist static energy air from adjacent regions. To the extent that transients dominate, however, the
implication of our results is that such disturbances play an essential role in the time-averaged thermodynamics
of the ITCZ. Transients have been invoked as important to the ITCZ before, but not by this mechanism. This
is consistent with results of a full QTCM that has two vertical basis functions in moisture, while the rest of
the discretization remains as in NZ [40]. Free-tropospheric moisture, being less tied to SST, has much more
variability and larger impact on moisture transients (for realistic shallow convective time scales) than when a
single q basis function is used. For the same reasons, free-tropospheric moisture is much higher in ITCZs than
in descent regions, decreasing M1 and increasing ITCZ intensity.
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Fig. 9 Vertically integrated moist static energy budget for rotating case. Terms plotted are the total flux divergence associated
with M0 due to the ABL (plus related barotropic component of free-tropospheric flow), denoted ABL flux div; flux divergence
associated with M1 due to baroclinic component of free-tropospheric flow, denoted BC flux div); surface fluxes (sflux); radiation
(rad); and horizontal diffusion (diff). The red and blue “x” symbols show the dominant terms, the ABL flux divergence, and
horizontal diffusion, respectively. All terms expressed as tendencies, in s −1 . a Standard case. b Sensitivity experiment in which
M1 is increased by increasing Msr 1

One may ask whether the moist static energy convergence due to the ABL mode is artificially large due
to the choice of vertical structures. In the absence of deep convection, ABL convergence should probably be
vented in a shallow return flow just above the ABL [31,78] rather than in a deep return flow. However, a lower
return flow will be nearer the lower tropospheric moist static energy minimum that occurs in most tropical
soundings, and this will only make the gross moist stability associated with this flow more negative than our
M0 (see, e.g., Neelin [34] for a heuristic discussion of the relationship between the gross moist stability and
the vertical profiles of vertical velocity and moist static energy), increasing the import of moist static energy by
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ABL convergence. One might speculate that inclusion of a second baroclinic mode, associated with heating by
stratiform anvil clouds of large mesoscale convective systems, could modify the picture because convergence
at midlevels where moist static energy is low would imply a strongly positive gross moist stability. However,
the ITCZ in reanalysis data has a relatively low maximum in vertical velocity (e.g., [8], and a negative gross
moist stability in the ITCZ has been found in moist static energy budgets computed from reanalyses [3] as
well as in some GCM simulations (e.g., [43]), so the picture here appears very plausible for the ITCZ alone.
This need not imply a negative gross moist stability for the zonal mean circulation as a whole, since narrow,
thin ITCZs of the type our model represents cover only a fraction of the circumference of the earth at their
typical latitude of 5 to 15◦ .

9 Conclusions
We have formulated a model for the study of the narrow intertropical convergence zones (ITCZs), idealized as
steady, axisymmetric structures. Our model has a truncated vertical structure consisting of a free troposphere
with two modes, whose structures are based on the baroclinic and barotropic modes of the first QTCM1 ([37],
hereafter NZ), and a slab mixed layer underneath it. We have focused particularly on the interaction of the
momentum dynamics of the ABL and the thermodynamics of the free troposphere in determining the width
of the ITCZ and the maximum precipitation rate occurring at its core.
Within this model framework, one can identify a role for baroclinic pressure gradients associated with ABL
temperature tending to follow SST, the mechanism postulated by Lindzen and Nigam ([26]; hereafter LN).
While there is a larger role for thermodynamics in determining these pressure gradients than in the original
LN model, it is appropriate to refer to their effect on the flow and precipitation as the LN contribution. The
contribution arising from the dynamics present in the NZ QTCM is referred to as the NZ contribution. Under
certain approximations, the LN contribution can be examined analytically. In model budget analysis of ABL
momentum equations, the contribution to pressure gradients by LN terms can be substantial, particularly in
the nonrotating case. In the rotating case, the LN terms are important at smaller scales close to the ITCZs. In
neither case do these terms actually determine the precipitation to the extent that the ABL momentum budgets
might suggest. Evaluation of the overall impact of the LN terms on the flow, including on precipitation, was
conducted by suppressing these terms in numerical experiments. The overall impact of this suppression on
the precipitation is a reduction on the order of 15 to 25%, depending on the particular case. While the NZ
contribution is larger, this suggests nonetheless that the LN contribution can be quantitatively important to
sharp ITCZs.
The model tends to produce very strong ITCZs in this zonally symmetric case, with rainfall that is larger
than observed. The large rainfall values may be to some extent associated with the zonal symmetry, since
zonally symmetric versions of the NZ QTCM give values comparable to observed [11], while the 3D version
has weak ITCZs. A clear difference is large transient eddy fluxes of moisture to midlatitudes in the 3D case,
increasing midlatitude precipitation at the expense of tropical.
Although the LN contribution appears not to make the equations singular, the sharp ITCZ in the zonally
symmetric case tends to result in diffusion terms being important to limiting peak precipitation values. The role
of diffusion is interpreted as pointing to the likely role of transients in the 3D case. The importance of diffusion
in the moist static energy (MSE) budget is to a modest extent associated with the very small, or in some
cases even slightly negative, values of the tropospheric gross moist stability in these simulations. This in turn
appears to be associated with the greater freedom in tropospheric moisture due to the introduction of the ABL.
The lower tropospheric moisture tends to increase in strongly convecting regions, decreasing moist stability
and increasing moisture gradients. This same effect operates in a QTCM version with the ABL-troposphere
separation included only in the moisture equation, where it produces both sharper ITCZs and stronger transient
moisture advection [40]. The dominant effect here, however, seems to be associated with the introduction of
a distinct ABL circulation.
The role of this ABL circulation may be seen in the moist static energy budget, where ABL convergence
appears as an additional “forcing” beside the net heat flux into the column. It must be balanced by some
combination of the transport terms in the free troposphere, including moist static energy export associated
with positive free-tropospheric gross moist stability, as well as advection and diffusion terms. This provides
a simple means of viewing the roles of the LN and NZ contributions. The balance between net flux and tropospheric MSE transport terms is key to the NZ contribution. Under certain approximations, the ABL term is
essentially the LN ABL convergence contribution, determined by ABL balances. Because this term tends to
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import moist static energy, other MSE transports must compensate for it as well as balance the flux forcing,
yielding LN and NZ contributions, respectively. Both contributions yield baroclinic moisture convergence
and precipitation. The total vertical integral of moist static energy divergence by both components together
would be negative, even when the baroclinic gross moist stability is positive, consistent with recent estimates
for the Pacific ITCZ [3]. By separating the negative gross moist stability contribution associated with ABL
convergence and interpreting it as an additional forcing contribution, the distinct dynamical roles of the two
components are clarified, and the notion of a positive gross moist stability for deep, “first baroclinic mode”
flows can be made consistent with the possibility that the total quasisteady circulation may import moist static
energy into the ITCZ.
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Appendix A: Surface fluxes and radiation
Surface fluxes are parameterized by standard bulk formulae:
E = ρa C D Vs (q ∗ (Ts ) − qb ),
H = ρa C D Vs (Ts − sb ),

