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Abstract
Numerical models of the ocean play an important role in eﬀorts to understand past climate variability and predict future climate
changes. In many studies, ocean models are driven by forcings that are either time-independent or vary periodically (seasonally) and
it is often highly desirable or even essential to obtain equilibrium solutions of the model. Existing methods, based on the simple, expedient idea of integrating the model until the transients have died out, are too expensive to use routinely because the ocean takes several
thousand years to equilibrate. Here, we present a novel approach for eﬃciently computing equilibrium solutions of ocean models. Our
general approach is to formulate the problem as a large system of nonlinear algebraic equations to be solved with a class of methods
known as matrix-free Newton–Krylov, a combination of Newton-type methods for superlinearly convergent solution of nonlinear equations, and Krylov subspace methods for solving the Newton correction equations. As an initial demonstration of the feasibility of this
approach, we apply it to ﬁnd the equilibrium solutions of a quasi-geostrophic ocean model for both steady forcing and seasonally-varying forcing. We show that the matrix-free Newton–Krylov method converges to the solutions obtained by direct time integration of the
model, but at a computational cost that is between 10 and 100 times smaller than direct integration. A key advantage of our approach is
that it can be applied to any existing time-stepping code, including ocean general circulation models and biogeochemical models. However, eﬀective preconditioning of the linear equations to be solved during the Newton iteration remains a challenge.
Ó 2008 Elsevier Ltd. All rights reserved.

1. Introduction
Ocean general circulation models are an essential tool in
climate research. Commonly, such models are forced by
time-independent or periodically (seasonally) varying surface ﬂuxes, and for a variety of problems, it is highly desirable or even essential to compute equilibrium solutions of
the model. For instance, in order to more accurately simulate changes in climate due to changes in forcing, a model
should be initialized from a quasi-equilibrium state of the
ocean model to prevent ‘‘model drift” that may otherwise
confuse the results. Similarly, equilibrium solutions of the
ocean model are needed to simulate (steady state) biogeo*
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chemical tracers, to systematically explore sensitivity to
parameters and sub-grid scale parameterizations, and to
understand past climate regimes (such as that of the last
glacial period).
An equilibrium solution (time-periodic or steady) of a
dynamical system can be obtained by integrating from an
appropriate initial value until the transients have died
out. If the transients have disappeared after a few periods,
this is the simplest and most eﬃcient approach for the computation of the steady state solution. The time-scale for
dynamical adjustment of the ocean is, however, rather
long. Computing an equilibrium solution by direct integration of an ocean general circulation model (GCM) requires
‘‘running” the model for several thousand years rendering
this brute force approach impractical, at least on a routine
basis. For instance, given typical allocations of supercomputing resources at U.S. climate modeling centers and
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conventional schemes for accelerating dynamical spin-up,
it takes on the order of 20–30 days of wall-clock time to
integrate a state-of-the-art ocean GCM to equilibrium
(Dr. Gokhan Danabasoglu, National Center for Atmospheric Research, personal communication).
A number of ad-hoc acceleration techniques have been
proposed for the dynamical adjustment problem. The most
widely applied method uses unequal time-steps in the tracer
and momentum equations (Bryan and Lewis, 1979; Bryan,
1984; Danabasoglu et al., 1994). This use of ‘‘distorted
physics” or ‘‘asynchronous” time integration has the eﬀect
of slowing down gravity and Rossby waves while speeding
up abyssal processes (by decreasing the local heat capacity). While this can considerably speed-up the approach
to steady state, it still requires long integrations. Additionally, the distortion of time-scales caused by the acceleration
can severely alter the seasonal cycle (e.g., Wang, 2001;
Huang and Pedlosky, 2003; Danabasoglu, 2004), and it is
customary to extend the asynchronous simulation with a
shorter synchronous integration that adds to the computational burden. A more recent development is the use of
implicit time-stepping in ocean models. The nonlinear solver required to implement an implicit scheme can also be
used to directly obtain steady state solutions, as has been
demonstrated by Dijkstra et al. (2001) and Weijer et al.
(2003) in an ocean model constructed speciﬁcally for this
purpose. While promising, there are several limitations of
this approach, most notably the fact that this approach
cannot deal with time-dependent forcing. Seasonality in
forcing has a strong impact on the response, rectifying it
in ways that fundamentally changes the nature of the equilibrium response. It is also not clear how this method can
be applied to existing ocean GCM codes.
Here, we propose a novel solution to the dynamical
spin-up problem. Our general approach, described below,
is to formulate the problem as solving a nonlinear equation
of the form FðuÞ ¼ 0. To solve this equation, we apply a
class of methods known as matrix-free Newton–Krylov
(MFNK), a combination of Newton-type methods for
superlinearly convergent solution of nonlinear equations,
and Krylov subspace methods for solving the Newton correction equations (see Knoll and Keyes (2004) for a recent
review). The basic link between the two methods is the
Jacobian-vector product, which may be probed approximately without forming and storing the elements of the
true Jacobian. The ‘‘matrix-free” nature of this approach
makes it extremely ﬂexible, allowing its use with any ocean
model. As an initial demonstration of the feasibility of this
approach, and to illustrate its use, we apply it to a singlelayer quasi-geostrophic ocean model on the beta-plane.
The resolution is low enough to have well-deﬁned equilibrium1 solutions for both steady forcing and seasonally1

Throughout the text, the term ‘‘equilibrium” will be used for both
steady (time-independent) and seasonally (time-dependent) forced problems. For seasonally forcing, the equilibrium solution may be called a
periodic orbit, limit cycle, or cyclo-stationary.

varying forcing. Though this model is much simpler than
a primitive equation GCM, it is a relevant demonstration
because it includes the advective nonlinearity of the full
equations of motion, and we test it at resolutions
approaching that of a coarse resolution GCM.
2. Matrix-free Newton–Krylov for time-steppers
Our approach to computing the periodic steady state
solution of an ocean model involves ﬁnding an initial
condition such that the solution at the end of the period
exactly matches the initial condition. More precisely, let
uðtÞ represent the state of the OGCM (i.e., a vector of all
the prognostic ﬁelds) at time t. Given uðt ¼ 0Þ, the ocean
model solves an initial value problem to predict the state
of the system at any future time t P 0. We write this as
uðtÞ ¼ Uðuð0Þ; tÞ;

ð1Þ

where U is the state-transition function of the system of
diﬀerential equations governing the model. In this ‘‘statespace” representation, the OGCM can be viewed as a nonlinear mapping U from RN to RN . (For a typical global
model, the dimension of the state-space, N ¼ Oð106 Þ.)
The steady state problem can now be formulated as
follows. We seek a state u that repeats after time T, where
T is the (known) period, i.e., uðT Þ ¼ uð0Þ, which we write as
FðuÞ ¼ u  Uðu; T Þ ¼ 0:

ð2Þ

Note that since the periodically forced system is nonautonomous, ﬁxing the deﬁnition of t ¼ 0 (e.g., January 1)
renders the solution unique. When the forcing is time-independent, the problem can still be formulated as above, but
Eq. (2) must now be valid for any T > 0. We have thus
transformed the problem into a nonlinear algebraic system.
Interestingly, this idea appears to be well known in the
solution of ordinary diﬀerential equations (ODEs) (Deuﬂhard, 2004), in particular, those arising in electrical engineering (e.g., Aprille and Trick, 1972; Skelboe, 1980;
Telichevesky et al., 1995). (The problem there is to ﬁnd
the periodic steady state response of analog circuits described by a system of nonlinear ODEs.) However, we
are unaware of applications in other areas or to partial differential equations (PDEs).
One of the most common methods for solving a system
of nonlinear equations of the form FðuÞ ¼ 0 is Newton’s
method (Kelley, 1995; Dennis and Schnabel, 1996). The
basic idea is to construct a local linear model of the function F and then iterate. Algorithmically: given an initial
guess, u0 , repeat for k ¼ 0; 1; . . . until convergence
ð1Þ Solve Jðuk Þduk ¼ Fðuk Þ;
ð2Þ ukþ1 ¼ uk þ duk ;