(72)
(73)

where q ∗ (Ts ) is the saturation specific humidity at the SST, Ts and C D is the exchange coefficient, ρa is the
surface air density, and Vs is the surface wind speed. In general Vs should depend on |vb | plus a parameterization of contributions by nonresolved variance, but here we set Vs to a constant. This is a strong simplification,
but we make it because we are interested in steady solutions, and under some circumstances wind-dependent
surface fluxes can lead to the growth of time-dependent disturbances due to wind-evaporation feedbacks or
“WISHE”[17,38]. For use in Sect. 6, we define a characteristic time scale over which surface fluxes act on the
ABL:
g
τs−1 =
ρa C D Vs .
(74)
pB
Radiation is here parameterized more simply than in a full QTCM. In the free troposphere, we use a
Newtonian cooling:
Q R  F =

TR − T1
,
τR

(75)

where TR is a radiative equilibrium temperature (relative to the reference temperature TR ) and τR a radiative
time scale. In the boundary layer, we use the scheme
Q R b = Q Rb0 +

Ts − sr b − sb
,
τ Rb

(76)

where Q Rb0 is a negative constant and τ Rb is the time scale on which the boundary layer is relaxed toward
the SST by radiative processes alone, estimated from linearization of a grey-body scheme. This scheme is
admittedly quite crude, but for appropriate values of Q Rb0 and τ Rb it at least has the desirable result of making
sure that the ABL temperature stays close to the SST, as observed, while the total radiative heating of the ABL
is still negative.
Appendix B: Sensitivity to schemes for mixing and vertical advection across ABL top
Figure 10 shows the precipitation for three solutions. One is the same as that shown in Fig. 1, using our
control parameters. Another uses the centered scheme rather than the upwind one for advection across ABL
top (Sect. 3.3). In the third, the mixing terms in τm−1 are shut off whenever deep convection is active. We
see that all these changes have minuscule effects on the precipitation field in the tropics. This is not the only
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Fig. 10 Precipitation for rotating solutions using control parameters as well as a solution with vertical advection across ABL top
done using a centered rather than upwind scheme, and one in which the mixing across ABL top (terms in τm−1 ) is shut off when
deep convection is active

valid measure, but it is the one we are most interested in here. The boundary layer humidity (not shown)
shows somewhat greater sensitivity to the vertical advection scheme. In the nonrotating case, weak stationary
oscillations in the precipitation and other fields can develop in regions of weak mean descent when the mixing
is turned off in the presence of deep convection; these appear to be undesirable artifacts of the on/off switches
in these parameterizations. In the full implementation of the QTCM2 model formulated here, we anticipate
more complete physical parameterizations, such as the shallow convection parameterization of Neggers et al.
[41].
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