ð3Þ
ð4Þ

where J is the Jacobian matrix ðJ ij ¼ oF i =ouj Þ. The iteration is terminated when the norm of the nonlinear residual,
F, falls below a speciﬁed value. One of the main attractions
of this method is that it is quadratically convergent. (See
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Kelley (1995) for a detailed discussion of the local convergence theory of this method.)
Much of the computational eﬀort required in Newton’s
method is in solving the linear system Eq. (3). In the present
case, the Jacobian matrix is both large (N  N ) and dense
(since the inﬂuence of the initial condition is spread
throughout the domain in 1 period). Explicit storage and
factorization of J, as would be required for a direct solution
method, is therefore quite impractical. Instead, we consider
the use of iterative methods based on Krylov subspace projection (Barrett et al., 1994; Saad, 2003). Krylov methods
have the property that the coeﬃcient matrix is only accessed
via matrix–vector products. (Methods in which the coeﬃcient matrix is not formed or stored explicitly, are known
as ‘‘matrix-free”.) In the present context this implies that
only the action of the Jacobian J times a vector is required.
But this product, Jdu, is simply the directional derivative of
F and can be approximated by a diﬀerence quotient of the
form (Chan and Jackson, 1984; Brown and Saad, 1990)
JðuÞdu 

Fðu þ rduÞ  FðuÞ
;
r

ð5Þ

where the diﬀerencing parameter r is chosen dynamically
(Brown, 1987; Brown and Saad, 1990). This has the advantage of requiring only function evaluations and avoiding
explicit computation and storage of the Jacobian matrix.
The overall nonlinear solver is termed matrix-free Newton–Krylov (MFNK) or Jacobian-free Newton–Krylov
(JFNK).
Note that, in contrast to direct methods, iterative
schemes only yield an approximate solution. That is, Eq.
(3) for the Newton step is eﬀectively replaced by what is
known as the inexact Newton condition
kJðuk Þduk þ Fðuk Þk 6 gk kFðuk Þk:

ð6Þ

(For this reason, such schemes are also known as ‘‘inexact
Newton” or ‘‘truncated Newton” methods (Dembo et al.,
1982; Dembo and Steihaug, 1983).) The parameter gk is
known as the forcing term and is a measure of the tradeoﬀ between the eﬀort required to solve the linear system
to a tight tolerance and the number of nonlinear iterations.
When applying this method to an ocean model, each
‘‘function evaluation” (Eq. (2)) requires a forward integration of the GCM with the given initial condition for a period
T. The diﬀerence between the ﬁnal solution (after time T) and
the initial condition is the desired function value F. As a
result, the MFNK solver needs to know nothing of the
dynamical equations that are being advanced by the GCM,
enabling the same MFNK software (see Appendix for details)
to be applied to diﬀerent GCMs without modiﬁcation.
3. An illustrative example
3.1. Model formulation
To illustrate the MFNK method, we apply it to a singlelayer (barotropic) quasi-geostrophic (QG) ocean basin
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forced by surface Ekman pumping and damped by a biharmonic viscosity term. The nondimensional governing equation for the streamfunction w is
or2 w
þ d2i J ðw; r2 w þ yÞ ¼ we ðx; y; tÞ þ d3m r4 w;
ot

ð7Þ

where, dm and di are nondimensional scales for the ‘‘Munk”
and inertial boundary layers, respectively, and we is the prescribed Ekman pumping velocity. The damping term is
harmonic viscosity acting on the relative vorticity (as
r2 w ¼ f) of the ﬂow. (For more details on this formulation
see Pedlosky (1996), Cessi and Ierley (1995).) The lateral
boundary condition is no-slip and the aspect ratio of the
domain is 1. The inertial scale, di , is 0.02 in all cases, while
the viscosity, dm , is tuned at each grid resolution to permit
as close to inviscid dynamics as the numerical discretization
will allow for a ﬁxed time-step. As is conventional, the surface forcing is a westerly windstress pattern that gives a
proﬁle of Ekman pumping that varies sinusoidally with
latitude
we ðx; y; tÞ ¼  sinðpyÞ½1 þ  cosðxtÞ;

ð8Þ

with  ¼ 0 in the steady forcing experiments, and  ¼ 0:25
in the seasonally-forced simulations (with a period of
1 year).
The equations are discretized in space with a secondorder centered ﬁnite-diﬀerence scheme that is energy and
enstrophy conserving (Arakawa, 1966). A second-order
Runge–Kutta scheme with a (nondimensional) time-step
of 0.1 (corresponding to a dimensional time-step of 1/
3000 year) is used to integrate the resulting system of
ODEs.
This model with time-independent Ekman pumping has
been extensively studied before. For example, Sheremet
et al. (1997) computed steady solutions over the parameter
space spanned by di and dm and Kamenkovich et al. (1995)
computed time-dependent solutions of Eq. (7) and showed
that the ﬂows develop eddies as the ratio of di to dm
increases. While our goal here is not to reproduce those calculations, we note that the spatial discretization that we use
is inadequate to study the eddying solutions which limits
our computations to the dm < di region of parameter space
(Kamenkovich et al., 1995). As stated above, we choose the
minimum value of dm for which the model can be stably
integrated in time which is typically dm  di . This issue is
further discussed in Section 3.2.3.
3.2. Results
We performed two sets of experiments with the QG
model, one with steady forcing, and the other with seasonally-varying forcing. For each set, we investigate the
performance of the MFNK relative to direct time integration (DI) as a function of spatial resolution, which we vary
from 32  32 grid points to 256  256 points. In an additional experiment, we show that the MFNK method is
capable of computing solutions at lower levels of viscosity
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than possible by direct integration. In all simulations, we
start from an initial condition/iterate of w ¼ 0.
3.2.1. Steady Ekman forcing
In the ﬁrst set of experiments, the surface Ekman forcing
is time-independent. Fig. 1 (left panel) shows the equilibrium solution obtained using direct integration at the highest resolution (2562). The right panel shows the diﬀerence
between the corresponding MFNK and DI solutions. As
is evident, the MFNK solution converges to the DI solution, with a diﬀerence approaching machine precision.
To compare the computational eﬃciency of the two
methods, we recorded the total number of time-steps the
QG model was integrated to reach a given residual (deﬁned
as the vector 2-norm of F). This is in fact the quantity the
Newton method uses to determine convergence. (The timestepper cannot achieve a residual lower than 1013
because of machine round-oﬀ.) While there is a small computational cost associated with the MFNK algorithm itself,
the total expense is dominated by that of evaluating the
residual function. Since each function evaluation involves
integrating the model for a ﬁxed number of time-steps,
the total number of time-steps the model was integrated
is an accurate measure of the computational expense of
the MFNK method, allowing us to directly compare it with
the DI method. As discussed in Section 2, for time-independent forcing, the time T in Eq. (2) is a free parameter. The
results presented here were obtained with T ¼ 0:1, i.e., 1
time-step.
Fig. 2 compares the convergence of the DI and MFNK
schemes for diﬀerent spatial resolutions. We also display
the speed-up of the MFNK method relative to DI, i.e.
the ratio of the integration time required to reach a given
residual with the DI method to that needed by MFNK.
In the ﬁgures, the speed-up is plotted at each Newton step
to demonstrate the computational savings possible at less
strict deﬁnitions of equilibrium that may be suﬃcient for
some applications. It is clear from the plots that MFNK
is signiﬁcantly more eﬃcient than DI at all resolutions
that we have tested. However, the speed-up does decrease
as the resolution is increased. Thus, at the lowest resolu-

tion, 322, MFNK is roughly 1000 times faster than DI,
while at the highest resolution, 2562, it is about 100 times
more eﬃcient.
There are two competing factors that aﬀect the speed-up
as the resolution increases. First, each linear solve in the
MFNK method requires more Krylov iterations to converge, which increases the number of function evaluations.
Second, the viscosity is reduced so direct integration takes
more time to converge. In our experiments, the number of
Krylov iterations grew faster than the model adjustment
time, hence reducing the speed-up as resolution increases.
Nonetheless, the speed-up on the largest grid is still quite
substantial.
As mentioned above, the time T for which the model is
integrated to evaluate the residual function is a free parameter. To investigate how the convergence of the MFNK
method depends on it, we tried T ¼ 0:1, 1, and 10, and
found (Fig. 3) that convergence is fastest for the smallest
value of T. In Fig. 3, the residuals are rescaled by a factor
of 1=T to account for the dependence of the residual on the
integration length T in Eq. (2). The total integration
required for convergence is less for smaller values of T in
spite of the fact that for smaller values of T, the linear
solves took more iterations (as convergence theory predicts
(Kelley et al., 2004)). (The number of iterations for linear
solves is not shown here, but can be inferred from the spacing between Newton iterations along the integration time
axis.) However, the advantage of using a smaller T diminishes on the larger grids. For example, with the 2562 grid,
the curves for T ¼ 0:1 and T ¼ 1 are co-incident.
3.2.2. Seasonal Ekman forcing
We now turn to the periodically forced problem. Fig. 4
(top left panel) shows the spun-up streamfunction at the
start of the forcing period obtained using direct integration
at the highest resolution (2562) and (bottom left panel) the
time series of the domain integrated (nondimensional)
kinetic energy over the period. The right panels show the
diﬀerence between the DI and MFNK solutions. We
emphasize that MFNK does not actually compute a periodic orbit. What it computes is an initial condition that,
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when ‘‘inserted” into the time-stepping code, will repeat
after one period. Thus, to obtain the time series of energy
corresponding to MFNK, we simply used the MFNK solution as an initial condition for the time-stepping model and
integrated the model for one period. Evidently, as for the
steady problem, the MFNK solution converges to the DI
solution.
Fig. 5 compares the convergence of the DI and MFNK
methods for the periodic problem. Compared with direct
integration, the MFNK method is about 10 times faster,
converging in between 19 and 31 years at all grid resolutions. The linear solves converged more rapidly in this
problem, requiring no more than six Krylov iterations to
converge. In the steady problem, at least 22 iterations were
needed. The speed-up of MFNK over DI is somewhat larger at higher resolution. This dependence on resolution is
largely a consequence of the fact that at higher resolution,
the damping is smaller and DI takes longer to converge. In
contrast, the integration time needed for MFNK was
insensitive to resolution.
In the steady forcing case, the length of time for which
the model is integrated to evaluate the residual function
is a free parameter. Here, this time is restricted to an integer multiple of the forcing period. This corresponds to
replacing T in Eq. (2) with nT where n ¼ 1; 2; . . .. Because
the algorithm converged quite rapidly when integrating
for one period (which will not be generically true), it is unlikely that the overall integration time can be reduced by
choosing n > 1. To verify this, we applied MFNK on a
642 grid using 2T per Newton–Krylov iteration. The algorithm converged after 19 combined NK iterations (38 periods of integration) compared to 21 iterations (21 periods)
for n ¼ 1 (Fig. 5).

3.2.3. Towards the inviscid limit: Steady Ekman forcing
In the calculations of the preceding sections, care was
taken to ensure that the viscosity was large enough to
ensure numerical stability and the solutions were stable.
The viscosity used is not the minimum for which steady
solutions exist (Sheremet et al., 1997), but is at the boundary for which steady solutions are stable (Kamenkovich
et al., 1995). As the viscosity decreased, steady solutions
of Eq. (7) are unstable and form eddies. Kamenkovich
et al. (1995) have pointed out that Arakawa’s discretization
of the Jacobian term in Eq. (7) is inadequate to compute
time-dependent solutions in the eddying regime. However,
we have found that the MFNK algorithm is able to converge to steady solutions at levels of viscosity that are
below those for which eddies form. In this section, we present some of the MFNK-computed solutions for steady
Ekman forcing at lower viscosities.
Fig. 6 shows the MFNK-computed streamfunction for
diﬀerent values of viscosity on a 1282 grid. As viscosity is
reduced, the solutions start to more closely resemble those
obtained at higher resolution, for example, Fig. 1 (left
panel). (We note that the dm ¼ 0:02 solution is quite similar
to Fig. 1a in Ierley (1987), with diﬀerences possibly arising
from diﬀerent resolutions.) When the streamfunction computed by MFNK is integrated forward in time, the trajectory diverges from the steady solution, which is an
explicit demonstration that it is unstable.
As the viscosity was reduced, the NK algorithm required
more iterations to converge. For example, it took approximately twice as many iterations to compute the solution
for the lowest value of dm in Fig. 6 than to compute the
solution for the highest value of dm in Fig. 6. The MFNK
method cannot eﬃciently calculate solutions for viscosities
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much lower than those shown in this section because the
Jacobian matrix becomes increasingly ill-conditioned and
the Krylov solver converges impractically slowly. As a
result, a preconditioning technique is needed in these cases.
The novelty of the results presented in this section is that
the MFNK algorithm can access regions of the parameter
space which direct time integration of the same numerical
model cannot, and that even though the MFNK method
uses the time-dependent model, it can compute steady solutions that are unstable.
4. Discussion and conclusions
In this paper, we have introduced a novel approach to
the spin-up of steady and periodically forced dynamical
models deﬁned via a time-stepper. We have shown that this
approach, based on the matrix-free Newton–Krylov

method, is quite eﬀective at spinning-up a quasi-geostrophic ocean model to equilibrium. The equilibrium solutions obtained with this method agree, to within round-oﬀ
error, with those obtained by direct time integration of the
model. Additionally, in some cases, MFNK successfully
computed equilibrium solutions that could not be accessed
via direct integration. Our results also show that MFNK is
signiﬁcantly more eﬃcient than direct integration. At the
highest resolution we tested, speed-up ranged from 100
for the steady forcing problem to 10 for the periodic case.
A key advantage of our approach is that it can be applied
to any existing time-stepping code, such as ocean GCMs
and biogeochemical models.
The algorithm as formulated here (Eq. (2)) applies for
dynamical systems that are steady or cyclo-stationary in
time. While the ocean and high resolution ocean models
have eddying ﬂows, the current generation of ocean climate
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models are generally run at resolutions which do not
resolve eddies, and as a result, this form of the algorithm
applies without modiﬁcation. The results in Section 3.2.3
show that the Newton method can compute unstable
steady solutions, though these cases have relatively few
unstable modes (Sheremet et al., 1997). This is promising
for the prospect of using the MFNK algorithm for more
turbulent ﬂows, which we leave for future research. For
longer time-scale variability such as the El Niño-Southern
Oscillation or internal ocean variability, the MFNK algorithm is still an appealing alternative initialization procedure compared to a long-time integration, even if the
stationary circulation itself is not the desired ﬁnal calculation. Consequently, the MFNK algorithm can be useful for
a range of diﬀerent types of simulations.
While our initial results are quite encouraging, successful application of the MFNK method to more realistic
problems such as global ocean GCMs is dependent on adequate preconditioning of the linear Newton equations (Eq.
(3)). Preconditioning leads to eﬃcient clustering of the
eigenvalues of the iteration matrix, so as to reduce the
number of iterations in the Krylov solver. In the QG problem, the MFNK solver converged rapidly without any
preconditioning. However, it is unlikely that will be the
case as we go to larger systems with many more prognostic
variables and degrees of freedom. Traditionally, Newton–
Krylov has been applied to solving nonlinear equations
arising from the discretization of PDEs. In such problems,
the Jacobian is generally quite sparse, and so called ‘‘physics-based” preconditioners can be brought to bear on the
problem (e.g., Mousseau et al., 2000; Reisner et al., 2003;
Knoll and Keyes, 2004). This approach exploits the nature
of the PDE operator to explicitly compute an approximation to the Jacobian that can be stored and factored for
easy application. However, this approach is simply not
feasible for the dense Jacobian in the periodic spin-up
problem. Furthermore, a physics-based preconditioner, if
one could be developed, would be closely tied to the underlying ocean model, and would thus not be truly matrix-free
or suﬃciently general to be used with existing ocean
GCMs.
Fortunately, there are potential alternatives that maintain much of the ‘‘black box” nature of MFNK. One
approach that we are currently exploring is based on ‘‘polynomial preconditioning.” In the present context, this
involves constructing a convergent expansion for
J1 ¼ ðI  U0 Þ1 in terms of U0 . To apply this preconditioner requires a fast, possibly approximate, method to
repeatedly multiply U0 with a vector. This is relatively
straightforward if the underlying model is implicit in time.
However, even for models that are explicit in time, as most
current GCMs are, it may be possible to build a linearized
approximation to the model operator by using the ‘‘transport matrix” approach of Khatiwala et al. (2005) or automatic diﬀerentiation (AD) software. We have successfully
applied this idea to a somewhat diﬀerent problem, namely
an ocean biogeochemical model, where the polynomial pre-

conditioner signiﬁcantly accelerated the Krylov solver
(Khatiwala, to be submitted). The challenge now is to
extend these ideas to a full ocean GCM.
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Appendix. Algorithm details
The matrix-free Newton–Krylov solver that we use is
that implemented in PETSc (‘‘Portable, Extensible Toolkit
for Scientiﬁc Computation”) (Balay et al., 2003, 2001).
PETSc is a freely available, open source suite of data structures and routines for solution of large scale linear and
nonlinear problems. In our numerical experiments, the
default solver parameters (residual tolerances, Krylov subspace method (GMRES), number of basis vectors retained,
maximum number of linear iterations, etc.) are used. Since
Newton’s method is a locally convergent method, that is, it
is possible for it to fail if the initial iterate is not suﬃciently
close to the solution, we also use a line search scheme to
‘‘globalize” it. (Another eﬀective approach would be to
carry out some preliminary time integration to bring the
initial iterate closer to the solution.)
One area of potential improvement to applying the
method to ocean GCMs is to optimize these parameters,
though it is likely that the optimal set is problem dependent, so it is not the focus for this initial demonstrative
example.
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